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Bayesian statistics

e Compute / sample from the posterior density of the latent variables y
given the data
_p(Z.y)
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to the constant p(2).
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Bayesian statistics

e Compute / sample from the posterior density of the latent variables y
given the data
_p(Z.y)

® Problem : for many important models, we can only evaluate p(y|2) up
to the constant p(2).

— Variational Inference (VI) : inference is seen as an optimisation problem.

@ Posit a variational family 9, where ¢ € Q.
@ Fit ¢ to obtain the best approximation to the posterior density

q" = arginf,co D(Q|[P|2) ,
where D is a measure of dissimilarity between the variational distribution
Q and the posterior distribution |5 (typically the KL divergence)
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Important aspects in Variational Inference

@ Posit a variational family Q, where ¢ € Q.
® Fit ¢ to obtain the best approximation to the posterior density
q = arginquQD(QH]P"@) ,

where D is a measure of dissimilarity between the variational distribution
Q and the posterior distribution P (typically the KL divergence)
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Important aspects in Variational Inference

@ Posit a variational family Q, where ¢ € Q.
® Fit ¢ to obtain the best approximation to the posterior density
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where D is a measure of dissimilarity between the variational distribution
Q and the posterior distribution P (typically the KL divergence)

® Choice of the measure of dissimilarity D

Kamélia Daudel - Monotonic Alpha-divergence Variational Inference



Important aspects in Variational Inference

@ Posit a variational family Q, where ¢ € Q.
® Fit ¢ to obtain the best approximation to the posterior density
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Important aspects in Variational Inference

@ Posit a variational family Q, where ¢ € Q.
® Fit ¢ to obtain the best approximation to the posterior density
q = arginquQD(QH]P"g) ,

where D is a measure of dissimilarity between the variational distribution
Q and the posterior distribution P (typically the KL divergence)

® Choice of the measure of dissimilarity D
— Alternative/more general D beyond the KL
® Choice of the approximating family Q
— Expressiveness of Q beyond traditional parametric families
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Important aspects in Variational Inference

@ Posit a variational family Q, where ¢ € Q.
® Fit ¢ to obtain the best approximation to the posterior density
q = arginquQD(QH]P"@) ,

where D is a measure of dissimilarity between the variational distribution
Q and the posterior distribution P (typically the KL divergence)

® Choice of the measure of dissimilarity D
— Alternative/more general D beyond the KL

® Choice of the approximating family Q
— Expressiveness of Q beyond traditional parametric families

Goal : construct a theoretically-sound Variational Inference (VI) framework
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Important aspects in Variational Inference

@ Posit a variational family Q, where ¢ € Q.
® Fit ¢ to obtain the best approximation to the posterior density
q = arginquQD(QH]P"@) ,

where D is a measure of dissimilarity between the variational distribution
Q and the posterior distribution P (typically the KL divergence)

® Choice of the measure of dissimilarity D
— Alternative/more general D beyond the KL

® Choice of the approximating family Q
— Expressiveness of Q beyond traditional parametric families

Goal : construct a theoretically-sound Variational Inference (VI) framework

® that performs monotonic minimisation
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Important aspects in Variational Inference

@ Posit a variational family Q, where ¢ € Q.
® Fit ¢ to obtain the best approximation to the posterior density
q = arginquQD(QH]P"g) ,

where D is a measure of dissimilarity between the variational distribution
Q and the posterior distribution P (typically the KL divergence)

® Choice of the measure of dissimilarity D
— Alternative/more general D beyond the KL

® Choice of the approximating family Q
— Expressiveness of Q beyond traditional parametric families

Goal : construct a theoretically-sound Variational Inference (VI) framework
® that performs monotonic minimisation

e and the typical variational (parametric) family
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Variational Inference with the a-divergence family

(Y,Y,v) : measured space, v is a o-finite measure on (Y,)).
QandP: Q=<v, P<v with %:q, %:p.

a-divergence between Q and P

Do(@IP) = [ J ( (y))p@)u(dy)

(¥)
where
m[u —1—a(u-1)], ifaeR\{0,1},
fo = ulog(u) + 1 — u, if @ =1 (Forward KL),
—log(u) +u—1, if & =0 (Reverse KL).
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Variational Inference with the a-divergence family

(Y,Y,v) : measured space, v is a o-finite measure on (Y,)).
QandP: Q=<v, P<v with %:q, %:p.

a-divergence between Q and P

Da(@IP) = | fa( (y)>p<y>u<dy>

(v)
where
m[u —1—a(u-1)], ifaeR\{0,1},
fa =S ulog(u) +1—u, if « =1 (Forward KL),
—log(u) +u—1, if & =0 (Reverse KL).

@ A flexible family of divergences...

Figure: In red, the Gaussian which minimises the a-divergence to a mixture of two
Gaussian for a varying «

YN NN N N

a = —00 @ ->00

Adapted from Divergence Measures and Message Passing. T. Minka (2005). Technical Report MSR-TR-2005-173
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Variational Inference with the a-divergence family

a-divergence between Q and P

Da(@IP) = [ a(q(y))p@)u(dy)

()
where
m[u —1—au—-1)], faeR\{0,1},
fo = ulog(u) + 1 — u, if @ =1 (Forward KL),
—log(u) +u—1, if & =0 (Reverse KL).

@ A flexible family of divergences...
@ ...suitable for Variational Inference purposes...

q = arginf e o Do (Q||P|5)
= arginf coWa(g;p)

with o) =y o (221} b)) and = (..
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Variational Inference with the a-divergence family

a-divergence between Q and P

D@ = [ fo (q(y)> Pu)(dy)

()
where
m[u —1—au—-1)], faeR\{0,1},
fo = ulog(u) + 1 — u, if @ =1 (Forward KL),
—log(u) +u—1, if & =0 (Reverse KL).

@ A flexible family of divergences...
@ ...suitable for Variational Inference purposes...
q = arginf e o Do (Q||P|5)
= arginf coWa(g;p)
)

with o (g;p) = [y fa (%) p(y)v(dy) and p = p(-, 7)

Black-box alpha divergence minimization. J. Hernandez-Lobato et al. (2016). ICML
Rényi divergence variational inference. Y. Li and R. E Turner (2016). NeurlPS

Variational inference via y-upper bound minimization A. Dieng et al. (2017). NeurlPS
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Outline

@® Infinite-dimensional a-divergence minimisation
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Infinite-dimensional a-divergence minimisation

Infinite-dimensional gradient-based descent for alpha-divergence minimisation.
K. Daudel, R. Douc and F. Portier (2020). To appear in the Annals of Statistics.

Idea : Extend the traditional variational parametric family
Q={y—k(0,y) : 0T}
by putting a prior on the variational parameter 6
Q= {q ty e pk(y) = /T/1<<'19)k(97y) S IVI}

and propose an update formula for p that ensures a systematic decrease in the
a-divergence at each step
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Infinite-dimensional a-divergence minimisation

Infinite-dimensional gradient-based descent for alpha-divergence minimisation.

