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Bayesian inference

® Goal : model a phenomenon given some observed data while taking into
account prior knowledge on the model parameters.
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Bayesian inference

® Goal : model a phenomenon given some observed data while taking into
account prior knowledge on the model parameters.

® Core quantity in Bayesian Inference : posterior density of the latent
variables y given the data &

p(y|2) = p(2,y) _ p(2]|y)poy)

7))  p2)

p(2) : normalisation constant ‘marginal likelihood'

e What we would like : compute / sample from the posterior density
(posterior mean, posterior predictive distribution...)
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Bayesian inference

® Goal : model a phenomenon given some observed data while taking into
account prior knowledge on the model parameters.

® Core quantity in Bayesian Inference : posterior density of the latent
variables y given the data &

p(y|2) = p(2,y) _ p(2]|y)poy)

7))  p2)

p(2) : normalisation constant ‘marginal likelihood'

e What we would like : compute / sample from the posterior density
(posterior mean, posterior predictive distribution...)

® Problem : for many important models, we can only evaluate p(y|2) up
to the constant p(2).
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Approximate Bayesian Inference

Two broad categories of methods :
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Approximate Bayesian Inference

Two broad categories of methods :

® Monte Carlo methods
® |mportance Sampling (IS)
® Markov Chain Monte Carlo (MCMC)
® Sequential Monte Carlo (SMC) ...

@® Variational Inference methods
® Mean-field Variational Inference (MFVI)
® Black-Box Variational Inference (BBVI)
® Variational Auto-Encoder (VAE) ...
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Variational Inference in a nutshell

Variational Inference methodology
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Variational Inference in a nutshell

Variational Inference methodology

@ Posit a variational family O, where ¢ € Q.

@ Fit ¢ to obtain the best approximation to the posterior density :
inf D(Q||Pg 1
inf D(QI[P2) e

Here, D is a measure of dissimilarity between the variational
distribution Q and the posterior distribution P4
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Variational Inference in a nutshell

Variational Inference methodology

@ Posit a variational family O, where ¢ € Q.

@ Fit ¢ to obtain the best approximation to the posterior density :
inf D(Q||Pg 1
inf D(QI[P2) e

Here, D is a measure of dissimilarity between the variational
distribution Q and the posterior distribution P4

— D and Q are key elements in the optimisation problem (1) !
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Variational Inference in a nutshell

Variational Inference methodology

@ Posit a variational family O, where ¢ € Q.
@ Fit ¢ to obtain the best approximation to the posterior density :
inf D(Q||P|4 1
inf D(QI[P2) e
Here, D is a measure of dissimilarity between the variational

distribution Q and the posterior distribution P4

— D and Q are key elements in the optimisation problem (1) !

What we want :
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Variational Inference in a nutshell

Variational Inference methodology

@ Posit a variational family O, where ¢ € Q.

@ Fit ¢ to obtain the best approximation to the posterior density :
inf D(Q||Pg 1
inf D(QI[P2) e

Here, D is a measure of dissimilarity between the variational
distribution Q and the posterior distribution P4

— D and Q are key elements in the optimisation problem (1) !
What we want :

® O is easy to sample from / optimise over, yet can capture the
complexity inside p(y|2) (e.g. well-chosen parametric family
Q={q:y—k(0y) : 0€T})
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Variational Inference in a nutshell

Variational Inference methodology

@ Posit a variational family O, where ¢ € Q.

@ Fit ¢ to obtain the best approximation to the posterior density :
inf D(Q||Pg 1
inf D(QI[P2) e

Here, D is a measure of dissimilarity between the variational
distribution Q and the posterior distribution P4

— D and Q are key elements in the optimisation problem (1) !

What we want :
® O is easy to sample from / optimise over, yet can capture the
complexity inside p(y|2) (e.g. well-chosen parametric family
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@® Mean-field Variational Inference
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Mean-field Variational Inference (MFVI)

— D : Kullback-Leibler (KL) divergence

(Y,),v) : measured space, v is a o-finite measure on (Y,)).
Qand Py : Q=v, Py 2 v with ‘3% =gq, dﬂ;% =p(-12).

Du(@IFiz) = | 1og (S8 atwmian).
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Mean-field Variational Inference (MFVI)

— D : Kullback-Leibler (KL) divergence

(Y,),v) : measured space, v is a o-finite measure on (Y,)).
Qand Py : Q=v, Py 2 v with ‘3% =gq, dﬂ;% =p(-12).

Du(@IFiz) = | 1og (S8 atwmian).

DKL(QHP\@) >0 and DKL(QHP\@) =0iifQ = IP)|_@
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Mean-field Variational Inference (MFVI)

— D : Kullback-Leibler (KL) divergence

(Y,),v) : measured space, v is a o-finite measure on (Y,)).
Qand Py : Q=v, Py 2 v with ‘3% =gq, di% =p(-12).

Du(@IFiz) = | 1og (S8 atwmian).

Dr1n(Q||P)2) = 0 and Dk (Q|[Pjg) =0iif Q=P5
— @ : Mean-field family

The latent variable y is made of L independent latent variables
(y1,---,y0) €Y1 X ... x Y and

L
Q= {q ty o qu(ye)}
(=1

i.e each latent variable y, is governed by its own variational probability
density gp with v(dy) = ®[L:1 ve(dye).

Kamélia Daudel (University of Oxford) - Variational Inference — Foundations and recent advances (Part 1)



Why this choice of D?

Drr(@IPis) = [ o (S8 atwpwian)
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_ oo [—4®) ), o
= [ty on (525 ) viau) + 1ox ()
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Why this choice of D?

Drr(@IPis) = [ o (S8 atwpwian)

_ oo [—4®) ), o
= [ty on (525 ) viau) + 1ox ()

= —ELBO(¢; Z) + log p(2)
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Why this choice of D?

Drr(@IPis) = [ o (S8 atwpwian)

_ oo [—4®) ), o
= [ty on (525 ) viau) + 1ox ()

= —ELBO(¢; Z) + log p(2)

Evidence Lower BOund (ELBO)

p(y, 2)
q(y)

ELBO(4: 7) = [ alv)log ( ) v(dy) .
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Why this choice of D?

Drr(@IPis) = [ o (S8 atwpwian)

_ oo [—4®) ), o
= [ty on (525 ) viau) + 1ox ()

= —ELBO(¢; Z) + log p(2)

Evidence Lower BOund (ELBO)

p(y, 2)
q(y)

ELBO(4: 7) = [ alv)log ( ) v(dy) .

— We deduce :
® infico D (Q||P)2) & supeeo ELBO(g; 2)
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Why this choice of D?

Drr(@IPis) = [ o (S8 atwpwian)

_ oo [—4®) ), o
= [ty on (525 ) viau) + 1ox ()

= —ELBO(¢; Z) + log p(2)

Evidence Lower BOund (ELBO)

p(y, 2)
q(y)

ELBO(4: 7) = [ alv)log ( ) v(dy) .

— We deduce :
® infico D1 (Q|[P|») < sup,cq ELBO(q; 7)
® ELBO(q; 2) < log p(2) with equality iif Q = Py
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Why this choice of Q7

Recall that

Mean-field assumption

The latent variable y is made of L independent latent variables
(y1,---,yr) €Y1 x ... x Y and

L
Q= {q:y'—> qu(ye)}

=1

i.e each latent variable y, is governed by its own variational probability
density gp with v(dy) = ®ﬁ’:1 ve(dye).
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Why this choice of Q7

Recall that

Mean-field assumption

The latent variable y is made of L independent latent variables
(y1,---,yr) €Y1 x ... x Y and

L
Q= {q:y'—> qu(ye)}

=1

i.e each latent variable y, is governed by its own variational probability
density gp with v(dy) = ®f:1 ve(dye).

— Plugging this into the ELBO and keeping all factors but ¢ fixed :

q; (ye) x exp (E_¢[logp(y, 2)]) (optimal rule)

where E_; is the expectation w.r.t ¢ omitting the factor ¢,
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CAVI algorithm

Optimal rule keeping all factors but ¢ fixed :

47 (ye) o< exp (E_¢[log p(y, 2)])
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CAVI algorithm

Optimal rule keeping all factors but ¢ fixed :

47 (ye) o< exp (E_¢[log p(y, 2)])

Algorithm 1: Coordinate Ascent Variational Inference (CAVI)
Input: (g)1<s<z: initial variational factors.
Output: Return the optimised mean-field variational density ¢ satisfying:
forall y € Y, q(y) = TTj2y ae(ve)-

while the ELBO has not converged do

for{=1...L do

| set qu(ye) o exp (E_[log p(y, 2)))

end

Compute the ELBO.
end
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CAVI algorithm

Optimal rule keeping all factors but ¢ fixed :
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Input: (g)1<s<z: initial variational factors.
Output: Return the optimised mean-field variational density ¢ satisfying:
forall y € Y, q(y) = TTj2y ae(ve)-

while the ELBO has not converged do

for{=1...L do

| set qe(ye) o< exp (E_¢[log p(y, 2)))

end

Compute the ELBO.
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— Convergence towards a local maximum of the ELBO
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CAVI algorithm

Optimal rule keeping all factors but ¢ fixed :

47 (ye) o< exp (E_¢[log p(y, 2)])

Algorithm 1: Coordinate Ascent Variational Inference (CAVI)
Input: (qs)1<e<r: initial variational factors.
Output: Return the optimised mean-field variational density ¢ satisfying:
forall y € Y, q(y) = TTj2y ae(ve)-

while the ELBO has not converged do

for{=1...L do

| set qu(ye) o exp (E_[log p(y, 2)))

end

Compute the ELBO.
end

— Convergence towards a local maximum of the ELBO

— Tractable updates for conditionally conjugate exponential models
(e.g. Bayesian mixture of Gaussians, Latent Dirichlet Allocation)
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CAVI algorithm

Optimal rule keeping all factors but ¢ fixed :

47 (ye) o< exp (E_¢[log p(y, 2)])

Algorithm 1: Coordinate Ascent Variational Inference (CAVI)
Input: (g)1<s<z: initial variational factors.
Output: Return the optimised mean-field variational density ¢ satisfying:
forall y € Y, q(y) = TTj2y ae(ve)-

while the ELBO has not converged do

for{=1...L do

| set qu(ye) o exp (E_[log p(y, 2)))

end

Compute the ELBO.
end

— Convergence towards a local maximum of the ELBO

— Tractable updates for conditionally conjugate exponential models
(e.g. Bayesian mixture of Gaussians, Latent Dirichlet Allocation)

Variational Inference: A Review for Statisticians. D. Blei et al. (2017). JASA

Kamélia Daudel (University of Oxford) - Variational Inference — Foundations and recent advances (Part 1)



The New York Times

music book art game show
ban life museum Knicks ilm,
songs novel show nets television
roC story exhibition points movie
album books artist team series
azz man artists season says
P stlorles palnt{ngs play i
Son ove aintin ames man
smgnr chl?dl_’en %entu gnl ht character
night family Works coach know
theater clinton stock restaurant budget
play . bush market sauce tax
production campaign percent menu governor
show ore - fun foo county
stage political inyestors dishes mayor
street republican unds, glreet billion
broadw?y jole comgﬂgles ining taxes
directol presidential . stocks inner plan
musical senator investment chicken Ieg{gislature
directed house trading served iscal

Data : 1.8M articles from the New York Times
Model : hierarchical Dirichlet process topic model

Taken from Stochastic Variational Inference. M. D. Hoffman et al. (2013). JMRL.
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Toy example : Bayesian Linear Regression (BLR) - 1

® 9 ={c,x}: I 1-D class labels (¢;)1<i<r, I 2-D covariates (x;)1<i<s
® y = {y,y2} € R? : regression coefficients
® Model :

pleilwi,y) = N(eiy' @i, 0?), 1<i<I

po(y) = N(y; o, Ag™h)

1o, Ao, o @ fixed hyperparameters
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Toy example : Bayesian Linear Regression (BLR) - 1

® 9 ={c,x}: I 1-D class labels (¢;)1<i<r, I 2-D covariates (x;)1<i<s
® y = {y,y2} € R? : regression coefficients
® Model :

pleilziy) = N(esy =i, 0?), 1<i<I
po(y) = N(y; po, Ay

1o, Ao, o @ fixed hyperparameters
In that case,
P(Y12) = N(y; u, A7)

with A = Ay + o2 Z{:l JEZQZT and A;L = Ao/j,o + o2 Z{:l Cid;.
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Toy example : Bayesian Linear Regression (BLR) - 2

p(y2) = N(y; u, A7)
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Toy example : Bayesian Linear Regression (BLR) - 2

p(y2) = N(y; u, A7)

e Mean-field assumption : ¢(y) = q1(y1)g2(y2)
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Toy example : Bayesian Linear Regression (BLR) - 2

p(y2) = N(y; u, A7)

® Mean-field assumption : ¢(y) = q1(y1)g2(y2)
® Optimal rules : for all £ = {1,2}, qe(ye) x exp (E_¢[logp(y, 2)])
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Toy example : Bayesian Linear Regression (BLR) - 2

p(y2) = N(y; u, A7)

e Mean-field assumption : ¢(y) = q1(y1)g2(y2)
® Optimal rules : for all £ = {1,2}, qe(ye) x exp (E_¢[logp(y, 2)])
that is,
01 (y1) < exp (Bypng, [log p(y|2)])
22(y2) o< exp (By~q, [log p(y|2)])
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Toy example : Bayesian Linear Regression (BLR) - 2

p(y2) = N(y; u, A7)

e Mean-field assumption : ¢(y) = q1(y1)g2(y2)
® Optimal rules : for all £ = {1,2}, qe(ye) x exp (E_¢[logp(y, 2)])
that is,

q1(y1) o< exp (Eyyng, [log p(y|2)])
a2(y2) o< exp (Ey g [logp(y|2)])

Notation : n= (Nl Mg), A= (ALk)ng,ng with ALQ = Ag’l
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Toy example : Bayesian Linear Regression (BLR) - 2

p(y2) = N(y; u, A7)

e Mean-field assumption : ¢(y) = q1(y1)g2(y2)

® Optimal rules : for all £ = {1,2}, qe(ye) x exp (E_¢[logp(y, 2)])
that is,

q1(y1) o< exp (Eyyng, [log p(y|2)])
a2(y2) o< exp (Ey g [logp(y|2)])

