The f-Expectation Iteration Algorithm
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Density Approximation

Compute / sample from the posterior density of the latent variables y given We can access an unnormalized version p* of the probability density p
the data ¥: *
(D, y) I () L / «

9 = . ply) = ., where Z:= [ p*(y)r(dy) .
Problem: the marginal likelihood p(Z) is untractable. Lemma 1. Assume (Al). For the a-divergence, optimising Df(uQ||P)
— Variational Inference methods see this as an optimisation problem over (with respect to p) is equivalent to optimising W) (u;p) with p = p*.
the variational family {y — gg(y) : 6 € T}. Furthermore, for all oy € (0,1) U (1,400) and all a_ < 0, we have
Let us now consider a broader approximating family Vi e My(T), ¢ (a+)(uq) <4 <€ (O‘_)(uq) ,

. o) (= _ q Y . % 1t
{y — /T p(d0)ge(y) : peMy | where £)(§) == | [, (pf(;)) p* () (dy)

where M is a subset of M1 (T), the set of probability measures on (T,7).

Question: Can we define an iterative scheme which diminishes a given - = - =
objective function at each step 7 — Yes : the f-ElI(¢) Algorithm ! Mixture o ApprOXImate f EI(¢>

Algorithm 1: Mixture a-Approximate f-EI(¢)

The f—EI (¢) A_]_g()rit hm Input: p*: unnormalized version of the density p, Q: Markov transition kernel, K:

number of samples, ©; = {61, ...,0,} C T: parameter set.

General Optimisation Problem: f convex over (0,00), f(1) =0 Output: Optimised weights A.
| 1uq(y) Set A = [,..., 5.
al“glnflueM\I/(f) (,u) where W) (,LL) = | f p(y)u(dy) : while the a-bound has not converged do
Y p (y) Sampling step : Draw independently K samples Y1, ..., Y from uxgq.

— the mapping u — /) (,u) 1S convex. Expectation step : Compute Ax = (a;)1<j<s Wwhere
— includes f-Divergence posterior density approximation. ] — a—2 —a
f g p y pp {I,j f— E quj’ Yk)#AQ(Yk) 2p (Yk)l

Let o € R*, p e My (T d let th »)neN be defined b =l
y ¢ Iu 1( ) a y © Sequence (Iu ) R © GEHHE y and deduce B}. — ()\ja?)lgjgj} b}\ e Z;'Izl Ajaf and Cyx — ijl )\j{lj.
Ho — M, (1) [teration step : Set -
o1 = Z%(un) , ncN. i (ag) e 0T
A — biBA
where for all ( € M1(T), Calw) end A
1. Expectation step : b¢(6) = /q(@,y)f’ )u(dy) , . } Q) - a
v p(y) — Score gradient: § — 554 )(q) = |, a(al_l) (pq*((yy))) p*(y)v(dy) ,
. @ o
2. Iteration step : Z%({)(df) = 0(d0) - 1o (0)] . vkﬁfq )(/MC]) = (bux (05))1<5<0

(A1) For all (0,y) € T x Y, q(6,y) >0, p(y) > 0 and [, p(y)v(dy) <oco.  ENRERAAIS @LeFzE N Dy qol whanlchain:

(A2) f : (0,00) — R is monotonous, strictly convex and continuously
differentiable, and f(1) = 0.

Impact of ¢ (with fixed parameter set © = {—2,2})

alpha = -2 alpha = -2
Theoretical Results M| Ty
Divergence considered Corresponding range mj x— g2
Reverse KL f(u) = —log(u) ¢ € (0,1] 055" =0 21 k
a-divergence a € (—oo, —1] ¢ € (0,—1/a] B i B B R e
f(u) — ~ al_ (ua o 1) = (_1’ 1) \ {O} ¢ - (O, 1] iterations terations
(a—1) = (1,00) b € (1/(1 —Oz),()) p*(y) = Z x [N (y; —s,1) + 7N (y;s,1)] , where v =0.8 79 =0.2, s =2 and Z = 2
Table 1: Allowed (f, ¢) in the f-EI(¢) algorithm Impact of d and J (fully adaptive algorithm)
Theorem 1. Assume (A1l). Let (f, ¢) belong to Table 1. Then (A2) holds. omensen2 Pimension 4
Moreover, let 1 € M;(T) be such that /) (1) < co. Then the sequence WW
(1tr)nen is well-defined and the sequence () (1,,))nen is non-increasing. o il
(A3) T is a compact metric space, for all y € Y, 0 — ¢(0,y) is continuous _ - :
+ uniform boundedness of ¥(f) and b, with respect to p and 6. — -
Theorem 2. Assume (Al), (A3) and let (f, ¢) belong to Table 1. Further S Dn‘:ta o nmm ’
assume that there exists u, u € M1 (T) such that u, = i as n — co. Then 20— =50~

i is a fixed point of Z¢ and

U () = infeen, () TY(C).

alpha-bound
alpha-bound

0.50 -

png(Ys) p(Yx)

Theorem 3. Assume (Al). Let (f,¢) belong to Table 1. Let u € M;(T)

be such that |- x(dO)E,,| CZL(;(’Q)) L/ (L;?q(gl)» 19] < 0o and T () < oo.

Let Y7, ..., Y “ g and define bk (0) = = S 10, Y5) fr (“q(y’“)).

S0 0o
iterations iterations

p*(y) = Z x [0.5N (y; —sug, Iq) + 0.5N (y; sug, I4)] with s =2 and Z = 2

Then, P — a.s.
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