K. Daudel, R. Douc and F. Portier (2020). To appear in the Annals of Statistics.

Idea : Extend the traditional variational parametric family
Q={y—k(0,y) : 0T}

by putting a prior on the variational parameter 6

0= {usyrs ki) = [ ta0k0) s wem

and propose an update formula for p that ensures a systematic decrease in the
a-divergence at each step

e Hierarchical Variational Inference
Hierarchical variational models. R. Ranganath, D. Tran, and D. Blei (2016). ICML
Semi-Implicit Variational Inference. M. Yin and M. Zhou (2018). ICML
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Infinite-dimensional a-divergence minimisation

Infinite-dimensional gradient-based descent for alpha-divergence minimisation.
K. Daudel, R. Douc and F. Portier (2020). To appear in the Annals of Statistics.

Idea : Extend the traditional variational parametric family

Q={y—k,y : 6T}

by putting a prior on the variational parameter 6

0= {usyrs ki) = [ ta0k0) s wem

and propose an update formula for p that ensures a systematic decrease in the
a-divergence at each step

e Hierarchical Variational Inference
Hierarchical variational models. R. Ranganath, D. Tran, and D. Blei (2016). ICML
Semi-Implicit Variational Inference. M. Yin and M. Zhou (2018). ICML

— Mixture Models : p = Zle A;j;
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The (o, I')-descent algorithm

Optimisation problem

Mighf,I o (pk;p) with  Wo(uk;p) := /onz (%) p(y)v(dy)
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The (o, I')-descent algorithm

Optimisation problem

Mighf,I o (pk;p) with  Wo(uk;p) := /onz (%) p(y)v(dy)

- p is a nonnegative measurable function defined on (Y, ))
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The (o, I')-descent algorithm

Optimisation problem

Mighf,I o (pk;p) with  Wo(uk;p) := /onz (%) p(y)v(dy)

- p is a nonnegative measurable function defined on (Y, ))
- M is a subset of M;(T), the space of probability measures on T
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The (o, I')-descent algorithm

Optimisation problem

. : uk(y)>
inf U, (uk; with W, (uk;p) = [, — y)v(d
Jnf La(uksp) o(pk; p) /onz ( o) py)v(dy)
- p is a nonnegative measurable function defined on (Y, ))
- M is a subset of M;(T), the space of probability measures on T
-K:(0,A) — [,k(0,y)v(dy) is a Markov transition kernel defined on T x Y
with density &
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The (o, I')-descent algorithm

Optimisation problem

inf Wo(pkyp) with Wo(puksp) = /fa(
pEM Y

1k (y)
p(y)

) Py)r(dy)

- p is a nonnegative measurable function defined on (Y, ))

- M is a subset of M;(T), the space of probability measures on T

-K:(0,A) — [,k(0,y)v(dy) is a Markov transition kernel defined on T x Y
with density &
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The (o, I')-descent algorithm

Optimisation problem

;}Iellgll Vo (pksp) with U (uk;p) = /Yfa (%) p(y)v(dy)

- p is a nonnegative measurable function defined on (Y, ))

- M is a subset of M;(T), the space of probability measures on T

-K:(0,A) — [,k(0,y)v(dy) is a Markov transition kernel defined on T x Y
with density &

The (a, I')-descent algorithm

Let p1 € M;(T) be such that ¥, (u1k) < oo. The sequence of probability
measures (fin)n>1 is defined iteratively by

pnt1 = Za(ptn) , nzl
where for all p € My(T) and all § € T,

_ (df) - T(bua(d) +5) _ o [ 1k(y)
Zo(1)(d6) = u(F(bu,Z ) with b,,.(0) = /Yk((%y)fa (Ty)) v(dy)
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Conditions for a monotonic decrease

(A1) For all (0,y) € Tx Y, k(6,y) >0, p(y) >0 and [, p(y)r(dy) < co.
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Conditions for a monotonic decrease

(A1) For all (0,y) € Tx Y, k(6,y) >0, p(y) >0 and [, p(y)r(dy) < co.

(A2) The function I" : Dom, — Ry is decreasing, continuously differentiable
and satisfies the inequality

[(@—1)(v—&)+1] (logT) (v) +1>0.
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Conditions for a monotonic decrease

(A1) For all (0,y) € Tx Y, k(6,y) >0, p(y) >0 and [, p(y)r(dy) < co.

(A2) The function I" : Dom, — Ry is decreasing, continuously differentiable
and satisfies the inequality

[(@—1)(v—&)+1] (logT) (v) +1>0.

Assume (A1) and (A2). Let u € M;(T) be such that ¥, (uk) < co and
(T (bp,a + K)) < co. Then,

(1) \I/a(Ia(V‘)k) < \Ija(uk)
O® V. (Za(p)k) = Vo (pk) if and only if pu = Zo(p)
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Examples satisfying (A2)

(A2) The function I' : Dom,, — R is decreasing, continuously differentiable
and satisfies the inequality

[(a—1)(v—r)+1](logT)(v)+1>0.
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Examples satisfying (A2)

(A2) The function I' : Dom,, — R is decreasing, continuously differentiable
and satisfies the inequality

[(a—1)(v—r)+1](logT)(v)+1>0.
® Entropic Mirror Descent : n € (0,1, ke Rand o =1
T(w)=em

Hn+1(d) o< pp (d6) exp {—H/Yk(&y) log (%y()y)) V(dy)}
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Examples satisfying (A2)

(A2) The function I' : Dom,, — R is decreasing, continuously differentiable
and satisfies the inequality

[(a—1)(v—r)+1](logT)(v)+1>0.
® Entropic Mirror Descent : n € (0,1, ke Rand o =1
T(w)=em

Hn+1(d) o< pp (d6) exp {—H/Yk(&y) log (%y()y)) V(dy)}

® Power descent : n € (0,1], (¢ —1)k >0and a # 1

I(v) = [(a—1)v+1]7s

il
1—a

a—1
i1 (d6) o¢ i (d9) [ [ 0. (“;fy(i”) A (o= 1)5}
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Convergence results

Algorithm Convergence results
Entropic Mirror Descent

1
n € (0, \alebIm,aH)' kE€R

Power Descent
ne 0,1, («a— 1)k =0
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Convergence results

Algorithm Convergence results
Entropic Mirror Descent

1
n € (0, \alebIm,aH)' kE€R

O(1/N) convergence rates

Power Descent
ne 0,1, («a— 1)k =0
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Convergence results

Algorithm Convergence results
Entropic Mirror Descent

1
n € (0, \alebIm,aH)' kE€R

O(1/N) convergence rates

P D
noew?(r) 1}esc(:;ni k>0 a>1: O(1/N) convergence rates
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Convergence results