Notation : n= (Nl /LQ) A= (A[ k)1<g k<2 with Aq 2= A2 1

logp(y|2) = — {(yl 11)? Ay + 21 — 1) (Y2 — p2)Aig + (y2 — p2)*Asa} +cy
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Toy example : Bayesian Linear Regression (BLR) - 2

p(y2) = N(y; u, A7)

e Mean-field assumption : ¢(y) = q1(y1)g2(y2)

® Optimal rules : for all £ = {1,2}, qe(ye) x exp (E_¢[logp(y, 2)])
that is,

q1(y1) o< exp (Eyyng, [log p(y|2)])
a2(y2) o< exp (Ey g [logp(y|2)])

Notation : y = (ul p2), A= (Agk)i<ek<e With Ajo = Ao
logp(y|2) = — {(yl 11)? Ay + 21 — 1) (Y2 — p2)Aig + (y2 — p2)*Asa} +cy

— Plugging thls in the optimal rule,

q1(y1) o exp (—% {n = m)* Ay + 21 — p1) By [92] — /L2)A1,2})
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Toy example : Bayesian Linear Regression (BLR) - 2

p(y2) = N(y; u, A7)

e Mean-field assumption : ¢(y) = q1(y1)g2(y2)

® Optimal rules : for all £ = {1,2}, qe(ye) x exp (E_¢[logp(y, 2)])
that is,

q1(y1) o< exp (Eyyng, [log p(y|2)])
a2(y2) o< exp (Ey g [logp(y|2)])

Notation : y = (ul p2), A= (Agk)i<ek<e With Ajo = Ao
logp(y|2) = — {(yl 11)? Ay + 21 — 1) (Y2 — p2)Aig + (y2 — p2)*Asa} +cy

— Plugging thls in the optimal rule,

q1(y1) o exp (—% {n = m)* Ay + 21 — p1) By [92] — /L2)A1,2})

1
o< exp (—5 {yiri1 — 2u1 [ Ay — (Bypegolya] — /42)1\1,2}})
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Toy example : Bayesian Linear Regression (BLR) - 2

p(y2) = N(y; u, A7)

e Mean-field assumption : ¢(y) = q1(y1)g2(y2)

® Optimal rules : for all £ = {1,2}, qe(ye) x exp (E_¢[logp(y, 2)])
that is,

q1(y1) o< exp (Eyyng, [log p(y|2)])
a2(y2) o< exp (Ey g [logp(y|2)])

Notation : y = (ul p2), A= (Agk)i<ek<e With Ajo = Ao
logp(y|2) = — {(yl 11)? Ay + 21 — 1) (Y2 — p2)Aig + (y2 — p2)*Asa} +cy

— Plugging thls in the optimal rule,

q1(y1) o exp (—% {n = m)* Ay + 21 — p1) By [92] — /L2)A1,2})

1
o< exp (—5 {yiri1 — 2u1 [ Ay — (Bypegolya] — /42)1\1,2}})
so that : q1(y1) = N(y1; 1 — A (Bypmas [v2] — p2)A12, A7)
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Toy example : Bayesian Linear Regression (BLR) - 3

p(y|2) = N(y; i, A7)
Optimal updates :

@1(y1) = N(y1; 1 — AL 1 (Bypmgolto] — p2) A1 2, ATT)
@2(y2) = N(y2; p2 — Ay 5 (Byy gy [91] — 1) A1 2, A5 3)

Kamélia Daudel (University of Oxford) - Variational Inference — Foundations and recent advances (Part 1)



Toy example : Bayesian Linear Regression (BLR) - 3

p(y|2) = N(y; i, A7)
Optimal updates :

@1(y1) = N(y1; 1 — AL 1 (Bypmgolto] — p2) A1 2, ATT)
@2(y2) = N(y2; p2 — Ay 5 (Byy gy [91] — 1) A1 2, A5 3)

Setting my = Ey,~q [y1] and mo = Ey,g,[y2], the CAVI algorithm alternates
between :

my < f1 — Af’%(mz — p2)Ai2

Mg+ fig — A{é(ml —p1)A1
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Toy example : Bayesian Linear Regression (BLR) - 3

p(y|2) = N(y; i, A7)
Optimal updates :

@1(y1) = N(y1; 1 — AL 1 (Bypmgolto] — p2) A1 2, ATT)
@2(y2) = N(y2; p2 — Ay 5 (Byy gy [91] — 1) A1 2, A5 3)

Setting my = Ey,~q [y1] and mo = Ey,g,[y2], the CAVI algorithm alternates
between :

my < f1 — Af’%(mz — p2)Ai2

Mg+ fig — A{é(ml —p1)A1

One stable fixed point : (m1, ma) = (1, p2)
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Toy example : Bayesian Linear Regression (BLR) - 3

p(y|2) = N(y; i, A7)
Optimal updates :

@1(y1) = N(y1; 1 — AL 1 (Bypmgolto] — p2) A1 2, ATT)
@2(y2) = N(y2; p2 — Ay 5 (Byy gy [91] — 1) A1 2, A5 3)

Setting my = Ey,~q [y1] and mo = Ey,g,[y2], the CAVI algorithm alternates
between :

my < f1 — Af’%(mz — p2)Ai2

my < piz — Ay y(my — pn)Ar 2

One stable fixed point : (m1, ma) = (1, p2)
= (0 0)! Al,l = A2,2 =3 and A1,2 = —2.
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Toy example : Bayesian Linear Regression (BLR) - 3

p(y|2) = N(y; i, A7)
Optimal updates :

@1(y1) = N(y1; 1 — AL 1 (Bypmgolto] — p2) A1 2, ATT)
@2(y2) = N(y2; p2 — Ay 5 (Byy gy [91] — 1) A1 2, A5 3)

Setting my = Ey,~q [y1] and mo = Ey,g,[y2], the CAVI algorithm alternates
between :

my < f1 — Af’%(mz — p2)Ai2

1.0 4
mg < U2 — Ag%(ml — MI)AI,Z os
One stable fixed point : (m1, ma) = (1, p2) oo

= (0 0)! Al,l = A2,2 =3 and A1,2 = —2.
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Limitations of MFVI
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@ The approximative family Q can be too restrictive / the updates are
model-specific.
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@ The approximative family Q can be too restrictive / the updates are
model-specific.

® The ELBO tends to underestimate the posterior variance.
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Limitations of MFVI
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@ The approximative family Q can be too restrictive / the updates are
model-specific.

— Black-box Variational Inference
Black Box Variational Inference. R. Ranganath et al. (2014). PMLR.

® The ELBO tends to underestimate the posterior variance.
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Limitations of MFVI
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@ The approximative family Q can be too restrictive / the updates are
model-specific.

— Black-box Variational Inference
Black Box Variational Inference. R. Ranganath et al. (2014). PMLR.

® The ELBO tends to underestimate the posterior variance.
— Alpha-divergence Variational Inference
Black-box alpha divergence minimization. J. Hernandez-Lobato et al. (2016). ICML
Rényi divergence variational inference. Y. Li and R. E Turner. (2016). NeurlPS

Variational inference via y-upper bound minimization A. Dieng et al. (2017). NeurlPS
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Outline

© Black-box Variational Inference
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Black-box Variational Inference (BBVI) - 1

Idea of BBVI : Consider a parametric family
Q={y—k(b,y) : 6T}
and perform Gradient Ascent on the ELBO with a learning policy (75)n>1

Ops1 = Op + 1 VoELBO(K(0, -); 2)|g—0,
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Black-box Variational Inference (BBVI) - 1

Idea of BBVI : Consider a parametric family
Q={y—k(0,y) : 0T}
and perform Gradient Ascent on the ELBO with a learning policy (75)n>1
On+1 = 0n, + 1 V9ELBO(K(0, -); 2) |90,
We have that :

VOELBO(H(0, s 7)o-a, = Vo [ K0 106 (B2 v(a))

0="06,
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Black-box Variational Inference (BBVI) - 1

Idea of BBVI : Consider a parametric family
Q={y—k(0,y) : 0T}
and perform Gradient Ascent on the ELBO with a learning policy (75)n>1
On+1 = 0n, + 1 V9ELBO(K(0, -); 2) |90,

We have that :

V4ELBO(K(6, ); 7)lo—s, = Vo ( [ .10 (”(y’ 7 )) u(dy))

k(9,y)
- LaGua=Gus)

0="06,

p(y, Z)v(dy)
(0,y)=(0n.y)
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Black-box Variational Inference (BBVI) - 1

Idea of BBVI : Consider a parametric family
Q={y—k(0,y) : 0T}
and perform Gradient Ascent on the ELBO with a learning policy (75)n>1
On+1 = 0n, + 1 V9ELBO(K(0, -); 2) |90,

We have that :

VOELBO(H(0, s 7)o-a, = Vo [ K0 106 (B2 v(a))
- J o= ()

) )

0="06,

p(y, Z)v(dy)
(0,y)=(0n.y)

v(dy)
(0,9)=(0n.y)
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Black-box Variational Inference (BBVI) - 1

Idea of BBVI : Consider a parametric family
Q={y—k(0,y) : 0T}
and perform Gradient Ascent on the ELBO with a learning policy (75)n>1
On+1 = 0n, + 1 V9ELBO(K(0, -); 2) |90,

We have that :

VOELBO(H(0, s 7)o-a, = Vo [ K0 106 (B2 v(a))
- J o= ()
= f e () 1) T

_ p(y, ) 0logk(0,y)
= [[Honp1ox (k(en,m) o0

0="06,

p(y, Z)v(dy)
(0,y)=(0n.y)

v(dy) (REINFORCE)
(0,9)=(0n,y)

0k(0,y)
- | — v(dy)
/Y 9 1(0,4)=(0n)
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Black-box Variational Inference (BBVI) - 2

Idea of BBVI : Consider a parametric family
Q={y—k(0,y) : 0T}
and perform Gradient Ascent on the ELBO with a learning policy (75)n>1
Ont1 = 0n + T‘anELBO(k(a, '); '@)|9:9n
with

VoELBO(E(0, -); 2)|0=0, = /Yk(Hn,y) log(

v(dy)

p(Ys 9)) Ologk(6,y)
(0,9)=(0n.y)

k(O 1) 90
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Black-box Variational Inference (BBVI) - 2

Idea of BBVI : Consider a parametric family
Q={y—k(0,y) : 0T}

and perform Gradient Ascent on the ELBO with a learning policy (7y,)n>1

6n+1 = en + T‘anELBO(k(a, '); '@)|9:9n

with
p(y; 2) "\ dlogk(6,y)
VELBOk9,~;_@):n=/k9mylog( ) v(dy
[/ ( ( ) ‘9 0 L ( ) k(enyy) o0 09)=(0ny) ( )
In practice...
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Black-box Variational Inference (BBVI) - 2

Idea of BBVI : Consider a parametric family
Q={y—k(0,y) : 0T}

and perform Gradient Ascent on the ELBO with a learning policy (75)n>1

6n+1 = en + T‘anELBO(k(a, '); '@)|9:9n

with

p(y, 2) "\ dlogk(0,
V4ELBO(k(0, -); 2)lo—s, = / k(6 y log( ) v(dy)
In practice...

@ Stochastic Gradient Ascent using the unbiased estimate

VoELBO(k(6,); 7)lo—s, = 77 Zl (k(;:m,y @)) ) 810@;6169(9,11)

(0,y)=(0n,Ym)

where Y1, ..., Yy : M ii.d. samples generated from &(6,, )

Kamélia Daudel (University of Oxford) - Variational Inference — Foundations and recent advances (Part 1)



Black-box Variational Inference (BBVI) - 2

Idea of BBVI : Consider a parametric family
Q={y—k(0,y) : 0T}
and perform Gradient Ascent on the ELBO with a learning policy (75)n>1
6n+1 =0, + T‘anELBO(k((Q, '); '@)|H:9n
with

VoELBO(E(0, -); 2)|0=0, = /Yk(Hmy) log(

p(y, 2) ) Jlog k(0,
k(6. y) 20

v(dy)
(0,9)=(0n.y)

In practice...
@ Stochastic Gradient Ascent using the unbiased estimate

p(Yim, Z) | Olog k(6. y)
% (O, Yom) 90

VELBO(k(0, -); 2)|o=s, = i Zl (

(0,y)=(0n,Ym)

where Y1, ..., Yy : M ii.d. samples generated from &(6,, )

@ Large-scale learning using mini-batching
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Black-box Variational Inference (BBVI) - 2

Idea of BBVI : Consider a parametric family
Q={y—k(0,y) : 0T}
and perform Gradient Ascent on the ELBO with a learning policy (75)n>1
6n+1 =0, + T‘anELBO(k((Q, '); '@)|H:9n
with

VoELBO(E(0, -); 2)|0=0, = /Yk(Hmy) log(

p(y, 2) ) Jlog k(0,
k(6. y) 20

v(dy)
(0,9)=(0n.y)

In practice...
@ Stochastic Gradient Ascent using the unbiased estimate

p(Yim, Z) | Olog k(6. y)
% (O, Yom) 90

VELBO(k(0, -); 2)|o=s, = i Zl (

(0,y)=(0n,Ym)

where Y1, ..., Yy : M ii.d. samples generated from &(6,, )

@ Large-scale learning using mini-batching

— convergence towards a local optimum of the ELBO ((r,,)n>1 follows Robbins-Monro)
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Remarks on BBVI

In short, BBVI resorts to Stochastic Gradient Ascent on the ELBO
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Remarks on BBVI

In short, BBVI resorts to Stochastic Gradient Ascent on the ELBO

® The updates are not model-specific (“Black-box™)
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Remarks on BBVI

In short, BBVI resorts to Stochastic Gradient Ascent on the ELBO
® The updates are not model-specific (“Black-box™)

® O : parametric family

Q={y—k(b,y) : 6T}

Kamélia Daudel (University of Oxford) - Variational Inference — Foundations and recent advances (Part 1)



Remarks on BBVI

In short, BBVI resorts to Stochastic Gradient Ascent on the ELBO
® The updates are not model-specific (“Black-box™)

® O : parametric family
Q={y—k(0,y) : 0T}

® Uses the unbiased estimator

71.1 Ym) 69

(0.9)=(0n,Ym)

where Y71,...,Yy : M ii.d. samples generated from k(6,,-)
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Remarks on BBVI

In short, BBVI resorts to Stochastic Gradient Ascent on the ELBO
® The updates are not model-specific (“Black-box™)

® O : parametric family
Q={y—k(b,y) : 6T}

® Uses the unbiased estimator

@QELBO(k( ) ‘9 0, = I Z 10g< )) alogk(a 7/)