Algorithm Convergence results
Entropic Mirror Descent

1
n € (0, \alebIm,aH)' kE€R

O(1/N) convergence rates

Powe(r) ?escent Dk > 0 a>1: O(1/N) convergence rates
n€(01] (a—1)x > a < 1 : convergence toward the optimum
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Convergence results

Algorithm Convergence results
Entropic Mirror Descent

1
n € (0, \alebIm,aH)' kE€R

O(1/N) convergence rates

Powe(r) ?escent Dk > 0 a>1: O(1/N) convergence rates
1€ (0.1, (a— 1) > a < 1 : convergence toward the optimum

— Minimal assumptions ensuring a systematic decrease
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Convergence results

Algorithm Convergence results
Entropic Mirror Descent

1
n € (0, \alebIm,aH)' kE€R

O(1/N) convergence rates

Powe(r) ?escent Dk > 0 a>1: O(1/N) convergence rates
n€(01] (a—1)x > a < 1 : convergence toward the optimum

— Minimal assumptions ensuring a systematic decrease

— No S-smoothness assumption
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The special case of mixture models

Sy = {A = (AL Ag) ERY Vi€ {1, J), Ay > 0and ST A = 1}
Let 01,...,0; € T be fixed and denote

fix =7y \jdp, where A €S, .
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The special case of mixture models

Sy = {A = (AL Ag) ERY Vi€ {1, J), Ay > 0and ST A = 1}
Let 01,...,0; € T be fixed and denote

fix =7y \jdp, where A €S, .

Then, fin =Ty 0 -+ 0 Zo(px) is of the form 11, = 327 A ndp, with

n times

Al=A
Ajin L (bpun 0 (05)++)

s = .
Jntl T Nin D (b e (0)+5)
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The special case of mixture models

Sy = {A = (AL Ag) ERY Vi€ {1, J), Ay > 0and ST A = 1}
Let 01,...,0; € T be fixed and denote

fix =7y \jdp, where A €S, .

Then, fin =Ty 0 -+ 0 Zo(px) is of the form 11, = 327 A ndp, with

n times

{)\1 A
Nonry = < dinlCuna()te)
Gt S XL (b (02) 4 )

— In practice, we use Monte Carlo approximations to estimate b, o(f;), e.g.

_ M (0,Ym,n) tnk(Yim.n)
bpnoar() = 37 2 Mol (tatnsl),

. iid
with Y15, oo, Yarn ~ pnk.
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The special case of mixture models

Sy = {A = (AL Ag) ERY Vi€ {1, J), Ay > 0and ST A = 1}
Let 01,...,0; € T be fixed and denote

fix =7y \jdp, where A €S, .

Then, fin =Ty 0 -+ 0 Zo(px) is of the form 11, = 327 A ndp, with
N —’

n times

A=A
— _ Xinl(bun.a(05)+r)

s = .
Jntl T Nin D (b e (0)+5)

— In practice, we use Monte Carlo approximations to estimate b, o(f;), e.g.

_ M k0, Ymn) sk (Yom,n)
bunaM( i) =7 Z wﬁ(m ) ;( P(Vm,n) )
M >
. iid
with Y15, oo, Yarn ~ pnk.

— NB : Exploitation step that does not require any information on the distribution
of {617 () 0]}
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Numerical experiments

® Gaussian kernel with density kj, and bandwidth h, T = RY

J
{y i ekn(y) =Y Nkaly—0;) 1 A€S;,0¢€ T‘]} :
i=1

Kamélia Daudel - Monotonic Alpha-divergence Variational Inference



Numerical experiments

® Gaussian kernel with density kj, and bandwidth h, T = RY
J
Y paokn(y) =Y Nkn(y—6;) : A €8,0eT/ 4.
j=1

Full algorithm
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Numerical experiments

® Gaussian kernel with density kj, and bandwidth h, T = RY
J
Y paokn(y) =Y Nkn(y—0;) - A€S, 0T/
j=1

Full algorithm
@ Exploitation step : optimise A using the («a, I')-descent.
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Numerical experiments

® Gaussian kernel with density kj, and bandwidth h, T = RY
J
Y paokn(y) =Y Nkn(y—0;) - A€S, 0T/
j=1

Full algorithm
@ Exploitation step : optimise A using the («a, I')-descent.
@ Exploration step : update © (e.g. by sampling under px okp, h J’l/(‘Hd))

Kamélia Daudel - Monotonic Alpha-divergence Variational Inference



Numerical experiments

® Gaussian kernel with density kj, and bandwidth h, T = RY
J
Y paokn(y) =Y Nkn(y—0;) - A€S, 0T/
j=1

Full algorithm
@ Exploitation step : optimise A using the («a, I')-descent.
@ Exploration step : update © (e.g. by sampling under px okp, h J’l/(‘Hd))

® Toy example
p(y) = Z X [0.5N(y; —2ug, Iq) + 0.5/\/(y; 2ug, Id)], Z =2
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Numerical experiments

® Gaussian kernel with density kj, and bandwidth h, T = RY
J
Y= /L)\’@]fh(y) = Z)\jkh(y — (9]') A E SJ,@ S TJ
j=1

Full algorithm
@ Exploitation step : optimise A using the («a, I')-descent.
@ Exploration step : update © (e.g. by sampling under px okp, h J’l/(‘Hd))

® Toy example
p(y) = Z x [0.5N (y; —2uq, Ia) + 0.5N (y; 2ua, 14)], Z =2

® Bayesian Logistic Regression Covertype dataset (581,012 data points and 54 features)
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Toy example : Entropic Mirror Descent vs Power Descent

Comparison between
® 0.5-Mirror descent : I'(v) = ¢~ and o = 0.5,
® 0.5-Power descent : I'(v) = [(a — 1) v + 1]"/(1=%) and a = 0.5.
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Toy example : Entropic Mirror Descent vs Power Descent

Comparison between
® 0.5-Mirror descent : I'(v) = ¢~ and o = 0.5,
® 0.5-Power descent : I'(v) = [(a — 1) v + 1]"/(1=%) and a = 0.5.

J = M =100, initial mixture weights : [1/J,...,1/J], N =10, T =20
Tn = M0/+/7, mo = 0.5, cv criterion : VR-Bound averaged over 100 trials

Dimension 8, a = 0.5, = 0.5

Renyi Bound
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Toy example : Entropic Mirror Descent vs Power Descent

Comparison between
® 0.5-Mirror descent : I'(v) = ¢~ and o = 0.5,
® 0.5-Power descent : I'(v) = [(a — 1) v + 1]"/(1=%) and a = 0.5.

J = M =100, initial mixture weights : [1/J,...,1/J], N =10, T =20
Tn = M0/+/7, mo = 0.5, cv criterion : VR-Bound averaged over 100 trials

Dimension 8,0=05 =05 Dimension 16,0=051m =05

Renyi Bound
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Toy example : Entropic Mirror Descent vs Power Descent

Comparison between
® 0.5-Mirror descent : I'(v) = ¢~ and o = 0.5,
® 0.5-Power descent : I'(v) = [(a — 1) v + 1]"/(1=%) and a = 0.5.

J = M =100, initial mixture weights : [1/J,...,1/J], N =10, T =20
Tn = M0/+/7, mo = 0.5, cv criterion : VR-Bound averaged over 100 trials

Dimension 8,0=051m=05 Dimension 16,0=051m =05 Dimension 32,0=05 ;=05

Renyi Bound
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Toy example : the case a =1

Comparison between:
® 1-Mirror descent : T'(v) = e with a =1,
® 0.5-Power descent : I'(v) = [(aw — 1) v + 1]"/(1=%) with o = 0.5.
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Toy example : the case a =1

Comparison between:
® 1-Mirror descent : I'(v) = e~ with a = 1,
® 0.5-Power descent : I'(v) = [(aw — 1) v + 1]"/(1=%) with o = 0.5.

J = M = 100, initial mixture weights : [1/J,...,1/J], N =10, T = 20
Mn = M0/v/n, mo = 0.5, cv criterion : lIh averaged over 100 trials

Dimension 8, j = 0.5

0 25 s 75 100 25 10 15 200
terations
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Toy example : the case a =1

Comparison between:
® 1-Mirror descent : I'(v) = e~ with a = 1,
® 0.5-Power descent : I'(v) = [(aw — 1) v + 1]"/(1=%) with o = 0.5.

J = M = 100, initial mixture weights : [1/J,...,1/J], N =10, T = 20
Mn = M0/v/n, mo = 0.5, cv criterion : lIh averaged over 100 trials

Dimension 8, j = 0.5 Dimension 16, 1 = 0.5

Log Likelihood
Log Likelihood

——
— os-pover

i — vminor
0 25 s 75 10 125 150 175 200 o 25 s 75 w00 15 1m0 15 200
terations terations
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Toy example : the case a =1

Comparison between:
® 1-Mirror descent : T'(v) = e with a =1,
® 0.5-Power descent : I'(v) = [(aw — 1) v + 1]"/(1=%) with o = 0.5.

J = M = 100, initial mixture weights : [1/J,...,1/J], N =10, T = 20
Mn = M0/v/n, mo = 0.5, cv criterion : lIh averaged over 100 trials

Dimension 8, = 0.5 Dimension 16, 1 = 0.5 Dimension 32, 7 = 0.5

3 H 3
2 2-10- £ s
= 3 3 -100
g g g
iz
-3 20~ at
— — bz 150 sy
— os.pouer — o5-power — ospouer
| — nirer sl — wtiror st — wwimar
o @5 w0 w5 Bo U 200 o B o® W0 ws Bo s 20 o B w7 w0 ms 10 ws 20
Iterations terations erations
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Bayesian Logistic Regression

— 2 = {c,z} : I binary class labels, ¢; € {—1,1} , L covariates for each
datapoint, x; € RE
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Bayesian Logistic Regression

— 2 = {c,z} : I binary class labels, ¢; € {—1,1} , L covariates for each
datapoint, x; € RE

— Model : L regression coefficients w; € R, precision parameter 3 € R™

po(B) = Gamma(S; a,b) ,
po(wi|B) = N(w;0,871), 1<I<L
1

Trewre SIS

p(e; = 1|a;, w) =

where a =1 and b = 0.01

Nonparametric variational inference S. Gershman, M. Hoffman, and D. Blei (2012). ICML
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Bayesian Logistic Regression

— 2 = {c,z} : I binary class labels, ¢; € {—1,1} , L covariates for each
datapoint, x; € RE

— Model : L regression coefficients w; € R, precision parameter 3 € R™

po(B) = Gamma(S; a,b) ,
po(wi|B) = N(w;0,871), 1<I<L
1

Trewre SIS

p(e; = 1|a;, w) =

where a =1 and b = 0.01

Nonparametric variational inference S. Gershman, M. Hoffman, and D. Blei (2012). ICML

— Quantity of interest : p(y|2) with y = [w, log ]
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Bayesian Logistic Regression

— 2 = {c,z} : I binary class labels, ¢; € {—1,1} , L covariates for each
datapoint, x; € RE

— Model : L regression coefficients w; € R, precision parameter 3 € R™

po(B) = Gamma(S; a,b) ,
po(wi|B) = N(w;0,871), 1<I<L
1

plei = g, w) = 14 o—wla

. 1<i<T

where a =1 and b = 0.01

Nonparametric variational inference S. Gershman, M. Hoffman, and D. Blei (2012). ICML

— Quantity of interest : p(y|2) with y = [w, log ]

Comparison between
® ().5-Power descent
® Typical AlS

Log-likelinood

N =1,T =500, Jo = My =20, Jys1 = Mys1 = J + 1
initial mixture weights : [1/Jy, ..., 1/Ji], nn = nm0/+/n with 1o = 0.05
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At this point...

General framework for infinite-dimensional a-divergence minimisation over

Q:{q:yH/Tu(dH)k(O,y) : ,LLEM}
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At this point...

General framework for infinite-dimensional a-divergence minimisation over

Q:{q:yH/Tu(dH)k(O,y) : ,LLEM}

® recovers the Entropic Mirror Descent algorithm
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® recovers the Entropic Mirror Descent algorithm

® novel Power Descent algorithm
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At this point...

General framework for infinite-dimensional a-divergence minimisation over

Q:{q:yH/Tu(dH)k(O,y) : ,LLEM}

® recovers the Entropic Mirror Descent algorithm
® novel Power Descent algorithm

® conditions for a systematic decrease + convergence results
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At this point...

General framework for infinite-dimensional a-divergence minimisation over

Q:{q:yH/Tu(dH)k(O,y) : ,LLEM}

® recovers the Entropic Mirror Descent algorithm
® novel Power Descent algorithm
® conditions for a systematic decrease + convergence results

® applicable to mixture models :

J
Q= q:y|—>2)\jk(9j,y) : )\ESJ,@GTJ
=1
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At this point...

General framework for infinite-dimensional a-divergence minimisation over

Q:{q:yH/Tu(dH)k(O,y) : ,LLEM}

® recovers the Entropic Mirror Descent algorithm

® novel Power Descent algorithm

® conditions for a systematic decrease + convergence results
® applicable to mixture models :

J
Q= q:y|—>2)\jk(9j,y) : )\ESJ,@GTJ
j=1

— Exploitation - Exploration algorithm
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At this point...

General framework for infinite-dimensional a-divergence minimisation over

Q:{q:yH/Tu(dH)k(O,y) : ,LLEM}

® recovers the Entropic Mirror Descent algorithm
® novel Power Descent algorithm
® conditions for a systematic decrease + convergence results
® applicable to mixture models :
J
Q=<q:y~ Z)\jk(Gj,y) XeS0eT/
j=1
— Exploitation - Exploration algorithm
(1) on how to update ©
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At this point...