71.1 Ym) a0

(0,y)=(0n,Ym)
where Y71,...,Yy : M ii.d. samples generated from k(6,,-)

@ The variance of the gradient estimators is an issue :
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Remarks on BBVI

In short, BBVI resorts to Stochastic Gradient Ascent on the ELBO
® The updates are not model-specific (“Black-box™)

® O : parametric family
Q={y—k(b,y) : 6T}

® Uses the unbiased estimator

@QELBO(k( ) ‘9 0, = I Z 10g< )) alogk(a 7/)

71.1 Ym) a0

(0,y)=(0n,Ym)
where Y71,...,Yy : M ii.d. samples generated from k(6,,-)

@ The variance of the gradient estimators is an issue :
® Rao-blackwellisation
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Remarks on BBVI

In short, BBVI resorts to Stochastic Gradient Ascent on the ELBO
® The updates are not model-specific (“Black-box™)

® O : parametric family
Q={y—k(b,y) : 6T}

® Uses the unbiased estimator

@QELBO(k( ) ‘9 0, = I Z 10g< )) alogk(a 7/)

71.1 Ym) a0

(0,y)=(0n,Ym)
where Y71,...,Yy : M ii.d. samples generated from k(6,,-)

@ The variance of the gradient estimators is an issue :
® Rao-blackwellisation
® Reparameterisation (used in VAEs)
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Remarks on BBVI

In short, BBVI resorts to Stochastic Gradient Ascent on the ELBO
® The updates are not model-specific (“Black-box™)

® O : parametric family
Q={y—k(b,y) : 6T}

® Uses the unbiased estimator

@QELBO(k( ) ‘9 0, = I Z 10g< )) alogk(a 7/)

71.1 Ym) a0

(0,y)=(0n,Ym)
where Y71,...,Yy : M ii.d. samples generated from k(6,,-)

@ The variance of the gradient estimators is an issue :
® Rao-blackwellisation
® Reparameterisation (used in VAEs)
® Control variates
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Remarks on BBVI

In short, BBVI resorts to Stochastic Gradient Ascent on the ELBO
® The updates are not model-specific (“Black-box™)

® O : parametric family
Q={y—k(b,y) : 6T}

® Uses the unbiased estimator

@QELBO(k( ) ‘9 0, = I Z 10g< )) alogk(a 7/)

71.1 Ym) a0

(0,y)=(0n,Ym)
where Y71,...,Yy : M ii.d. samples generated from k(6,,-)

@ The variance of the gradient estimators is an issue :
® Rao-blackwellisation
® Reparameterisation (used in VAEs)
® Control variates
® Quasi-Monte Carlo methods
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Remarks on BBVI

In short, BBVI resorts to Stochastic Gradient Ascent on the ELBO
® The updates are not model-specific (“Black-box™)

® O : parametric family
Q={y—k(b,y) : 6T}

® Uses the unbiased estimator

@QELBO(k( ) ‘9 0, = I Z 10g< )) alogk(a 7/)

71.1 Ym) a0

(0,y)=(0n,Ym)
where Y71,...,Yy : M ii.d. samples generated from k(6,,-)

@ The variance of the gradient estimators is an issue :
® Rao-blackwellisation

Reparameterisation (used in VAEs)

Control variates

Quasi-Monte Carlo methods

.. This is an active area of research!
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Remarks on BBVI

In short, BBVI resorts to Stochastic Gradient Ascent on the ELBO
® The updates are not model-specific (“Black-box™)

® O : parametric family
Q={y—k(b,y) : 6T}

® Uses the unbiased estimator

@QELBO(k( ) ‘9 0, = I Z 10g< )) alogk(a 7/)

71.1 Ym) a0

(0,y)=(0n,Ym)
where Y71,...,Yy : M ii.d. samples generated from k(6,,-)

@ The variance of the gradient estimators is an issue :
® Rao-blackwellisation
® Reparameterisation (used in VAEs)
® Control variates
® Quasi-Monte Carlo methods
® . This is an active area of research!

@ Y| ~ k(0,,-) with p(Y1, Z) = 0 makes the gradient blow up...
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Remarks on BBVI

In short, BBVI resorts to Stochastic Gradient Ascent on the ELBO
® The updates are not model-specific (“Black-box™)

® O : parametric family
Q={y—k(0,y) : 0T}

® Uses the unbiased estimator

@QELBO(k( ) ‘9 0, = i Z 10g< )) 810gk(9 7/)

71.1 Ym) a0

(0,y)=(0n,Ym)
where Y71,...,Yy : M ii.d. samples generated from k(6,,-)

@ The variance of the gradient estimators is an issue :
® Rao-blackwellisation
® Reparameterisation (used in VAEs)
® Control variates
® Quasi-Monte Carlo methods
® . This is an active area of research!

@ Y| ~ k(0,,-) with p(Y1, Z) = 0 makes the gradient blow up...
— the ELBO enforces supp(k(0,,,-)) C supp(p(:|2))
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Remarks on BBVI

In short, BBVI resorts to Stochastic Gradient Ascent on the ELBO
® The updates are not model-specific (“Black-box™)

® O : parametric family
Q={y—k(b,y) : 6T}

® Uses the unbiased estimator

@QELBO(k( ) ‘9 0, = I Z 10g< )) alogk(a 7/)

71.1 Ym) a0

(0,y)=(0n,Ym)
where Y71,...,Yy : M ii.d. samples generated from k(6,,-)

@ The variance of the gradient estimators is an issue :
® Rao-blackwellisation
® Reparameterisation (used in VAEs)
® Control variates
® Quasi-Monte Carlo methods
® . This is an active area of research!

@ Y| ~ k(0,,-) with p(Y1, Z) = 0 makes the gradient blow up...
— the ELBO enforces supp(k(0,,,-)) C supp(p(:|2)) “zero-forcing”
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Outline

O Alpha-divergence Variational Inference
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The alpha-divergence family

(Y,Y,v) : measured space, v is a o-finite measure on (Y,)).

Qand Py : QX v, Py X v with a9 =g, d]f{l,@ =p(-12)

Alpha-divergence between Q and Py

Do(@lFts) = [ fo (520 ntsipwtan).

where 1
falu) = m[u —l-o(u-1)], acR\{0,1}
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The alpha-divergence family

(Y,Y,v) : measured space, v is a o-finite measure on (Y,)).
Qand Py : QX v, Py <X v with dQ =q, dﬂ)‘@ =p(-|2)

Alpha-divergence between Q and Py

Du(@lFls) = [ fo (520 ntsipwtan).

where
a(a 1)[u —1—a(u-1)], ifaeR\{0,1},
fa(u) = < ulog(u) +1 — u, if @ =1 (Exclusive KL),
—log(u) +u—1, if @ =0 (Inclusive KL).
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The alpha-divergence family

(Y,Y,v) : measured space, v is a o-finite measure on (Y,)).

Qand Py : Q= v, Py v with §€ =g, d]f{l,@ =p(-|7)

Alpha-divergence between Q and Py

Du(@lFls) = [ fo (520 ntsipwtan).

where
e —1-a@-1)], ifaeR\{0,1},

fa(u) = < ulog(u) +1 — u, if @ =1 (Exclusive KL),
—log(u) +u—1, if @ =0 (Inclusive KL).

@ A flexible family of divergences...
Figure: In red, the Gaussian which minimises D (Q||P|5) for a varying «
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https://www.ece.rice.edu/~vc3/elec633/AlphaDivergence.pdf

The alpha-divergence family

(Y,Y,v) : measured space, v is a o-finite measure on (Y,)).

Qand Py : Q= v, Py v with §€ =g, d]f{l,@ =p(-|7)

Alpha-divergence between Q and Py

Du(@lFls) = [ fo (520 ntsipwtan).

where
e —1-a@-1)], ifaeR\{0,1},

fa(u) = < ulog(u) +1 — u, if @ =1 (Exclusive KL),
—log(u) +u—1, if @ =0 (Inclusive KL).

@ A flexible family of divergences...
Figure: Optimal mean-field approximation for a varying o (BLR revisited)
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The alpha-divergence family

(Y,Y,v) : measured space, v is a o-finite measure on (Y,)).
Qand Py : QX v, Py <X v with Q =q, dﬂ)‘g =p(-|2)

Alpha-divergence between Q and Py

_ a(y)
Do(@lFls) = [ fo (520 ntuipwtan).

where
a(a 1)[u —1—au—1)], faeR\{0,1},

fa(u) =  ulog(u) + 1 — u, if @ =1 (Exclusive KL),
—log(u) +u —1, if @ =0 (Inclusive KL).

@ A flexible family of divergences...
@ ...suitable for Variational Inference purposes...

inf Do(Q|Py) < inf o (g;
inf «(Q[IP)2) inf alg;p)

with ¥ (g;p) = [y fa (%) p(y)v(dy) and p = p(-, 7)

Kamélia Daudel (University of Oxford) - Variational Inference — Foundations and recent advances (Part 1)



The alpha-divergence family

(Y,Y,v) : measured space, v is a o-finite measure on (Y,)).
Qand Py : QX v, Py <X v with Q =q, dﬂ)‘g =p(-|2)

Alpha-divergence between Q and Py

_ a(y)
Do(@lFls) = [ fo (520 ntuipwtan).

where
a(a 1)[u —1—au—1)], faeR\{0,1},

fa(u) =  ulog(u) + 1 — u, if @ =1 (Exclusive KL),
—log(u) +u —1, if @ =0 (Inclusive KL).

@ A flexible family of divergences...
@ ...suitable for Variational Inference purposes...
inf D, P ) & inf U4(g;
Inf (a()QH |2) inf alg;p)
with Uo(g;p) = [y fa (%) p(y)v(dy) and p = p(-, 7)

© ...with good convexity properties : f, is convex!
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A first approach

Consider a parametric family
Q={y—k(0,y) : 0T}

and perform Gradient Descent on U, (k(0,-);p)
We have that : for all « € R\ {1}, f,(u) = 2 [u®~? — 1] and

VoWa(k(6,): p)los, = Vo ( e (;;Ze,y)) p(y)u(dy))

p(y)

0=0,
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A first approach

Consider a parametric family
Q={y—k(0,y) : 0T}
and perform Gradient Descent on U, (k(0,-);p)
We have that : for all « € R\ {1}, f,(u) = 2 [u®~? — 1] and

a—1
VoUa(k(0, ) D)lo=s, = Vo ( /Y i (k(e,w

p(y)

0=0,

:/ k(On,y) p(y)'~* Ologk(0,y)
Y a—1 00

v(dy)
(0,9)=(0n,y)
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A first approach
Consider a parametric family
Q={y—k(0,y) : 0T}

and perform Gradient Descent on U, (k(0,-);p)
We have that : for all « € R\ {1}, f,(u) = 2 [u®~? — 1] and

a—1
Voo (0.3 lo-a. = Vi [ 1 ("G00 sian)
Y p(y) 0=0,,
:/ k(. y)*p(y)'~* dlog k(0. y) V(dy)
v a-1 9 lom)=0ny)
1 k(0 Yin)* ' p(Ym)' ™ 9log k(6. y)
~ Z a—1 N P
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A first approach
Consider a parametric family
Q={y—k(0,y) : 0T}

and perform Gradient Descent on ¥, (k(0,-);p)
We have that : for all « € R\ {1}, f,(u) = 2 [u®~? — 1] and

a—1
Voo (0.3 lo-a. = Vi [ 1 ("G00 sian)
Y p(y) 0=0,,
:/ k(. y)*p(y)'~* dlog k(0. y) V(dy)
v a—1 9 lom)=0ny)
1 k(0 Yin)* ' p(Ym)' ™ 9log k(6. y)
~ Z a—1 N P

In practice : Stochastic Gradient Descent using k(6,,,-) as a sampler
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A first approach
Consider a parametric family
Q={y—k(0,y) : 0T}

and perform Gradient Descent on ¥, (k(0,-);p)
We have that : for all « € R\ {1}, f,(u) = 2 [u®~? — 1] and

a—1
Voo (0.3 lo-a. = Vi [ 1 ("G00 sian)
Y p(y) 0=0,,
:/ k(. y)*p(y)'~* dlog k(0. y) V(dy)
v a—1 9 lom)=0ny)
1 k(0 Yin)* ' p(Ym)' ™ 9log k(6. y)
~ Z a—1 N P

In practice : Stochastic Gradient Descent using k(6,,,-) as a sampler
+ Mini-batching
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A first approach
Consider a parametric family
Q={y—k(0,y) : 0T}

and perform Gradient Descent on ¥, (k(0,-);p)
We have that : for all « € R\ {1}, f,(u) = 2 [u®~? — 1] and

a—1
Voo (0.3 lo-a. = Vi [ 1 ("G00 sian)
Y p(y) 0=0,,
:/ k(. y)*p(y)'~* dlog k(0. y) V(dy)
v a—1 9 lom)=0ny)
1 k(0 Yin)* ' p(Ym)' ™ 9log k(6. y)
~ Z a—1 N P

In practice : Stochastic Gradient Descent using k(6,,,-) as a sampler
+ Mini-batching + Reparameterisation.
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A first approach
Consider a parametric family
Q={y—k(0,y) : 0T}

and perform Gradient Descent on U, (k(0,-);p)
We have that : for all « € R\ {1}, f,(u) = 2 [u®~? — 1] and

a—1
Voo (0.3 lo-a. = Vi [ 1 ("G00 sian)
Y p(y) 0=0,,
:/ k(. y)*p(y)'~* dlog k(0. y) V(dy)
v a-1 9 lom)=0ny)
1 k(0 Yin)* ' p(Ym)' ™ 9log k(6. y)
~ Z a—1 N P

In practice : Stochastic Gradient Descent using k(6,,,-) as a sampler
+ Mini-batching + Reparameterisation.

Variational inference via x-upper bound minimization A. Dieng et al. (2017). NeurlPS
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A second approach

Consider a parametric family

Q={y—k(0,y) : 0T}
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A second approach
Consider a parametric family
Q={y—k(0,y) : 0T}

and perform Gradient Ascent on the VR bound : for all & € R\ {1}

Lo (k(0,);p) = ! 5 log (/Y k(97y)“p(y)1‘%(dy))
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A second approach
Consider a parametric family
Q={y—k(0,y) : 0T}

and perform Gradient Ascent on the VR bound : for all & € R\ {1}

La(k(0,);p) = 1ia log (/Y k(97y)“p(y)1‘%(dy))

— derived from Rényi's a-divergence, linked to the a-divergence.
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A second approach
Consider a parametric family
Q={y—k(0,y) : 0T}

and perform Gradient Ascent on the VR bound : for all & € R\ {1}

Lo (k(0,);p) = ! 5 log (/Y k(97y)“p(y)1‘%(dy))

— derived from Rényi's a-divergence, linked to the a-divergence.

/ k‘(t%,y) p(y) dlogk(6, y)
1—« fY kO, v)p(y" )1 —ev(dy’) 00

Z Wn,m alng(Q:y)
17am12,1wnm 89

with Wn,m = k(07l,7 Ym)ap(ym,)l_a

VoLa(k(0,);p)lo=0, = v(dy)

(0,9)=(6n,y)

(0,9)=(0n,Ym)
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A second approach
Consider a parametric family
Q={y—k(0,y) : 0T}
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Lo (k(0,);p) = ! 5 log (/Y k(97y)“p(y)1‘%(dy))
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/ k‘(t%,y) p(y) dlogk(6,y)
1—« fY kO, v)p(y" )1 —ev(dy’) 00

Z wnm dlog k(0,y)
Qe S

with Wn,m = k(o'm Ym)ap(ym,)l_a
In practice : Stochastic Gradient Ascent using k(6,,-) as a sampler

VoLa(k(0,);p)lo=0, = v(dy)

(0,9)=(6n,y)

(0,9)=(0n,Ym)
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A second approach
Consider a parametric family
Q={y—k(0,y) : 0T}

and perform Gradient Ascent on the VR bound : for all & € R\ {1}

1 —
£alb(0.:p) = 1 1o ([ KO0 2v(a))
—a v
— derived from Rényi's a-divergence, linked to the a-divergence.

, _ k(0n,y)p(y)' dlog k(9,y)
vegaw(@,.),p)w:gn—lia/fYWm T

v(dy)
(0,9)=(0n.y)

RIS
with Wn,m = k(07l,7 Ym)ap(ym,)l_a

In practice : Stochastic Gradient Ascent using k(6,,-) as a sampler
+ Mini-batching + Reparameterisation

(0,9)=(0n,Ym)

Rényi divergence variational inference. Y. Li and R. E Turner. (2016). NeurlPS
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Alpha-divergence Variational Inference : summary

Alpha-Divergence approach Rényi’s Alpha-Divergence approach
infger Wa(k(0,); p) supget La(k(0;-); p)
1 1 M X dlogk(0,y) a M Wn,m dlogk(0,y)
a—1 M E =1 Wn,m 00 T—a Zum=1 zy\”’,ﬂ w,, a0

(0,9)=(0n,Ym) " (0,y)=(0n,Ym)
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Alpha-divergence Variational Inference : summary

Alpha-Divergence approach Rényi’s Alpha-Divergence approach
infget \I’a(k(67')§p) La(k(ev ');p)
1 1 M ., dlog k(0,y) M Wn,m dlogk(0,y)
a—1 M E 1=1 Wn.,m 06 m=1 Y‘\/, w , ¢
(0,y)=(0n,Ym) Smi=1 (0,9)=(0n,Ym)
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Alpha-divergence Variational Inference : summary

Alpha-Divergence approach Rényi’s Alpha-Divergence approach
infoet Vo (k(0, )i p) La(k(0,);p)
LL M X dlog k(0,y) M Wn,m dlogk(0,y)
a—1 M Em 1 Wn,m a6 m=1 Y‘\/, W, ot ¢
(0,y)=(0n,Ym) Lo (0,9)=(0n,Ym)

Fp ﬁ/[:l Ologk(0,y)
s Unom —ap

Alpha : 6.1 = 0,
pha & Fn41 =bn+ 7 7 20

=

I = (0,9)=(0n,Ym)
M

. Wn,m 810gk(6 y)
Rényi's Alpha : 6,1 =6 In £z :
ényi's Alpha n+1 n + 1—a 'mZ:I Z;‘H’_I Wy o0

(0,9)=(0n,Ym)
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Outline

@ Conclusion of Part 1
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Variational Inference : optimisation-based methods for Bayesian Inference
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Conclusion of Part 1

Variational Inference : optimisation-based methods for Bayesian Inference

Core questions in Variational Inference :
- choice of the variational family Q
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Core questions in Variational Inference :
- choice of the variational family O
- choice of the measure of dissimilarity D
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- choice of the variational family O
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@ MFVI : mean-field family, model-specific updates using the ELBO

Kamélia Daudel (University of Oxford) - Variational Inference — Foundations and recent advances (Part 1)



Conclusion of Part 1

Variational Inference : optimisation-based methods for Bayesian Inference

Core questions in Variational Inference :
- choice of the variational family O
- choice of the measure of dissimilarity D

@ MFVI : mean-field family, model-specific updates using the ELBO
@ SVI : scales MFVI to large datasets
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Conclusion of Part 1

Variational Inference : optimisation-based methods for Bayesian Inference

Core questions in Variational Inference :
- choice of the variational family O
- choice of the measure of dissimilarity D

@ MFVI : mean-field family, model-specific updates using the ELBO
@ SVI : scales MFVI to large datasets
© BBVI : parametric family, Stochastic Gradient Ascent on the ELBO
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Conclusion of Part 1

Variational Inference : optimisation-based methods for Bayesian Inference

Core questions in Variational Inference :
- choice of the variational family O
- choice of the measure of dissimilarity D

@ MFVI : mean-field family, model-specific updates using the ELBO
@ SVI : scales MFVI to large datasets
© BBVI : parametric family, Stochastic Gradient Ascent on the ELBO

@ Alpha-divergence Variational Inference : parametric family, extends BBVI to
more general objective functions derived from the Alpha-divergence
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Food for thoughts

—rw
e Ol = 1)

—au-osf

T R R R [ R R R I R R I

a=0.5 a=1 a=1
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Food for thoughts

—rw
1 e Ol = 1)

R R N R T

a=0.5 a=1

Question : Can we further extend the approximating family Q in the context
of Alpha-divergence Variational Inference?
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Food for thoughts

—rw
e Ol = 1)

Question :

a=0.5

of Alpha-divergence Variational Inference?

Kamélia Daudel (

iversity of Oxford)

R

a=1

Some answers in Part 2 and 3!

Can we further extend the approximating family Q in the context
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Proof of the optimal rule ¢} (y¢) o exp (E_([logp(y, 2)])

For notational convenience : Y =Y, X Y_y, q(y) = qe(ye)q—e(y—¢)
and v(dy) = ve(dye)v—e(dy—y).

ELBO(¢; 7) = /Y 4(y) log (p(qy(y)%) v(dy)
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Proof of the optimal rule ¢} (y¢) o exp (E_([logp(y, 2)])

For notational convenience : Y =Y, X Y_y, q(y) = qe(ye)q—e(y—¢)
and v(dy) = ve(dye)v—e(dy—y).

ELBO(¢; 7) = /Y 4(y) log (p(qy(y)%) v(dy)

:/Y /Y qe(Ye)q—e(y—e) log <q£(p(y,@)) v_¢(dy—¢)ve(dye)

Ye)q—e(y—e)
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Proof of the optimal rule ¢} (y¢) o exp (E_([logp(y, 2)])

For notational convenience : Y =Y, X Y_y, q(y) = qe(ye)q—e(y—¢)
and v(dy) = ve(dye)v—e(dy—y).

ELBO(¢; 7) = /Y 4(y) log (p(qy(y)%) v(dy)

:/Y /Y qe(Ye)q—e(y—e) log <q£(p(y,@)) v_¢(dy—¢)ve(dye)

Ye)q—e(y—e)

:/ qe(ye) (/ qz(ye)logp(%@)Ve(dye)) ve(dye)
Yy Y_y¢
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Proof of the optimal rule ¢} (y¢) o exp (E_([logp(y, 2)])

For notational convenience : Y =Y, X Y_y, q(y) = qe(ye)q—e(y—¢)
and v(dy) = ve(dye)v—e(dy—y).

ELBO(¢; 7) = /Y 4(y) log (p(qy(y)%) v(dy)

:/Y /Y qe(Ye)q—e(y—e) log <q£(p(y,@)) v_¢(dy—¢)ve(dye)

Ye)q—e(y—e)
:/ qe(ye) (/ qz(ye)logp(%@)Ve(dye)) ve(dye)
Yy Y_y¢

—/Y/Y qe(ye)q—e(y—e) log (qe(ye)q—e(y—e)) v—e(dy—_¢)ve(dye)
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Proof of the optimal rule ¢} (y¢) o exp (E_([logp(y, 2)])

For notational convenience : Y =Y, X Y_y, q(y) = qe(ye)q—e(y—¢)
and v(dy) = ve(dye)v—e(dy—y).

ELBO(¢; 7) = /Y 4(y) log (p(qy(y)%) v(dy)

:/Y /Y qe(Ye)q—e(y—e) log <q£(p(y,@)) v_¢(dy—¢)ve(dye)

Ye)q—e(y—e)
:/ qe(ye) (/ qz(ye)logp(%@)Ve(dye)) ve(dye)
Yo Y,
—/Y/Y qe(ye)q—e(y—e) log (qe(ye)q—e(y—e)) v—e(dy—_¢)ve(dye)

- / 4e(y0)E—¢ [log p(y, 7)) ve(dlye) — / ae(ve) log (qe(we)) ve(dye) + c_e
Y, Yo
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Proof of the optimal rule ¢} (y¢) o exp (E_([logp(y, 2)])

For notational convenience : Y =Y, X Y_y, q(y) = qe(ye)q—e(y—¢)
and v(dy) = ve(dye)v—e(dy—y).

ELBO(¢; 7) = /Y 4(y) log (p(qy(y)%) v(dy)

:/Y /Y qe(Ye)q—e(y—e) log (qﬁ(p(y,@)) v_¢(dy—¢)ve(dye)

Ye)q—e(y—e)
:/ qe(ye) (/ qz(ye)logp(%@)Ve(dye)) ve(dye)
Yo Y,
—/Y/Y qe(ye)q—e(y—e) log (qe(ye)q—e(y—e)) v—e(dy—_¢)ve(dye)

::/Y qe(ye)E_y [logp(y,.@)]w(dye)f/ ae(ye) log (qe(ye)) ve(dye) + c_q

Yo

exp (E_¢ [log p(y, 2)])
qe(ye)

ELBO(¢; 2) = /Yqz(ye) log ( ) ve(dye) +c— -
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CAVI for large datasets : Stochastic Variational Inference
B ——x)
»
(&—@

® 9 ={x1,...x1}, 1,...,27 : i.i.d. observations

o y={m¢&,...,&}, ™ global latent variable, &1,...,&r : local latent
variables (8 : hyperparameter)
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CAVI for large datasets : Stochastic Variational Inference
B ——x)
»
(&—@

® 9 ={x1,...x1}, 1,...,27 : i.i.d. observations

o y={m¢&,...,&}, ™ global latent variable, &1,...,&r : local latent
variables (8 : hyperparameter)

I
In that case, p(y, 2) = p(n|B) [ [ p(&ilm)p(ziléi, m)

i=1
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CAVI for large datasets : Stochastic Variational Inference
B ——x)
»
(&—@

® 9 ={x1,...x1}, 1,...,27 : i.i.d. observations

o y={m¢&,...,&}, ™ global latent variable, &1,...,&r : local latent
variables (8 : hyperparameter)

1

In that case, p(y, 2) = p(7|B) Hp(§i|7r)p(wi|§i,7r)
i=1

Mean-field approximation : '

I
a(y) = a(x) [ ] a(&ler)

i=1
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CAVI for large datasets : Stochastic Variational Inference
B ——x)
»
(&—@

® 9 ={x1,...x1}, 1,...,27 : i.i.d. observations

o y={m¢&,...,&}, ™ global latent variable, &1,...,&r : local latent
variables (8 : hyperparameter)

1

In that case, p(y, 2) = p(7|B) Hp(§i|7r)p(wi|§i,7r)
i=1

Mean-field approximation : '

I
a(y) = a(x) [ ] a(&ler)
i1

v : global variational parameter, ¢1,...,¢s : local variational parameters

Kamélia Daudel (University of Oxford) - Variational Inference — Foundations and recent advances (Part 1)



CAVI for large datasets : Stochastic Variational Inference
B ——x)
»
(&—@

® 9 ={x1,...x1}, 1,...,27 : i.i.d. observations

o y={m¢&,...,&}, ™ global latent variable, &1,...,&r : local latent
variables (8 : hyperparameter)

1

In that case, p(y, 2) = p(7|B) Hp(§i|7r)p(wi|§i,7r)
i=1

Mean-field approximation : '

I
a(y) = a(x) [ ] a(&ler)

i=1

v : global variational parameter, ¢1,...,¢s : local variational parameters

Problem : I is often very large (e.g. 1.8M articles from the New York Times)
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CAVI for large datasets : Stochastic Variational Inference
B ——x)
»
(&—@

® 9 ={x1,...x1}, 1,...,27 : i.i.d. observations
o y={m¢&,...,&}, ™ global latent variable, &1,...,&r : local latent
variables (8 : hyperparameter)

1

In that case, p(y, 2) = p(7|B) Hp(§i|7r)p(wi|§i,7r)
i=1

Mean-field approximation : '

I
a(y) = a(x) [ ] a(&ler)

i=1
v : global variational parameter, ¢1,...,¢s : local variational parameters

Problem : I is often very large (e.g. 1.8M articles from the New York Times)
— The use of stochastic optimisation enabled large scale learning

Kamélia Daudel (University of Oxford) - Variational Inference — Foundations and recent advances (Part 1)



CAVI for large datasets : Stochastic Variational Inference
B ——x)
»
(&—@

® 9 ={x1,...x1}, 1,...,27 : i.i.d. observations
o y={m¢&,...,&}, ™ global latent variable, &1,...,&r : local latent
variables (8 : hyperparameter)

1

In that case, p(y, 2) = p(7|B) Hp(§i|7r)p(wi|§i,7r)
i=1

Mean-field approximation : '

I
a(y) = a(x) [ ] a(&ler)

i=1
v : global variational parameter, ¢1,...,¢s : local variational parameters
Problem : I is often very large (e.g. 1.8M articles from the New York Times)

— The use of stochastic optimisation enabled large scale learning

Stochastic Variational Inference. M. D. Hoffman et al. (2013). JMRL.
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Reminder - 1

(Y,Y,v) : measured space, v is a o-finite measure on (Y,)).
Qand Pl : Q <, Py < v with 32 = g, T2 = p(|2) = &

7)
)
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Reminder - 1

(Y,Y,v) : measured space, v is a o-finite measure on (Y,)).
. dP|g .9
Qand Py : Q= v, Py 3 v with §2 = ¢, 2 = p(|2) = L5

® Variational Inference optimisation problem :
inf D(QI[P|g)
qeQ

where Q is the variational family and D is the measure of dissimilarity
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Reminder - 1

(Y,Y,v) : measured space, v is a o-finite measure on (Y,)).