General framework for infinite-dimensional a-divergence minimisation over

Q:{q:yH/Tu(dH)k(O,y) : ,LLEM}

® recovers the Entropic Mirror Descent algorithm
® novel Power Descent algorithm
® conditions for a systematic decrease + convergence results
® applicable to mixture models :
J
Q=<q:y— Z)\jk(Gj,y) :A€S,0eT/
j=1
— Exploitation - Exploration algorithm

(1) on how to update ©
@® Empirical advantages of using the algorithm

Kamélia Daudel - Monotonic Alpha-divergence Variational Inference



At this point...

General framework for infinite-dimensional a-divergence minimisation over

Q:{q:yH/Tu(dH)k(O,y) : ,LLEM}

® recovers the Entropic Mirror Descent algorithm
® novel Power Descent algorithm
® conditions for a systematic decrease + convergence results
® applicable to mixture models :
J
Q=<q:y— Z)\jk(Gj,y) :A€S,0eT/
j=1
— Exploitation - Exploration algorithm

(1) on how to update ©
@® Empirical advantages of using the algorithm
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Outline

©® Monotonic a-divergence minimisation
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Monotonic a-divergence minimisation

Monotonic Alpha-divergence Minimisation.
K. Daudel, R. Douc and F. Roueff (2021). Submitted.

Idea : Consider the variational family
J
Q=<q:y—meky) =Y Nk(0,y) : A€8,0€T’
j=1

and propose an update formula for (X, ©) that ensures a systematic decrease in
the a-divergence at each step
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Monotonic a-divergence minimisation

Monotonic Alpha-divergence Minimisation.
K. Daudel, R. Douc and F. Roueff (2021). Submitted.

Idea : Consider the variational family
J
Q=<q:y—meky) =Y Nk(0,y) : A€8,0€T’
j=1

and propose an update formula for (X, ©) that ensures a systematic decrease in
the a-divergence at each step

— Novelty : optimisation w.r.t © !
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Conditions for a monotonic decrease

Optimisation problem

inf  Wo(puaekyp) with Vo(ukp) = /Yfa (M) p(y)v(dy)

A€S;,0€T7 p(y)
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Conditions for a monotonic decrease

Optimisation problem

inf ,\Ila(u)\_<_>k/:/ﬁ) with W (ukp) = /Yfa (M) p(y)v(dy)

AES,,O€T: p(y)

(A1) Forall (8,4) € Tx Y, k(6,y) >0, p(y) >0 and [, p(y)r(dy) < co.
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Conditions for a monotonic decrease

Optimisation problem

g Wl otsn) with W) o= [ o () piypuian)

AES;,O€Ts

(A1) Forall (8,4) € Tx Y, k(6,y) >0, p(y) >0 and [, p(y)r(dy) < co.

Assume (A1) and let « € [0,1). Then, choosing (A, ©y)n>1 so that: Vn > 1

/YXJ: AjnTja(y) log (%) v(dy) >0 (Weights)
/ Z AjnVia(y) log ( ((j ::;Q) v(dy) > (Components)

where 77, (y) = k(0jn,y) (M%@igj;c@) , yields a systematic decrease in the

a-divergence at each step.
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Conditions for a monotonic decrease (2)

Assume (A1) and let a € [0,1). Then, choosing (A, Oy )n>1 so that: Vn > 1

J
Ajm .
/Y Z AjnYja(y) log (ii“) v(dy) >0 (Weights)

/ Z Aj, n%,a(y) log ( ((] nﬂz;) )) v(dy) > (Components)

where 77, (y) = k(0jn,y) (”"L;)k(y)) , yields a systematic decrease in the
a-divergence at each step.
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Conditions for a monotonic decrease (2)

Assume (A1) and let a € [0,1). Then, choosing (A, Oy )n>1 so that: Vn > 1

/ Z Ajn Ve (y) log (

/ Z)‘] n%,a(y) log ( (( a ‘z;))) v(dy) > (Components)

> v(dy) > (Weights)

where 77, (y) = k(0jn,y) (”"L;)k(y)) , yields a systematic decrease in the
a-divergence at each step.

@ (Weights) and (Components) permit simultaneous updates

Kamélia Daudel - Monotonic Alpha-divergence Variational Inference



Conditions for a monotonic decrease (2)

Assume (A1) and let a € [0,1). Then, choosing (A, Oy )n>1 so that: Vn > 1

/ Z Ajn Ve (y) log (

/ Z)‘] n%,a(y) log ( (( a ‘z;))) v(dy) > (Components)

> v(dy) > (Weights)

where 77, (y) = k(0jn,y) (”"L;)k(y)) , yields a systematic decrease in the
a-divergence at each step.

@ (Weights) and (Components) permit simultaneous updates

@® The dependency is simpler in (Weights)
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Conditions for a monotonic decrease (2)

Assume (A1) and let a € [0,1). Then, choosing (A, Oy )n>1 so that: Vn > 1
J
Xin Yo (y) 1
/Y Z Jin7fa(y) log ( y

/ Z)\] nVja(y) log ( (( y))) v(dy) > (Components)

> v(dy) >0 (Weights)

where 77, (y) = k(0jn,y) (”"L;‘)k(y)) , yields a systematic decrease in the
a-divergence at each step.

@ (Weights) and (Components) permit updates

@® The dependency is simpler in (Weights)
— (Weights) holds for A,+1 such that

N [y Vo) (dy) + (@ = D] ™
S N [ a0 (dy) + (0= D]

where n,, € (0,1] and & is such that (o — 1)k > 0

)\j,n+1 ]:1J
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Understanding the mixture weights update

(Weights) and (Components) hold for A, +1 and ©,,; such that

N [ 2@ (y) + (= 1)s] "

Mn 7
SE1 Ao [fy TEa @) (dy) + (@ = 1]
®n+1 = @n

Ajnt1 =

where 7, € (0,1] and & is such that (¢« — 1)k > 0

j=1...
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Understanding the mixture weights update

(Weights) and (Components) hold for A, +1 and ©,,; such that

Nim [ a®)v(dy) + (@ — 1)x] "

Mn 7
SE1 Ao [fy TEa @) (dy) + (@ = 1]
@n+1 = @n

Njmt1 = j=1...J

where 7, € (0,1] and & is such that (¢« — 1)k > 0

— We recover the Power Descent algorithm from

Infinite-dimensional gradient-based descent for alpha-divergence minimisation.
K. Daudel, R. Douc and F. Portier (2021). To appear in the Annals of Statistics.
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Understanding the mixture weights update

(Weights) and (Components) hold for A, +1 and ©,,; such that

Nim [ a®)v(dy) + (@ — 1)x] "

Mn 7
SE1 Ao [fy TEa @) (dy) + (@ = 1]
@n+1 = @n

Njmt1 = j=1...J

where 7, € (0,1] and & is such that (¢« — 1)k > 0

— We recover the Power Descent algorithm from
Infinite-dimensional gradient-based descent for alpha-divergence minimisation.