Q and IP’|9 Q=<v, IP"Q =< v with Q =gq, dﬂ)‘g =p(-|2) = pp((";?

® Variational Inference optimisation problem :
inf D(QI[P|g)
qeQ
where Q is the variational family and D is the measure of dissimilarity

¢ Alpha-Divergence Variational Inference : Two possible objective functions

Uolg;p) = /Yfa (%) p(y)v(dy)

Calai) = o [ ant-2viay))

with p = p(-, Z) and
m[u —1—a(u—-1)], faeR\{0,1},
fa(u) = S ulog(u) +1 —u, if @ =1 (Exclusive KL),
—log(u) +u—1, if & =0 (Inclusive KL).
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Reminder - 1

(Y,Y,v) : measured space, v is a o-finite measure on (Y,)).

Q and IP’|9 Q=<v, IP"Q =< v with Q =gq, dﬂ)‘g =p(-|2) = pp((";?

® Variational Inference optimisation problem :

inf D(Q[|P)»)
qeQ
where Q is the variational family and D is the measure of dissimilarity

¢ Alpha-Divergence Variational Inference : Two possible objective functions

valiin) = [ fo (%) Py)V(dy)

La(q;p) = — L 1o (/Y Q(y)“p(y)I*“V(dy)>
with p = p(-, Z) and
m[u —1—a(u—-1)], faeR\{0,1},

fa(u) = S ulog(u) +1 —u, if @ =1 (Exclusive KL),
—log(u) +u—1, if & =0 (Inclusive KL).
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Reminder - 2

When Q is parametric,
Q={q:y—k(b,y) : 6T}

we can perform Stochastic Gradient Descent w.r.t 6 on U, (g;p)
(resp. —a™'La(q;p))
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Reminder - 2

When Q is parametric,
Q={q:y—k(b,y) : 6T}

we can perform Stochastic Gradient Descent w.r.t 6 on U, (g;p)
(resp. —a™'La(q;p))

Question : Can we further extend the approximating family Q in the context of
Alpha-divergence Variational Inference?
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Reminder - 2

When Q is parametric,
Q={q:y—k(b,y) : 6T}

we can perform Stochastic Gradient Descent w.r.t 6 on U, (g;p)
(resp. —a™'La(q;p))

Question : Can we further extend the approximating family Q in the context of
Alpha-divergence Variational Inference?

—Fw
1 Ol=4)
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Outline

@ Infinite-dimensional Alpha-divergence minimisation
@ Numerical experiments

©® Conclusion of Part 2
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Outline

@ Infinite-dimensional Alpha-divergence minimisation
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Infinite-dimensional Alpha-divergence minimisation

Infinite-dimensional gradient-based descent for alpha-divergence minimisation.
K. Daudel, R. Douc and F. Portier. Ann. Statist. 49 (4) 2250 - 2270, August 2021.
https://doi.org/10.1214/20-A0S2035.
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Infinite-dimensional Alpha-divergence minimisation

Infinite-dimensional gradient-based descent for alpha-divergence minimisation.
K. Daudel, R. Douc and F. Portier. Ann. Statist. 49 (4) 2250 - 2270, August 2021.
https://doi.org/10.1214/20-A0S2035.

Mixture weights optimisation for Alpha-Divergence Variational Inference.
K. Daudel and R. Douc (2021). To appear in NeurlPS2021
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Infinite-dimensional Alpha-divergence minimisation

Infinite-dimensional gradient-based descent for alpha-divergence minimisation.
K. Daudel, R. Douc and F. Portier. Ann. Statist. 49 (4) 2250 - 2270, August 2021.
https://doi.org/10.1214/20-A0S2035.

Mixture weights optimisation for Alpha-Divergence Variational Inference.
K. Daudel and R. Douc (2021). To appear in NeurlPS2021

Idea : Extend the traditional variational parametric family
Q={y—k,y : 6T}
by putting a prior on the variational parameter 6
Q= {q 1y = pk(y) = /T/'<dﬁ)k(07y) P e M}

and propose an update formula for p that ensures a systematic decrease in
w— Uy (uk;p) at each step
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Infinite-dimensional Alpha-divergence minimisation

Infinite-dimensional gradient-based descent for alpha-divergence minimisation.
K. Daudel, R. Douc and F. Portier. Ann. Statist. 49 (4) 2250 - 2270, August 2021.
https://doi.org/10.1214/20-A0S2035.

Mixture weights optimisation for Alpha-Divergence Variational Inference.
K. Daudel and R. Douc (2021). To appear in NeurlPS2021

Idea : Extend the traditional variational parametric family
Q={y—k,y : 6T}
by putting a prior on the variational parameter 6

0= {q u ib) = [ H(@0kO) < e M}

and propose an update formula for p that ensures a systematic decrease in
w— Uy (uk;p) at each step

— Finite Mixture Models : y = Z’jjzl Ajbo;
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The (o, I')-descent algorithm
Optimisation problem

Jnf o(pksp)  with o (uk;p) = /Yfa (%?) p(y)v(dy)
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The (o, I')-descent algorithm

Optimisation problem

Jnf o(pksp)  with o (uk;p) = /Yfa (%) p(y)v(dy)

- p is a nonnegative measurable function defined on (Y, Y)
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The (o, I')-descent algorithm

Optimisation problem

4 : uk(y)>
inf W, (uk; with W, (uk;p) = — v(d
Jnf Waluksp) o(pk; p) /Yfa ( o) p(y)v(dy)
- p is a nonnegative measurable function defined on (Y, Y)

- M is a subset of M;(T), the space of probability measures on T
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The (o, I')-descent algorithm

Optimisation problem

4 : uk(y)>
inf W, (uk; with U, (uk;p) := —= v(d
Jnf Waluksp) o(pk; p) /Yfa ( o) p(y)v(dy)
- p is a nonnegative measurable function defined on (Y, Y)

- M is a subset of M;(T), the space of probability measures on T

-K:(0,A) — [,k(0,y)v(dy) is a Markov transition kernel defined on T x Y
with density k
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The (o, I')-descent algorithm
Optimisation problem

;Iella Vo (pk;p) with U (uk;p) = /Yfa (%) p(y)v(dy)

- p is a nonnegative measurable function defined on (Y, Y)

- M is a subset of M;(T), the space of probability measures on T

-K:(0,A) — [,k(0,y)v(dy) is a Markov transition kernel defined on T x Y
with density k
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The (o, I')-descent algorithm
Optimisation problem

Il V(i) with o (ukip) = /Y po (B2 piyputan

- p is a nonnegative measurable function defined on (Y, Y)

- M is a subset of M; (T) the space of probability measures on T

-K:(0,A) — [,k(0,y)v(dy) is a Markov transition kernel defined on T x Y
with denS|ty k

Algorithm
Let p; € M;(T) be such that ¥, (u1k) < oo. The sequence of probability
measures (fn,)n>1 is defined iteratively by

Bt = Za(pn) » n=1
where for all p € My(T) and all # € T,

B(A0) Tbual0) 47) _ k)Y
7o) a0) = U LD iy, ) = | k0,012 (S22
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Conditions for a monotonic decrease

(A1) For all (0,y) € Tx Y, k(6,y) >0, p(y) >0 and [, p(y)r(dy) < co.

Kamélia Daudel (University of Oxford) - Variational Inference — Foundations and recent advances (Part 2)



Conditions for a monotonic decrease

(A1) For all (0,y) € Tx Y, k(6,y) >0, p(y) >0 and [, p(y)r(dy) < co.

(A2) The function I" : Dom, — Ry is decreasing, continuously differentiable
and satisfies the inequality

[(@—1)(v—&)+1] (logT) (v) +1>0.
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Conditions for a monotonic decrease

(A1) For all (0,y) € Tx Y, k(6,y) >0, p(y) >0 and [, p(y)r(dy) < co.

(A2) The function I" : Dom, — Ry is decreasing, continuously differentiable
and satisfies the inequality

[(@—1)(v—&)+1] (logT) (v) +1>0.

Assume (A1) and (A2). Let u € M;(T) be such that ¥, (uk) < co and
(T (bp,a + K)) < co. Then,

(1) \I/a(Ia(V‘)k) < \Ija(uk)
O® V. (Za(p)k) = Vo (pk) if and only if pu = Zo(p)
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Proof : 1) Proving a general lower bound

Let u,¢ € Mi(T) s.t ¢ < pwand ¥, (k) < co. Denote by g the density of ¢ w.r.t p.

We want to find A, such that
Aa < ‘Pa(ﬂk) - \I}a(ck)
and equality holds iif { = pu.
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Proof : 1) Proving a general lower bound

Let u,¢ € Mi(T) s.t ¢ < pwand ¥, (k) < co. Denote by g the density of ¢ w.r.t p.

We want to find A, such that
Aa < ‘Pa(ﬂk) - \I}a(ck)
and equality holds iif { = pu.

By definition ¥, (uk) = /Yfa (%) p(y)v(dy) with f, convex.
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Proof : 1) Proving a general lower bound

Let u,¢ € Mi(T) s.t ¢ < pwand ¥, (k) < co. Denote by g the density of ¢ w.r.t p.

We want to find A, such that
Aa < ‘Pa(ﬂk) - \I}a(ck)
and equality holds iif { = pu.

By definition ¥, (uk) = /Yfa (%) p(y)v(dy) with f, convex.

« First idea
By convexity of f,,

(50 () 1 (50) 5
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Proof : 1) Proving a general lower bound

Let u,¢ € Mi(T) s.t ¢ < pwand ¥, (k) < co. Denote by g the density of ¢ w.r.t p.

We want to find A, such that
Aa < ‘Pa(ﬂk) - \I}a(ck)
and equality holds iif { = pu.
By definition ¥, (uk) = /fa (%) p(y)v(dy) with f, convex.
Y

« First idea
By convexity of f,,

(50 () 1 (50) 5

X Not the best idea!
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Proof : 1) Proving a general lower bound
Let u,¢ € Mi(T) s.t ¢ < pwand ¥, (k) < co. Denote by g the density of ¢ w.r.t p.

We want to find A, such that
Aa g \Ija(uk) - \Ila(ck)
and equality holds iif { = pu.

()

By definition W, (uk) = /Yfa (M Y)

k .
o )P(y)l’(dy) with f, convex.

¢ Second idea
By convexity of f, : forally €Y

i (S0) 0 (A0 1 (2400) 8.
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Proof : 1) Proving a general lower bound

A

Let u,¢ € Mi(T) s.t ¢ < pwand ¥, (k) < co. Denote by g the density of ¢ w.r.t p.

We want to find A, such that
Aa < \Ija(uk) - \Ila(ck)
and equality holds iif { = pu.

1k (y)
p(y)

By definition ¥, (uk) = /fa ( )p(y)u(dy) with f, convex.
Y

¢ Second idea
By convexity of f, : forally €Y

i (S0) 0 (A0 1 (2400) 8.

: w(d0)k(0.y)
— Next, we integrate w.r.t to e

1k (y) p(dO)k(0,y) . (g(0)uk(y) , (9Ouk@y)\ 1
W)2/F k() fa< o) >+/Tu(d9)k(9,y)fa< ) )p(y)[l 9(0)]
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Proof : 1) Proving a general lower bound

A

Let u,¢ € Mi(T) s.t ¢ < pwand ¥, (k) < co. Denote by g the density of ¢ w.r.t p.

We want to find A, such that
Aa g \Ija(uk) - \Ila(ck)
and equality holds iif { = pu.

1k (y)
p(y)

By definition ¥, (uk) = /fa ( )p(y)y(dy) with f, convex.
Y

¢ Second idea
By convexity of f, : forally €Y

i (S0) 0 (A0 1 (2400) 8.

: w(d0)k(0.y)
— Next, we integrate w.r.t to e

1k (y) Ok, y) . (9(0)uk(y) (9@uky)\ 1
w)>/T () fa< o) >+/Tu(d9)k(0,y)fa< ) )p(y)[l 9(0)]
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Proof : 1) Proving a general lower bound
Let u,¢ € Mi(T) s.t ¢ < pwand ¥, (k) < co. Denote by g the density of ¢ w.r.t p.

We want to find A, such that
Aa g \Ija(uk) - \Ila(ck)
and equality holds iif { = pu.

1k (y)
(2

() )P(y)l’(dy) with f, convex.

By definition W, (uk) = /fa (
\%

¢ Second idea
By convexity of f, : forally €Y

i (S0) 0 (A0 1 (2400) 8.

: w(d0)k(0.y)
— Next, we integrate w.r.t to e

ik(y) Cp(dO)k(0y) . (9(0)pk(y) , (9@uk)\ 1
o (L)) 5 [T g, (SO o [ amio. s (D) i )

S 1(d0)k(0,y)g(0)  (9@)pk@)Y L
> e (T) * /Tu(dg)k(e’y)f“ ( p(y) ) it 90
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Proof : 1) Proving a general lower bound
Let u,¢ € My(T) s.t ¢ < pwand ¥, (uk) < co. Denote by g the density of ¢ w.r.t p.

We want to find A, such that
Aa < \I’a(ﬂk) - \Ija(gk)
and equality holds iif ¢ = p.

By definition U, (uk) = / fa (M) p(y)v(dy) with f, convex.
v\ p(y)
— At this stage : forally €,

o (B0 > g (S8 [utaoyrion, (2RO gy — g0y
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Proof : 1) Proving a general lower bound
Let u,¢ € My(T) s.t ¢ < pwand ¥, (uk) < co. Denote by g the density of ¢ w.r.t p.

We want to find A, such that
Aa < \I’a(ﬂk) - \Ija(gk)
and equality holds iif ¢ = p.

' k

By definition W, (uk) = / fa (L(y)> p(y)v(dy) with f, convex.
v\ p(y)

— At this stage : forally €,

(5 () o (490)

Now integrating w.r.t to v(dy)p(y), we deduce

o (uk) > Wa(k)+ [ via) [ uao)io. s, (%) 1 g(6)]
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Proof : 1) Proving a general lower bound
Let u,¢ € My(T) s.t ¢ < pwand ¥, (uk) < co. Denote by g the density of ¢ w.r.t p.

We want to find A, such that
Aa < \Ila(/j’k) - \Ija(gk)
and equality holds iif ¢ = p.

' k

By definition U, (uk) = / fa (L(y)> p(y)v(dy) with f, convex.
v\ p(y)

— At this stage : forally €,

o (B0 > g (S8 [utaoyrion, (2RO gy — g0y

Now integrating w.r.t to v(dy)p(y), we deduce

o (uk) > Wa(k)+ [ via) [ uao)io. s, (%) 1 g(6)]

s , (200,
Wetake Aui= [ via) [ u(d@)k(e,wfa( s )[1 4(0)]
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Proof : 2) take g < I'(b,, o + ) and show that A, > 0

Setting g < I'(by,« + ), we have that

B _ p(d6) - T(bya(8) + &)
¢(do) = p(df)g(8) = M(r(bﬂf; + k)

= To(p)(d0)
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Proof : 2) take g < I'(b,, o + ) and show that A, > 0

Setting g < I'(by,« + ), we have that
p1(d0) - T'(by,a(8) + k)

c(a) = () = e O 7 (ap)
and thus
Aa < o (pk) — Uo(Za(p)k)
. _ o (9O k()
with A= [ via) [ oo, (2250 ) 1 - 6]

The proof is complete if we prove that A, > 0.

Kamélia Daudel (University of Oxford) - Variational Inference — Foundations and recent advances (Part 2)



Proof : 2) take g < I'(b,, o + ) and show that A, > 0

Setting g < I'(by,« + ), we have that
p1(d0) - T'(by,a(8) + k)

c(a) = () = e O 7 (ap)
and thus
Aa < o (pk) — Uo(Za(p)k)
. _ o (9O k()
with A= [ via) [ oo, (2250 ) 1 - 6]

The proof is complete if we prove that A, > 0.

Proving that A, >0
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Proof : 2) take g < I'(b,, o + ) and show that A, > 0

Setting g < I'(by,« + ), we have that
(d6) - T'(by,a(0) + x)

_ _k _
c(a) = () = e O 7 (ap)
and thus
Aa < o (pk) — Uo(Za(p)k)
: B o (9@Ouk(y)\
with A= [ via) [ oo, (2250 ) 1 - 6]

The proof is complete if we prove that A, > 0.

Proving that A, > 0 — We treat the case o € R\ {1}.
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Proof : 2) take g < I'(b,, o + ) and show that A, > 0

Setting g < I'(by,« + ), we have that
(d6) - T'(by,a(0) + x)

_ _k _
c(a) = () = e O 7 (ap)
and thus
Aa < o (pk) — Uo(Za(p)k)
: B o (9@Ouk(y)\
with A= [ via) [ oo, (2250 ) 1 - 6]

The proof is complete if we prove that A, > 0.

Proving that A, > 0 — We treat the case o € R\ {1}.

In this case f,(u) = =15[u®" — 1] and

g a—1
bu,a(0) = /Yk(g’ y)a i 1 |:<l;k((j))> - 1:| v(dy)

Aa:/Yu(dy)/Tu(de)k(ay)L [(Wk(y)y_l—l} [1-g(0)]

a—1 p(y)
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Proof : 2) take g < I'(b,, o + ) and show that A, > 0

Proving that A, > 0 — We treat the case o € R\ {1}.

In this case f(u) = 15 [u®"t — 1] and

bal0) = [ 1O {(*;féjf) - ] )
1

Aa:/ylf(dy)/Tu(de)k(e,y)L {(W

a—1
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Proof : 2) take g < I'(b,, o + ) and show that A, > 0

Proving that A, > 0 — We treat the case o € R\ {1}.

In this case f(u) = 15 [u®"t — 1] and

bal0) = [ 1O {(*;féjf) - ] )
1

_ ' R VIO N
Aa7/Yu(dy)/Tu(d€)k(0,y)ai1 {( ) ) 1} [1—9(0)]
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Proof : 2) take g < I'(b,, o + ) and show that A, > 0

Proving that A, > 0 — We treat the case o € R\ {1}.

In this case f(u) = 15 [u®"t — 1] and

maw—ﬂkmwallﬁﬁ$§w44ww>

Ay = /Yll(dy)/T.;1((16)/9(9,y)L {(g(@)uk(y))a_l - 1} [1—g(0)]

a—1 p(y)

_ , L | (9®mE\ 1
Aumm<ﬂ mwmawal[( oy q>u o(0)
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Proof : 2) take g < I'(b,, o + ) and show that A, > 0

Proving that A, > 0 — We treat the case o € R\ {1}.

In this case f(u) = 15 [u®"t — 1] and

maw—ﬂkmwallﬁﬁ$§w44ww>

Ay = /Yll(dy)/T.;1((16)/9(9,y)L {(g(@)uk(y))a_l - 1} [1—g(0)]

a—1 p(y)

_ [ , 1| g(O)uk(y)\* .
Aumm<ﬂ mwmawal[( oy ,7ﬂ>u o(6)
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Proof : 2) take g < I'(b,, o + ) and show that A, > 0

Proving that A, > 0 — We treat the case o € R\ {1}.

In this case f(u) = 15 [u®"t — 1] and

bal0) = [ 1O {(*;féjf) - 1] )

;1((l€)k(9,y)ﬁ {(g(?g/l@)(y))a_ - 1} [1—g(0)]
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Proof : 2) take g < I'(b,, o + ) and show that A, > 0

Proving that A, > 0 — We treat the case o € R\ {1}.

In this case f(u) = 15 [u®"t — 1] and
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Proving that A, > 0 — We treat the case o € R\ {1}.

In this case f(u) = 15 [u®"t — 1] and
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Proof : 2) take g < I'(b,, o + ) and show that A, > 0

Proving that A, > 0 — We treat the case & € R\ {1}.
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Proof : 2) take g < I'(b,, o + ) and show that A, > 0

Proving that A, > 0 — We treat the case & € R\ {1}.
We have obtained that

Ao = [ ntan) [bu,aw) + #] 9(0) 1 [1 - g(6)]

a—1
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Proof : 2) take g < I'(b,, o + ) and show that A, > 0

Proving that A, > 0 — We treat the case & € R\ {1}.
We have obtained that

a—1

Ao = [ ntan) [bu,aw) + #] 9(0) 1 [1 - g(6)]

It's time to use that g o< T'(Dy,q + K)!
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Proof : 2) take g < I'(b,, o + ) and show that A, > 0

Proving that A, > 0 — We treat the case & € R\ {1}.
We have obtained that

a—1

Ao = [ ntan) [bu,aw) + #] 9(0) 1 [1 - g(6)]

It's time to use that g o< T'(Dy,q + K)!
(i) Let V' be the random variable V(0) = b, () + ~ (probability space (T, T, 1))
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Proof : 2) take g < I'(b,, o + ) and show that A, > 0

Proving that A, > 0 — We treat the case & € R\ {1}.
We have obtained that

1
A = / 14(d6) {bu,a(é) + —} 9(0)* 1 [1 - g(6)]
T a—1
It's time to use that g o< T'(Dy,q + K)!
(i) Let V' be the random variable V(0) = b, () + ~ (probability space (T, T, 1))
(ii) Set T'(v) = D(v) /(T (b + &) for all v € Domy,.
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Proof : 2) take g < I'(b,, o + ) and show that A, > 0

Proving that A, > 0 — We treat the case & € R\ {1}.
We have obtained that

A = /T 14(d6) {bu,a(é) + ﬁ} 9(0)* 1 [1 - g(6)]

It's time to use that g o< T'(Dy,q + K)!

(i) Let V' be the random variable V(0) = b, () + ~ (probability space (T, T, 1))
(ii) Set T'(v) = D(v) /(T (b + &) for all v € Domy,.

Then,
AQ:EQV—H }f‘kl(v) [1—f(V)D

a—1
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Proof : 2) take g < I'(b,, o + ) and show that A, > 0

Proving that A, > 0 — We treat the case & € R\ {1}.
We have obtained that

Ao = [ ntan) [bu,aw) + #] 9(0) 1 [1 - g(6)]

a—1

It's time to use that g o< T'(Dy,q + K)!
(i) Let V' be the random variable V(0) = b, () + ~ (probability space (T, T, 1))
(ii) Set T'(v) = D(v) /(T (b + &) for all v € Domy,.

Then,

a—1

Kamélia Daudel (University of Oxford) - Variational Inference — Foundations and recent advances (Part 2)



Proof : 2) take g < I'(b,, o + ) and show that A, > 0

Proving that A, > 0 — We treat the case & € R\ {1}.
We have obtained that

a—1

Ao = [ wtao {bu,uw) + #] 96 [1 - 9(6)

It's time to use that g o< T'(Dy,q + K)!
(i) Let V' be the random variable V(0) = b, () + ~ (probability space (T, T, 1))
(ii) Set T'(v) = D(v) /(T (b + &) for all v € Domy,.

Then,

1 ra—1 T
Aa=E(|V -+ ——| (V) [1—r(V)]

a—1
1 ~ - -
= Cov ([V — K+ —1] reHvy,1 - F(V)> since E[1-T(V)]=0

o —
(A2) The function T' : Dom, — Rsq is decreasing, continuously differentiable and
satisfies the inequality

[(a—1)(v—r)+1](logD)(v)+1>0.
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Proof : 2) take g < I'(b,, o + ) and show that A, > 0

Proving that A, > 0 — We treat the case & € R\ {1}.
We have obtained that

a—1

Ao = [ wtao {bu,uw) + #] 96 [1 - 9(6)

It's time to use that g o< T'(Dy,q + K)!
(i) Let V' be the random variable V(0) = b, () + ~ (probability space (T, T, 1))
(ii) Set T'(v) = D(v) /(T (b + &) for all v € Domy,.

Then,

1 ra—1 T
Aa=E(|V -+ ——| (V) [1—r(V)]

a—1
1 ~ -
= Cov ([V — K+ —1] re=4vy, > since E[1-T(V)]=0

o —
(A2) The function T : Dom, — Rsq is , continuously differentiable and
satisfies the inequality

[(a—1)(v—r)+1](logD)(v)+1>0.
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Proof : 2) take g < I'(b,, o + ) and show that A, > 0

Proving that A, > 0 — We treat the case & € R\ {1}.
We have obtained that

a—1

Ao = [ ntan) [bu,aw) + #] 9(0) 1 [1 - g(6)]

It's time to use that g o< T'(Dy,q + K)!
(i) Let V' be the random variable V(0) = b, () + ~ (probability space (T, T, 1))
(ii) Set T'(v) = D(v) /(T (b + &) for all v € Domy,.

Then,

1 ra—1 T
Aa=E(|V -+ ——| (V) [1—r(V)]

a—1
1 ~ -
= Cov ({x — K+ —1} o=, > since E[l -T(V)] =0

o —
(A2) The function T : Dom, — Rsq is , continuously differentiable and
satisfies the inequality

[(a=1)(v—r)+1](logD)(v)+1=0.
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Proof : 2) take g < I'(b,, o + ) and show that A, > 0

Proving that A, > 0 — We treat the case & € R\ {1}.
We have obtained that

a—1

Ao = [ ntan) [bu,aw) + #] 9(0) 1 [1 - g(6)]

It's time to use that g o< T'(Dy,q + K)!
(i) Let V' be the random variable V(0) = b, () + ~ (probability space (T, T, 1))
(ii) Set T'(v) = D(v) /(T (b + &) for all v € Domy,.

Then,
Ao =E ({v I ﬁ} re=l(v) [1 - f(V)D

= Cov ({x — K+ W%J re-Hvy, > since E[1-T(V)] =0

(A2) The function T : Dom, — Rsq is , continuously differentiable and
satisfies the inequality

[(a=1)(v—r)+1](logD)(v)+1=0.

Conclusion: A, > 0! 0
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Reminder : Conditions for a monotonic decrease

(A1) For all (0,y) € Tx Y, k(6,y) >0, p(y) >0 and [, p(y)r(dy) < co.

(A2) The function I" : Dom, — Ry is decreasing, continuously differentiable
and satisfies the inequality

[(a—1)(v—&)+1] (logT) (v) +1>0.