K. Daudel, R. Douc and F. Portier (2021). To appear in the Annals of Statistics.

Core insight :
The mixture weights update is gradient-based, 7, plays the role of a learning rate
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Towards simultaneous updates

/ Z AjnVja(y) log < ((] nH’))) v(dy) = (Components)
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Towards simultaneous updates

/ Z NjnVja(y) log < ((] nH;))) v(dy) > (Components)

® Maximisation approach

Oyt = argmasyer | 27a() 0BG D)D) . G=1...T
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Towards simultaneous updates

/ ZAJ w1y log ( Al) "“;}))) v(dy) > (Components)

® Maximisation approach
Ojn+1 = argmaijeT/Yvﬁa(y) log(k(0;,y))v(dy), j=1...J

® Gradient-based approach

Yin
Bj,n

9j,n+1 = Qjm - ng,n(é’)\gzgm 5 ] =1...J

where v;, € (0,1], ¢jn >0,

1= 02

and gj,, is assumed to be B;,-smooth on T = R?
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Towards simultaneous updates

/ ZAJ w1y log ( Al) "“;}))) v(dy) > (Components)

® Maximisation approach
Ojn+1 = argmaijeT/Yvﬁa(y) log(k(0;,y))v(dy), j=1...J

® Gradient-based approach

Yin
Bj,n

9j,n+1 = Qjm - ng,n(é’)\gzgm 5 ] =1...J

where v;, € (0,1], ¢jn >0,

1= 02

and gj,, is assumed to be B;,-smooth on T = R?

— Question : How do this relate to / improve on the existing literature?
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Maximisation approach
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The M-PMC algorithm a.k.a ‘Integrated EM’

(Weights) and (Components) hold for A, +1 and ©,,1; such that

Nim [ a®)(dy) + (@ = 1r] "
St Aen [y v @) (dy) + (@ — 1]

Oymr = angmaxper [ V(o) log(kOp)(dy) . G=1...

Al = =, j=1...J
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The M-PMC algorithm a.k.a ‘Integrated EM’

(Weights) and (Components) hold for A, +1 and ©,,1; such that

Nin [ 7al)v(dy) + (a = 1s] ™
s At [y AR )v(@y) + (= ]

Oymr = angmaxper [ V(o) log(kOp)(dy) . G=1...

)\j,n+l: ]:1J

Adaptive importance sampling in general mixture classes. O. Cappé, R. Douc, A. Guillin,
J-M Marin and C. P Robert (2008). Statistics and Computing, 18(4):447-459
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The M-PMC algorithm a.k.a ‘Integrated EM’

(Weights) and (Components) hold for A, +1 and ©,,1; such that

Nin [ 7al)v(dy) + (a = 1s] ™
s At [y AR )v(@y) + (= ]

Oymr = angmaxper [ V(o) log(kOp)(dy) . G=1...

)\j,n+l: ]:1J

Adaptive importance sampling in general mixture classes. O. Cappé, R. Douc, A. Guillin,
J-M Marin and C. P Robert (2008). Statistics and Computing, 18(4):447-459

— We recover the M-PMC algorithm when o =0, 5, =1 and Kk =0
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The M-PMC algorithm a.k.a ‘Integrated EM’

(Weights) and (Components) hold for A, +1 and ©,,1; such that

Nin [ 7al)v(dy) + (a = 1s] ™
s At [y AR )v(@y) + (= ]

Oymr = angmaxper [ V(o) log(kOp)(dy) . G=1...

)\j,n+l: ]:1J

Adaptive importance sampling in general mixture classes. O. Cappé, R. Douc, A. Guillin,
J-M Marin and C. P Robert (2008). Statistics and Computing, 18(4):447-459

— We recover the M-PMC algorithm when o =0, 5, =1 and Kk =0

We have generalised an integrated EM algorithm for mixture models optimisation
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The M-PMC algorithm a.k.a ‘Integrated EM’

(Weights) and (Components) hold for A, +1 and ©,,1; such that

Nin [ al(dy) + (@ = Ds]™
e J=1ocad
St Aen [y v @) (dy) + (@ — 1]

Oymr = angmaxper [ V(o) log(kOp)(dy) . G=1...

)‘j,n+l =

Adaptive importance sampling in general mixture classes. O. Cappé, R. Douc, A. Guillin,
J-M Marin and C. P Robert (2008). Statistics and Computing, 18(4):447-459

— We recover the M-PMC algorithm when o =0, 5, =1 and Kk =0

We have generalised an integrated EM algorithm for mixture models optimisation

@® We introduce 7,, and k, where n,, acts as a
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The M-PMC algorithm a.k.a ‘Integrated EM’

(Weights) and (Components) hold for A, +1 and ©,,1; such that

Nin [ al(dy) + (@ = Ds]™
e J=1ocad
St Aen [y v @) (dy) + (@ — 1]

Oymr = angmaxper [ V(o) log(kOp)(dy) . G=1...

)‘j,n+l =

Adaptive importance sampling in general mixture classes. O. Cappé, R. Douc, A. Guillin,
J-M Marin and C. P Robert (2008). Statistics and Computing, 18(4):447-459

— We recover the M-PMC algorithm when o =0, 5, =1 and Kk =0

We have generalised an integrated EM algorithm for mixture models optimisation
@® We introduce 7,, and k, where n,, acts as a

® We extend the decrease property to « € [0,1)
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Application to GMMs

— Gaussian kernels : k(0;,y) = N (y;m;, 5;) with 6; = (m;,5;) € T
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Application to GMMs

— Gaussian kernels : k(0;,y) = N (y;m;, 5;) with 6; = (m;,5;) € T

Algorithm 1: a-divergence minimisation for GMMs

At iteration n,
Forall j=1...J, set

N [ 1 r(dy) + (@ = D]
ST e [ fy al(dy) + (0= 1]
o Ny v(dy)

T A ()
N e @)y = mjn) (y — mjn) " v(dy)
N (w)v(dy)

)‘J}n+1 =

Z]}TH—I
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Application to GMMs

— Gaussian kernels : k(0;,y) = N (y;m;, 5;) with 6; = (m;,5;) € T

Algorithm 1: a-divergence minimisation for GMMs

At iteration n,
Forall j=1...J, set

N [ 1 r(dy) + (@ = D]
ST e [ fy al(dy) + (0= 1]
o Ny v(dy)

T A ()
N e @)y = mjn) (y — mjn) " v(dy)
N (w)v(dy)

)‘J}n+1 =

Z]}TH—I

— NB : Monte Carlo approximations e.g. M i.i.d samples generated from g,

_ Kk(Ojny) (#An,(—)nk(y))a*l
an(y) p(y)
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Improving on the M-PMC algorithm