Assume (A1) and (A2). Let u € M;(T) be such that ¥, (uk) < co and
(T (bp,a + K)) < co. Then,

(1) \I/a(Ia(V‘)k) < \Ija(uk)
O® V. (Za(p)k) = Vo (pk) if and only if pu = Zo(p)
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Examples satisfying (A2)

(A2) The function I' : Dom,, — R is decreasing, continuously differentiable
and satisfies the inequality

[(a—1)(v—r)+ 1] (logT)(v)+1>0.
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Examples satisfying (A2)

(A2) The function I' : Dom,, — R is decreasing, continuously differentiable
and satisfies the inequality

[(a—1)(v—r)+ 1] (logT)(v)+1>0.
® Entropic Mirror Descent : n € (0,1, ke Rand o =1
T(w)=em

Hn+1(d) o< py (d6) exp [—n/Yk(&y) log <%y()y)> V(dy)}
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Examples satisfying (A2)

(A2) The function I' : Dom,, — R is decreasing, continuously differentiable
and satisfies the inequality

[(a—1)(v—r)+ 1] (logT)(v)+1>0.
® Entropic Mirror Descent : n € (0,1, ke Rand o =1
T(w)=em

Hn+1(d) o< py (d6) exp [—n/Yk(&y) log <%y()y)> V(dy)}

— NB : 7 corresponds to the learning rate
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Examples satisfying (A2)

(A2) The function I' : Dom,, — R is decreasing, continuously differentiable
and satisfies the inequality

[(a—1)(v—r)+ 1] (logT)(v)+1>0.
® Entropic Mirror Descent : n € (0,1, ke Rand o =1
T(w)=em

Hn+1(d) o< py (d6) exp [—n/Yk(&y) log <%y()y)> V(dy)}

— NB : 7 corresponds to the learning rate
® Power descent : n € (0,1], (@ — 1)k >0 and a # 1

L(v) = [(a—1)v+1]™a

AL

1—a

fin41(d6)  10(d6) [ ) (”pfg’) V(dy) + (o — 1)%
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Convergence results

() - T(Bya(6) + 1)
Nn(r(bun,a + ’f))

’ 21

Hn+1 (d9)
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Convergence results

() - T(Bya(6) + 1)
Nn(r(bun,a + ’f))

’ 21

Hn+1 (d9)

Assume (A1) and that [bloc,a = SUPgeT pem, (1) [bua(0)] < 00
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Convergence results

() - T(Bya(6) + 1)
Nn(r(bun,a + ’f))

Hn+1 (de) ;o nzl

Assume (A1) and that [bloo,a = SUPgeT pem, (1) [bu.a(f)] < 00

— O(1/N) convergence rates when I' is L-smooth and — log T is concave increasing
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Convergence results

() - T(Bya(6) + 1)
Nn(r(bun,a + ’f))

’ 21

Hn+1 (d9)

Assume (A1) and that [bloc,a = SUPgeT pem, (1) [bua(0)] < 00

— O(1/N) convergence rates when I' is L-smooth and — log T is concave increasing

® Entropic Mirror Descent : I'(v) = e~ with n € (0, m) any a, K
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Convergence results

() - T(Bya(6) + 1)
Nn(r(bun,a + ’f))

’ 21

Hn+1 (d9)

Assume (A1) and that [bloc,a = SUPgeT pem, (1) [bua(0)] < 00

— O(1/N) convergence rates when I' is L-smooth and — log T is concave increasing
® Entropic Mirror Descent : I'(v) = e~ with n € (0, m) any a, K

® Power Descent : T'(v) = [(w — 1)v + 1]~ with n € (0,1, a > 1, k>0
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Convergence results

() - T(Bya(6) + 1)
Nn(r(bun,a + ’f))

’ 21

Hn+1 (d9)

Assume (A1) and that [bloc,a = SUPgeT pem, (1) [bua(0)] < 00

— O(1/N) convergence rates when I' is L-smooth and — log T is concave increasing
® Entropic Mirror Descent : I'(v) = e~ with n € (0, m) any a, K

® Power Descent : T'(v) = [(w — 1)v + 1]~ with n € (0,1, a > 1, k>0

— The case a < 1 for the Power Descent is trickier...
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Convergence results

() - T(Bya(6) + 1)
Nn(r(bun,a + ’f))

’ 21

Hn+1 (d9)

Assume (A1) and that [bloc,a = SUPgeT pem, (1) [bua(0)] < 00

— O(1/N) convergence rates when I' is L-smooth and — log T is concave increasing
® Entropic Mirror Descent : I'(v) = e~ with n € (0, m) any a, K

® Power Descent : T'(v) = [(w — 1)v + 1]~ with n € (0,1, a > 1, k>0

— The case o < 1 for the Power Descent is trickier... n € (0,1], K <0
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Convergence results

() - T(Bya(6) + 1)
Nn(r(bun,a + ’f))

’ 21

Hn+1 (d9)

Assume (A1) and that [bloc,a = SUPgeT pem, (1) [bua(0)] < 00

— O(1/N) convergence rates when I' is L-smooth and — log T is concave increasing
® Entropic Mirror Descent : I'(v) = e~ with n € (0, m) any a, K

® Power Descent : T'(v) = [(w — 1)v + 1]~ with n € (0,1, a > 1, k>0

— The case o < 1 for the Power Descent is trickier... n € (0,1], K <0

Under additionnal assumptions on ¥, and b, q, if (jtn)n>1 weakly converges to p*,
then :

* is a fixed point of Z, and ¥, (u*k) = inf  U,(Ck
1 p (n*k) e (Ck)
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The special case of finite mixture models

_ Nn(de) ) F(bun,a(a) + ’i)

fin+1(d0) fin (T + )

\
—

)
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The special case of finite mixture models

_ Nn(de) ) F(bun,a(a) + ’i)

fin+1(d0) fin (T + )

\
—

)

Sy = {A = (Ao A) ERY Vi€ {1 J), Ay > 0and ST A = 1}
Let © = (61,...,0,) € T, A1 = (M1,- -+, A1) € Sy and denote

fix =Yy \jds, where A €S, .
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The special case of finite mixture models

_ 10(d8) - (b0 () + 5)

fin+1(d0) fin (T + )

\
—

)

Sy = {A = (Ao A) ERY Vi€ {1 J), Ay > 0and ST A = 1}
Let © = (A1,...,0;) € T/, Ay = (A,15---5, A1) € 87 and denote

fix =Yy \jds, where A €S, .
Then, is of the form pu,, = Z}‘le Ajndp; with

AjinL (b 0 (6)) + K)
1 i (b a(6) + £)

Ajng1 = j=1...J, n>1
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The special case of finite mixture models

_ 10(d8) - (b0 () + 5)
Hn (T (by 0 + K))

fin-+1(d0)

\
—

)

Sy = {A = (Ao A) ERY Vi€ {1 J), Ay > 0and ST A = 1}
Let © = (A1,...,0;) € T/, Ay = (A,15---5, A1) € 87 and denote

fix =Yy \jds, where A €S, .
Then, is of the form pu,, = Z}‘le Ajndp; with

AjinL (b 0 (6)) + K)
1 i (b a(6) + £)

Ajng1 = j=1...J, n>1

NB : pink(y) = Y7_3 Ajnk(0;,y)

J
Q= {q Ly ak(y) = > Ak(95,9) © A€ SJ}
j=1
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Convergence results for finite mixture models

Aj,nF(bun,a(ej) + k)
Z{:l AinL by (07) + k)

Ajnt1 = i=1...J,n>1
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Convergence results for finite mixture models

Aj,nF(bun,a(ej) + k)
Z{:l AinL by (07) + k)

Ajnt1 = i=1...J,n>1

Assume (A1) and that [b]o,0 = SUPgeT pem, (1) [0pa(f)] < 00
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Convergence results for finite mixture models

Aj,nF(bun,a(ej) + k)
Z{:l AinL by (07) + k)

Ajnt1 = i=1...J,n>1

Assume (A1) and that [b]o,0 = SUPgeT pem, (1) [0pa(f)] < 00

— O(1/N) convergence rates when I" is L-smooth and —log T" is concave increasing
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Convergence results for finite mixture models

Ajinl (b 0 (05) + )

7 , j=1...J,n>1
> im1 Al (b (05) + K)

Ajnt1 =

Assume (A1) and that [b]o,0 = SUPgeT pem, (1) [0pa(f)] < 00

— O(1/N) convergence rates when I" is L-smooth and —log T" is concave increasing
e.g. Entropic Mirror Descent: when o = 1, we have for all n € (0, 1)

log J n v21log J|b|so,1
nN (1-n)N

‘Ila(lb\nk) - ‘I’a(ﬂ*k) <
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Convergence results for finite mixture models

Ajinl (b 0 (05) + )

7 , j=1...J,n>1
> im1 Al (b (05) + K)

Ajnt1 =

Assume (A1) and that [b]o,0 = SUPgeT pem, (1) [0pa(f)] < 00

— O(1/N) convergence rates when I" is L-smooth and —log T" is concave increasing
e.g. Entropic Mirror Descent: when o = 1, we have for all n € (0, 1)

log J n v21log J|b|so,1
nN (1-n)N

‘Ila(lb\nk) - ‘I’a(ﬂ*k) <

— The case o < 1 for the Power Descent is trickier... n € (0,1], K >0
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Convergence results for finite mixture models

Ajinl (b 0 (05) + )

7 , j=1...J,n>1
> im1 Al (b (05) + K)

Ajnt1 =

Assume (A1) and that [b]o,0 = SUPgeT pem, (1) [0pa(f)] < 00

— O(1/N) convergence rates when I" is L-smooth and —log T" is concave increasing
e.g. Entropic Mirror Descent: when o = 1, we have for all n € (0, 1)

log J n v21log J|b|so,1
nN (1-n)N

‘Ila(lb\nk) - ‘I’a(ﬂ*k) <

— The case o < 1 for the Power Descent is trickier... n € (0,1], K >0

Under additionnal assumptions on W, and by, if {K(61,-),...K(0;,-)} are lin-
early independent, then :

® (\,)n>1 converges to some A*

® /¥ = py+ is a fixed point of Z, and W, (u*k) = infeenr, ,, (1) U, (Ck)
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Towards a practical implementation

Algorithm
Let © = (04,...,05) € T/ be and let A; € S;. At time n > 1, define
J
ping1k =D Ajni1k(0;,)
j=1
where

AjinT (b (6;) + K)
211:1 /\i,nr(bun,a(ei) + ”)’

)\j,n+1: ]:1J
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Towards a practical implementation

Algorithm
Let © = (04,...,05) € T/ be and let A; € S;. At time n > 1, define
J
ping1k =D Ajni1k(0;,)
j=1
where

AjinT (b (6;) + K)
211:1 /\i,nr(bun,a(ei) + ”)’

)\j,n+1: ]:1J

— Monte Carlo approximations to estimate b, «(6;), e.g.

. L M k0, Vo) o (b (Yann)
bun,a,n (05) = Mm; ik (Vo) o ( P V) )
with Vi, oo Vars k.
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Towards a practical implementation

Algorithm
Let © = (04,...,05) € T/ be and let A; € S;. At time n > 1, define
J
ping1k =D Ajni1k(0;,)
j=1
where

AjinT (b (6;) + K)
211:1 /\i,nr(bun,a(ei) + ”)’

)\j,n+1: ]:1J

— Monte Carlo approximations to estimate b, «(6;), e.g.

. L M k0, Vo) o (b (Yann)
byt r, 01 (6) = Mm; ik V) e ( P(¥mn) )
with Vi, oo Vars k.

— not requiring any information on the distribution of 61, ...,0
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Towards a practical implementation

Algorithm
Let © = (04,...,05) € T/ be and let A; € S;. At time n > 1, define
J
ping1k =D Ajni1k(0;,)
j=1
where

AjinT (b (6;) + K)
211:1 /\i,nr(bun,a(ei) + ”)’

)\j,n+1: ]:1J

— Monte Carlo approximations to estimate b, «(6;), e.g.

. L M k0, Vo) o (b (Yann)
byt r, 01 (6) = Mm; ik V) e ( P(¥mn) )
with Vi, oo Vars k.

— not requiring any information on the distribution of 61, ...,0
— ldea : combine this step with and Exploration Step updating ©
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Outline

@ Numerical experiments
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Numerical experiments

® Gaussian kernel with density kj, and bandwidth h, T = RY

J
Y paokn(y) =Y Nkn(y—0;) - A€S, 0T/
j=1
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Numerical experiments

® Gaussian kernel with density kj, and bandwidth h, T = RY
J
Y paokn(y) =Y Nkn(y—0;) - A€S, 0T/
j=1

Algorithm

Kamélia Daudel (University of Oxford) - Variational Inference — Foundations and recent advances (Part 2)



Numerical experiments

® Gaussian kernel with density kj, and bandwidth h, T = RY
J
Y paokn(y) =Y Nkn(y—0;) - A€S, 0T/
j=1

Algorithm
(1) . optimise A using the (a, I')-descent.
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Numerical experiments

® Gaussian kernel with density kj, and bandwidth h, T = RY
J
Y paokn(y) =Y Nkn(y—0;) - A€S, 0T/
j=1

Algorithm
(1) . optimise A using the (a, I')-descent.
@ Exploration step : update © (e.g. by sampling under pi ekp, h oc J~1/(4+4)
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Numerical experiments

® Gaussian kernel with density kj, and bandwidth h, T = RY
J
Y= /L)\’@]fh(y) = Z)\jkh(y — (9]') A E SJ,@ S TJ
j=1

Algorithm
(1) . optimise A using the (a, I')-descent.
@ Exploration step : update © (e.g. by sampling under pi ekp, h oc J~1/(4+4)

® Toy example
p(y) = Z x [0.5N (y; —2uq, Ia) + 0.5N (y; 2ua, 1)}, Z =2
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Numerical experiments

® Gaussian kernel with density kj, and bandwidth h, T = RY
J
Y= /L)\’@]fh(y) = Z)\jkh(y — (9]') A E SJ,@ S TJ
j=1

Algorithm
(1) . optimise A using the (a, I')-descent.
@ Exploration step : update © (e.g. by sampling under pi ekp, h oc J~1/(4+4)

® Toy example
p(y) = Z x [0.5N (y; —2uq, Ia) + 0.5N (y; 2ua, 1)}, Z =2

® Bayesian Logistic Regression Covertype dataset (581,012 data points and 54 features)
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Toy example : Entropic Mirror Descent vs Power Descent

Comparison between
® 0.5-Mirror descent : I'(v) = ¢~ and o = 0.5,
® 0.5-Power descent : I'(v) = [(a — 1) v + 1]"/(1=%) and a = 0.5.
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Toy example : Entropic Mirror Descent vs Power Descent

Comparison between
® 0.5-Mirror descent : I'(v) = ¢~ and o = 0.5,
® 0.5-Power descent : I'(v) = [(a — 1) v + 1]"/(1=%) and a = 0.5.

J = M =100, initial mixture weights : [1/J,...,1/J], N =10, T =20
Tn = M0/+/7, mo = 0.5, cv criterion : VR-Bound averaged over 100 trials

Dimension 8,0=05 =05

Renyi Bound
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Toy example : Entropic Mirror Descent vs Power Descent

Comparison between
® 0.5-Mirror descent : I'(v) = ¢~ and o = 0.5,
® 0.5-Power descent : I'(v) = [(a — 1) v + 1]"/(1=%) and a = 0.5.

J = M =100, initial mixture weights : [1/J,...,1/J], N =10, T =20
Tn = M0/+/7, mo = 0.5, cv criterion : VR-Bound averaged over 100 trials

Dimension 8,0=05 =05 Dimension 16,0=051m =05

Renyi Bound

Kamélia Daudel (University of Oxford) - Variational Inference — Foundations and recent advances (Part 2)



Toy example : Entropic Mirror Descent vs Power Descent

Comparison between
® 0.5-Mirror descent : I'(v) = ¢~ and o = 0.5,
® 0.5-Power descent : I'(v) = [(a — 1) v + 1]"/(1=%) and a = 0.5.

J = M =100, initial mixture weights : [1/J,...,1/J], N =10, T =20
Tn = M0/+/7, mo = 0.5, cv criterion : VR-Bound averaged over 100 trials

Dimension 8,0=051m=05 Dimension 16, a = 0.5, 7 = 0.5 Dimension 32,0=05 ;=05

Renyi Bound
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Toy example : the case a =1

Comparison between:
® 1-Mirror descent : T'(v) = e with a =1,
® 0.5-Power descent : I'(v) = [(aw — 1) v + 1]"/(1=%) with o = 0.5.
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Toy example : the case a =1

Comparison between:
® 1-Mirror descent : I'(v) = e~ with a = 1,
® 0.5-Power descent : I'(v) = [(aw — 1) v + 1]"/(1=%) with o = 0.5.