Target : p(y) = 2 x [0.5N (y; —2ug, Iq) + 0.5N (y; 2ug, I4)] ,d =16

Parameters

a=0,1n,=n7

M =200, J =100

an(y) = Z;‘I:I Ajnk (0j,n,y)
— varying n and K
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Improving on the M-PMC algorithm

Target : p(y) = 2 x [0.5N (y; —2ug, Iq) + 0.5N (y; 2ug, I4)] ,d =16

Dimension 16, a = 0.0, M = 200 and —x = 0.0

Parameters

a=0,1n,=n7

M =200, J =100

W (y) = X1 Nk (00, )
— varying n and K

log(@)

0 2500 5000 7500 10000 12500 15000 17500 20000
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Improving on the M-PMC algorithm

Target : p(y) = 2 x [0.5N (y; —2ug, Iq) + 0.5N (y; 2ug, I4)] ,d =16

Dimension 16, a = 0.0, M = 200 and —x = 0.0

Parameters ﬂj'( ------- G bt bttt

a=0n,=1 -
M =200, J =100 <7
W) = Sl Nk Oyy) | N

— varying n and K

og(é)

0 2500 5000 7500 10000 12500 15000 17500 20000
Sample size

Dimension 16, a = 0.0, M = 200 and —x = 0.1

0 2500 5000 7500 10000 12500 15000 17500 20000
Sample size
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Improving on the M-PMC algorithm

Target : p(y) = 2 x [0.5N (y; —2ug, Iq) + 0.5N (y; 2ug, I4)] ,d =16

Dimension 16, a = 0.0, M = 200 and —x = 0.0

— = True value

Parameters
a=0,1n,=n7

M =200, J =100

W (y) = X1 Nk (00, )

— varying n and K

o . . . . . T T |
0 2500 5000 7500 10000 12500 15000 17500 20000
Sample size

Dimension 16, a = 0.0, M = 200 and —x = 0.1 Dimension 16, a = 0.0, M = 200 and —x = 1.0

log(é)

- 2500 5000 7500 10000 12500 15000 17500 20000
Sample size
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Gradient-based approach
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Gradient-based approach and Gradient Descent

N [y Faw) () + (o= )]

)\j7n+1: M ) ]:1‘]

S Aen [y @) (dy) + (@ — 1]
Daparil = Oy = %Jngyn(e)\gzgm , j=1...J

ﬂj,n
where v;, € (0,1], ¢jn >0,
Vja(y) k(0,y)
in 0) = “j,m - 1 : :
50) = s [ 2 108 (P ) via)

and g;, is assumed to be 3;,-smooth on T = R?
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Gradient-based approach and Gradient Descent

N [y Faw) () + (o= )]

)\j7n+1: M ) ]:1‘]

S Aen [y @) (dy) + (@ — 1]
Daparil = Oy = Jgn ngyn(e)‘gzgjm , j=1...J

ﬂj,n
where v;, € (0,1], ¢jn >0,
Vja(y) k(0,y)
in 0) = “j,m - 1 : :
50) = s [ 2 108 (P ) via)

and g;, is assumed to be 3;,-smooth on T = R?

Set p=p(-,2), Vj;n = Tn € (0,1]. Usual gradient descent steps on © for
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Gradient-based approach and Gradient Descent

N [y Faw) () + (o= )]

)\j7n+1: 7 M ) ]:1‘]
S Aen [y @) (dy) + (@ — 1]
Yin .
Daparil = Oy = ﬂj ng,n(())\gzgm , j=1...J
J.n

where v;, € (0,1], ¢jn >0,
Vraly) k(0,y)
in(0) =cin J, 1 ’ dy) .
50) = s [ 2 108 (P ) via)
and g;, is assumed to be 3;,-smooth on T = R?

Set p=p(-,2), Vj;n = Tn € (0,1]. Usual gradient descent steps on © for
e o-divergence minimisation : ¢j, = Ajn

e Rényi's a-divergence minimisation :
Sjm = Ajin(Jy #rn.0, k() p(y)' v (dy))
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Gradient-based approach and Gradient Descent

Nim [y 2@ (dy) + (@ = 1s] ™
S M [y T @rdy) + (@ — 1] "

Ojmr1 = Ojm — Z;j" Vgin(Oozt » G=1...J
J.n

Ajnt1 = j=1...J

where v;, € (0,1], ¢jn >0,
VoY) k(6,y)
n(0) = cin . I .
g], (6) ('.7-, /Y a—1 og <k(0],n7y) V(dy)

and g;, is assumed to be 3;,-smooth on T = R?

Set p=p(-,2), Vj;n = Tn € (0,1]. Usual gradient descent steps on © for
e o-divergence minimisation : ¢j, = Ajn

e Rényi's a-divergence minimisation :
Sjm = Ajin(Jy #rn.0, k() p(y)' v (dy))

— Problem : A;,, appears as a multiplicative factor, which could prevent learning!
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Gradient-based approach and Gradient Descent

Nim [y 2@ (dy) + (@ = 1s] ™
S M [y T @rdy) + (@ — 1] "

Oimt1 = 05 — 22V 0 (Olomsy, » J=1...7
ﬂj,n

Ajnt1 = j=1...J

where v;, € (0,1], ¢jn >0,
V() k(0,y)
j,n =Cin - 1 .
gin(0) = ¢; /Y 2 log <k(0j,n,y) v(dy)

and g;, is assumed to be 3;,-smooth on T = R?

Set p=p(-,2), Vj;n = Tn € (0,1]. Usual gradient descent steps on © for
e a-divergence minimisation : ¢j, = \j,

e Rényi's a-divergence minimisation :
Sjm = Ain(Jy #an.0, k(W) py)' v (dy))

— Problem : )\ ,, appears as a multiplicative factor, which could prevent learning!
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Gradient-based approach and Gradient Descent

Nim [y 2@ (dy) + (@ = 1s] ™
S M [y T @rdy) + (@ — 1] "

Oimt1 = 05 — 22V 0 (Olomsy, » J=1...7
ﬂj,n

Ajnt1 = j=1...J

where v;, € (0,1], ¢jn >0,

PN N ) k(0.y)
g],n(e) = Cjn /Y a—1 lo <l€(0j,n7y)

and g;, is assumed to be 3;,-smooth on T = R?

) (dy) .

Set p=p(-,2), Vj;n = Tn € (0,1]. Usual gradient descent steps on © for
e a-divergence minimisation : ¢j, = \j,

e Rényi's a-divergence minimisation :
Sjm = Ain(Jy #an.0, k(W) py)' v (dy))

— Problem : )\ ,, appears as a multiplicative factor, which could prevent learning!

— Solution enabled by our framework : ¢;, = ([ fyj’-fa(y)u(dy))*l
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Application to GMMs (2)

— Gaussian kernels k(6;,y) = N (y; 0;,0%I4) with © € T/, T=R% and 02 > 0
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Application to GMMs (2)

— Gaussian kernels k(6;,y) = N (y; 0;,0%I4) with © € T/, T=R% and 02 > 0

e Casel: c]n =, n(fy B0, k() 2p(y) v (dy)) "t with
Bin=02(1-a)!
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Application to GMMs (2)

— Gaussian kernels k(6;,y) = N (y; 0;,0%I4) with © € T/, T=R% and 02 > 0

o Cose 11y = Nyl i, 0, H0)p(0)! () with
Bjm=0" (1 —a)!
® Case 2: ¢cjn = ([ Vo (y)r(dy)) " with B =0 (1 — )"
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Application to GMMs (2)

— Gaussian kernels k(6;,y) = N (y; 0j,0%I4) with © € T/, T=R% and 02 > 0

o Cose 11y = Nyl i, 0, H0)p(0)! () with
Bjn =0 2(1 —a)t
® Case 2: ¢cjn = ([ Vo (y)r(dy)) " with B =0 (1 — )"

Algorithm 2: a-divergence minimisation for GMMs (2)

At iteration n,
Forall j=1...J, set

N [ alutd) + (a — 1)a]

S M [y T rdy) + (@ = D]

yv(d
) v Adn Y5 o () (y—05,0)v(dy)
0] - _ 9]771 + ’Y’n fY g, Ojnjg ) (( ))1 a,/((ddy))

" Y6, 4y V) ¥ ()
(L= 0) Oy + 0o gy (Case 2)

)‘J}n+1 =

(Case 1)
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Application to GMMs (2)

— Gaussian kernels k(6;,y) = N (y; 0j,0%I4) with © € T/, T=R% and 02 > 0

o Cose 11y = Nyl i, 0, H0)p(0)! () with
Bjn =0 2(1 —a)t
® Case 2: ¢cjn = ([ Vo (y)r(dy)) " with B =0 (1 — )"

Algorithm 2: a-divergence minimisation for GMMs (2)

At iteration n,
Forall j=1...J, set

N [ alutd) + (a — 1)a]

S M [y T rdy) + (@ = D]

yv(d
) v Adn Y5 o () (y—05,0)v(dy)
0] - _ 9]771 + ’Y’n fY g, Ojnjg ) (( ))1 a,/((ddy))

" Y6, 4y V) ¥ ()
(L= 0) Oy + 0o gy (Case 2)

)‘J}n+1 =

(Case 1)

— NB : Monte Carlo approximations e.g. M i.i.d samples generated from ¢,
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Improving on Gradient Descent updates

Target :  p(y) = 2 x [0.5N (y; —2ug, Ig) + 0.5N (y; 2ug, I4)] , d =16
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Improving on Gradient Descent updates

Target :  p(y) = 2 x [0.5N (y; —2ug, Ig) + 0.5N (y; 2ug, I4)] , d =16

Dimension 16, o* = 1.0, M = 200 and —x = 0.1

0 2500 5000 7500 10000 12500 15000 17500 20000
Sample size
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Improving on Gradient Descent updates

Target :  p(y) = 2 x [0.5N (y; —2ug, Ig) + 0.5N (y; 2ug, I4)] , d =16

Dimension 16, o* = 1.0, M = 200 and — = 0.1 Dimension 16, o* = 1.0, M = 500 and —+ = 0.1
2 2
— uMpHCO., 011 — UMPMCO1. 0).a =
1 —— UM-PMC(0.1, 0.1).. 1r —— UM-PMC(0.1,0.1), 0
— RGD0.101). =00
or or —— RGD{0.1,01), a =05
Ll Ll — mamC(10,0.0)
— PMAIS, o2, 10
P 22 — as, o1, =250
¥ ¥
- -
- -
or

0 2500 5000 7500 10000 12500 15000 17500 20000 2500 5000 7500 10000 12500 15000 17500 20000
Sample size Sample size
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Improving on Gradient Descent updates

Target :  p(y) = 2 x [0.5N (y; —2ug, Ig) + 0.5N (y; 2ug, I4)] , d =16

Dimension 16, o* = 1.0, M = 500 and — = 0.1

Dimension 16, o° = 1.0, M = 200 and

UM-PMC(01, 01), 0 = 0.0

il of -
-1+ -ir —— PIMAIS, o}y, = 1.0

ot
70 2500 5000 7500 10000 12500 15000 17500 20000 0 2500 5000 7500 10000 12500 15000 17500 20000
Sample size Sample size
Dimension 16, o* = 4.0, M = 200 and — = 0.1
— N1, 01). 0 = 00
150 — UMAUC(0.1, 01,0 =05
— RGD0101).a=00
10-
RGD01.0.1).a =05
sl — MPHC(L0,0.0)
— P, o3, -10
8 oot — PMAS, o3, =250
g oo
¥ 05
Zof
15
—20-
230 2500 5000 7500 10000 12500 15000 17500 20000
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Improving on Gradient Descent updates

Target :  p(y) =2 x [0.5N (y; —2ug, Ia) + 0.5N (y; 2uq, 1a)] , d

Dimension 16, o

— UMPMC(0.L,01), 0 = 00
—— UMPMC(0.L,01). 0 = 05
— RGDI0.1,0.1), 4= 0.0

o o-
b af
— Pass, o3, - 10 — PMAIS o8y =10
P — Pwas, o, - 250 2 — PMAs o, =250
e e
s st
70 2500 5000 7500 10000 12500 15000 17500 20000 0 2500 5000 7500 10000 12500 15000 17500 20000
ample size ample siz
Dimension 16, o = 4.0, M = 200 and —x Dimension 16, o” = 4.0, A
— umemcioa, o)
28} 150 — UMPMC0.1, 01,0
— AGD0L01)a =00
or —— RGDO1.01).a =05 or — RGDOLOD. 4 =05
sl — MPHC(L0,0.0) ash — MAUC(LO,00)
— P, o3, -10 — PAS, 5,10
g oo — PMAS, o3, =250 2 oo — PMAS. 3,250
¥ 05
Lo+ 10
5+ 15+
—20- —20-
230 2500 5000 7500 10000 12500 15000 17500 20000 2570 2300 5000 7500 10000 12500 15000 17500 20000

Sample size Sample size
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Novel framework for monotonic a-divergence minimisation
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Conclusion

Novel framework for monotonic a-divergence minimisation
® applicable to mixture model optimisation

® enables simultaneous updates for mixture weights and mixture components
parameters
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Conclusion

Novel framework for monotonic a-divergence minimisation
® applicable to mixture model optimisation

® enables simultaneous updates for mixture weights and mixture components
parameters

® cmpirical benefits compared to Entropic Mirror Descent, Gradient Descent
and Integrated EM algorithms
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Thank you for your attention!

Infinite-dimensional gradient-based descent for alpha-divergence minimisation.
K. Daudel, R. Douc and F. Portier (2020). To appear in the Annals of Statistics.

Monotonic Alpha-divergence Minimisation.
K. Daudel, R. Douc and F. Roueff (2021). Submitted
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