J = M = 100, initial mixture weights : [1/J,...,1/J], N =10, T = 20
Mn = M0/v/n, mo = 0.5, cv criterion : lIh averaged over 100 trials

Dimension 8, j = 0.5

0 25 s 75 100 25 10 15 200
terations
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Toy example : the case a =1

Comparison between:
® 1-Mirror descent : I'(v) = e~ with a = 1,
® 0.5-Power descent : I'(v) = [(aw — 1) v + 1]"/(1=%) with o = 0.5.

J = M = 100, initial mixture weights : [1/J,...,1/J], N =10, T = 20
Mn = M0/v/n, mo = 0.5, cv criterion : lIh averaged over 100 trials

Dimension 8, j = 0.5 Dimension 16, 1 = 0.5

- 3
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- 20 -
— gZ — ez
— 05 romer — o5pomer
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o 3 % 5 10 w5 B0 15 20 o w0 W ws B0 1s 200
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Toy example : the case a =1

Comparison between:
® 1-Mirror descent : T'(v) = e with a =1,
® 0.5-Power descent : I'(v) = [(aw — 1) v + 1]"/(1=%) with o = 0.5.

J = M = 100, initial mixture weights : [1/J,...,1/J], N =10, T = 20
Mn = M0/v/n, mo = 0.5, cv criterion : lIh averaged over 100 trials

Dimension 8, = 0.5 Dimension 16, 1 = 0.5 Dimension 32, 7 = 0.5
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Bayesian Logistic Regression

— 2 = {c,z} : I binary class labels, ¢; € {—1,1} , L covariates for each
datapoint, x; € RE
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Bayesian Logistic Regression

— 2 = {c,z} : I binary class labels, ¢; € {—1,1} , L covariates for each
datapoint, x; € RE

— Model : L regression coefficients w; € R, precision parameter 3 € R™

po(B) = Gamma(S; a,b) ,
po(wi|B) = N(w;0,871), 1<I<L
1

Trewre SIS

p(e; = 1|a;, w) =

where a =1 and b = 0.01

Nonparametric variational inference S. Gershman, M. Hoffman, and D. Blei (2012). ICML
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Bayesian Logistic Regression

— 2 = {c,z} : I binary class labels, ¢; € {—1,1} , L covariates for each
datapoint, x; € RE

— Model : L regression coefficients w; € R, precision parameter 3 € R™

po(B) = Gamma(S; a,b) ,
po(wi|B) = N(w;0,871), 1<I<L
1

Trewre SIS

p(e; = 1|a;, w) =

where a =1 and b = 0.01

Nonparametric variational inference S. Gershman, M. Hoffman, and D. Blei (2012). ICML

— Quantity of interest : p(y|2) with y = [w, log ]
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Bayesian Logistic Regression

— 2 = {c,z} : I binary class labels, ¢; € {—1,1} , L covariates for each
datapoint, x; € RE

— Model : L regression coefficients w; € R, precision parameter 3 € R™

po(B) = Gamma(S; a,b) ,
po(wi|B) = N(w;0,871), 1<I<L
1

plei = g, w) = 14 o—wla

. 1<i<T

where a =1 and b = 0.01

Nonparametric variational inference S. Gershman, M. Hoffman, and D. Blei (2012). ICML

— Quantity of interest : p(y|2) with y = [w, log ]

Comparison between
® ().5-Power descent
® Typical AlS

Log-likelinood

N =1,T =500, Jo = My =20, Jys1 = Mys1 = J + 1
initial mixture weights : [1/Jy, ..., 1/Ji], nn = nm0/+/n with 1o = 0.05
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Outline

©® Conclusion of Part 2

Kamélia Daudel (University of Oxford) - Variational Inference — Foundations and recent advances (Part 2)



Conclusion of Part 2

General framework for infinite-dimensional a-divergence minimisation over

Q={q:yH/Tu(d9)k(97y) : MGM}
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Conclusion of Part 2

General framework for infinite-dimensional a-divergence minimisation over

Q={q:yH/Tu(d9)k(97y) : MGM}

® recovers the Entropic Mirror Descent algorithm
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Conclusion of Part 2

General framework for infinite-dimensional a-divergence minimisation over

Q={q:yH/Tu(d9)k(97y) : MGM}

® recovers the Entropic Mirror Descent algorithm

® novel Power Descent algorithm
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Conclusion of Part 2

General framework for infinite-dimensional a-divergence minimisation over

Q={q:yH/Tu(d9)k(97y) : MGM}

® recovers the Entropic Mirror Descent algorithm
® novel Power Descent algorithm

® conditions for a systematic decrease + convergence results

Kamélia Daudel (University of Oxford) - Variational Inference — Foundations and recent advances (Part 2)



Conclusion of Part 2

General framework for infinite-dimensional a-divergence minimisation over

Q={q:yH/Tu(d9)k(97y) : MGM}

® recovers the Entropic Mirror Descent algorithm
® novel Power Descent algorithm
® conditions for a systematic decrease + convergence results

® applicable to mixture models :

J
Q=<q:y— > Nk(0,y) : A€S;,0eT’
j=1
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Conclusion of Part 2

General framework for infinite-dimensional a-divergence minimisation over

Q={q:yH/Tu(d9)k(97y) : MGM}

® recovers the Entropic Mirror Descent algorithm

® novel Power Descent algorithm

® conditions for a systematic decrease + convergence results
® applicable to mixture models :

J
Q=<q:y— > Nk(0,y) : A€S;,0eT’
j=1

— Exploitation - Exploration algorithm
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Conclusion of Part 2

General framework for infinite-dimensional a-divergence minimisation over

Q={q:yH/Tu(d9)k(97y) : MGM}

® recovers the Entropic Mirror Descent algorithm

® novel Power Descent algorithm

® conditions for a systematic decrease + convergence results
® applicable to mixture models :

J
Q=<q:y— > Nk(0,y) : A€S;,0eT’
j=1
— Exploitation - Exploration algorithm
@ Update for © not specified (e.g. your favorite update for ©)
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Conclusion of Part 2

General framework for infinite-dimensional a-divergence minimisation over

Q={q:yH/Tu(d9)k(97y) : MGM}

® recovers the Entropic Mirror Descent algorithm

® novel Power Descent algorithm

® conditions for a systematic decrease + convergence results
® applicable to mixture models :

J
Q=<q:y— > Nk(0,y) : A€S;,0eT’
j=1
— Exploitation - Exploration algorithm

@ Update for © (e.g. favorite update for ©)
@® Empirical advantages of using the algorithm
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Food for thoughts - 1

® Question : What about Entropic Mirror Descent applied to —a ™' L (pk; p)?
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Food for thoughts - 1

® Question : What about Entropic Mirror Descent applied to —a ™' L (pk; p)?

Mixture weights optimisation for Alpha-Divergence Variational Inference.
K. Daudel and R. Douc (2021). To appear in NeurlPS2021
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Food for thoughts - 1

® Question : What about Entropic Mirror Descent applied to —a ™' L (pk; p)?

Mixture weights optimisation for Alpha-Divergence Variational Inference.
K. Daudel and R. Douc (2021). To appear in NeurlPS2021

Alpha : piny1(df) oc pin (d6) exp [—%/ k(97y)unk(y)a”p(y)l’%(dy)}

n N RO,y nk(y)* p(y) (dy)}
a—1 [ unk(y)op(y)—ov(dy)

Rényi's Alpha 1 fi,11(d0) o ppn(df) exp {
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Food for thoughts - 1

® Question : What about Entropic Mirror Descent applied to —a 'L, (uk;p)?

Mixture weights optimisation for Alpha-Divergence Variational Inference.
K. Daudel and R. Douc (2021). To appear in NeurlPS2021

Alpha : piny1(df) oc pin (d6) exp [—%/ k(97y)unk(y)a’lp(y)l’%(dy)}

n  Jy k0, y)unk(y)“’l (y)' v (dy)}
a—1 fyﬂn (J)l ay(dy)

Rényi's Alpha :  fiy41(d0) o p1,,(d6) exp [—
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Food for thoughts - 1

® Question : What about Entropic Mirror Descent applied to —a 'L, (uk;p)?

Mixture weights optimisation for Alpha-Divergence Variational Inference.
K. Daudel and R. Douc (2021). To appear in NeurlPS2021

Alpha : pin41(df) o< pin (d6) exp [—%/ k(97y)unk(y)a’lp(y)l’%(dy)}

n  Jy k0, y)unk(y)“ 'p(y)' v (dy)}
a—1 fyﬂn (J)l ay(dy)

Rényi's Alpha :  fiy41(d0) o p1,,(d6) exp [—

Dimension 16, a = 0.5, 5 = 0.3 M = 1000

Variational Renyi Bound

6 25 s 7 w0 w5 10 15 200
Iterations.

— The Entropic Mirror Descent applied to —a 'L, (11k; p) is in fact closely-related
to the Power Descent
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Food for thoughts - 2

® Question : What is a good choice for the exploration step?
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Food for thoughts - 2

® Question : What is a good choice for the exploration step?

Some answers in Part 3!
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Variational Inference
Foundations and recent advances
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Reminder - 1

Alpha-Divergence Variational Inference : Two possible objective functions

Valasp) = [ fo (%) Py (dy)

Lalgip) = ———log (/Y q(y)“p(y)lf"‘l/(dy))
with p = p(+, Z) and

m[u“—l—a(u—l)], if a € R\ {0,1},
Ja(u) = Sulog(u) + 1 —u, if @ =1 (Exclusive KL),
—log(u) +u—1, if @ =0 (Inclusive KL).
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Reminder - 1

Alpha-Divergence Variational Inference : Two possible objective functions

Valasp) = [ fo (%) Py (dy)

Lalgip) = ———log (/Y q(y)“p(y)lf"‘l/(dy))
with p = p(+, Z) and

m[u“—l—a(u—l)], if a € R\ {0,1},
Ja(u) = Sulog(u) + 1 —u, if @ =1 (Exclusive KL),
—log(u) +u—1, if @ =0 (Inclusive KL).

e O={q:y—k(0,y) : 6T}
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Reminder - 1

Alpha-Divergence Variational Inference : Two possible objective functions

Valasp) = [ fo (%) Py (dy)

Lalgip) = ———log (/Y q(y)“p(y)lf"‘l/(dy))
with p = p(+, Z) and

m[u“—l—a(u—l)], if a € R\ {0,1},
Ja(u) = Sulog(u) + 1 —u, if @ =1 (Exclusive KL),
—log(u) +u—1, if @ =0 (Inclusive KL).

* Q={q:y—k(0,y) : 0T}
Stochastic Gradient Descent w.r.t @ on W, (q;p) (resp. —a~'La(q;p))
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Reminder - 1

Alpha-Divergence Variational Inference : Two possible objective functions

Valasp) = [ fo (%) Py (dy)

Lalgip) = ———log (/Y q(y)“p(y)lf"‘l/(dy))
with p = p(+, Z) and

m[u“—l—a(u—l)], if a € R\ {0,1},
Ja(u) = Sulog(u) + 1 —u, if @ =1 (Exclusive KL),
—log(u) +u—1, if @ =0 (Inclusive KL).

* Q={q:y—k(0,y) : 0T}
Stochastic Gradient Descent w.r.t @ on W, (q;p) (resp. —a~'La(q;p))

. Q:{q:nyTIu(dO)k(ﬁ,y) : ,uGM}
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Reminder - 1

Alpha-Divergence Variational Inference : Two possible objective functions

Valasp) = [ fo (%) Py (dy)

Lalgip) = ———log (/Y q(y)“p(y)lf"‘l/(dy))
with p = p(+, Z) and

m[u“—l—a(u—l)], if a € R\ {0,1},
Ja(u) = Sulog(u) + 1 —u, if @ =1 (Exclusive KL),
—log(u) +u—1, if @ =0 (Inclusive KL).

* Q={q:y—k(0,y) : 0T}
Stochastic Gradient Descent w.r.t @ on W, (q;p) (resp. —a~'La(q;p))

* 9={q:y~ [ru(dO)k(0,y) : peM}
Power Descent, Entropic Mirror Descent on W, (q; p) (resp. —a~'La(q;p))
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Reminder - 1

Alpha-Divergence Variational Inference : Two possible objective functions

Valasp) = [ fo (%) Py (dy)

Lalgip) = ———log (/Y q(y)“p(y)lf"‘l/(dy))
with p = p(+, Z) and

m[u“—l—a(u—l)], if a € R\ {0,1},
Ja(u) = Sulog(u) + 1 —u, if @ =1 (Exclusive KL),
—log(u) +u—1, if @ =0 (Inclusive KL).

* Q={q:y—k(0,y) : 0T}
Stochastic Gradient Descent w.r.t @ on W, (q;p) (resp. —a~'La(q;p))

* 9={q:y~ [ru(dO)k(0,y) : peM}
Power Descent, Entropic Mirror Descent on W, (q; p) (resp. —a~'La(q;p))

— applies to Q = {q Ly T Ak(05,y) A€ SJ}
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Reminder - 2

* 9={q:y—~k(0y) : 0T}
Stochastic Gradient Descent w.r.t @ on W, (q;p) (resp. —a™'La(q;p))

* 9={q:y [tu(d)k(0,y) : peM}
Power Descent, Entropic Mirror Descent on W, (q; p) (resp. —a™'La(q;p))

— applies to Q = {q Ty ijl Nik(B5,y) = A€ SJ}
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Reminder - 2

* 9={q:y—~k(0y) : 0T}
Stochastic Gradient Descent w.r.t @ on W, (q;p) (resp. —a™'La(q;p))

* 9={q:y [tu(d)k(0,y) : peM}
Power Descent, Entropic Mirror Descent on W, (q; p) (resp. —a™'La(q;p))

— applies to Q = {q Ty ijl Nik(B5,y) = A€ SJ}

Question : Can we propose valid updates for

J
Q=qq:y— > Nk(0,y) : A€S,0eT/ 32
j=1
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Outline

@ Monotonic Alpha-Divergence Minimisation
@® Maximisation approach

© Gradient-based approach

O Numerical Experiments

@ Conclusion of Part 3
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Outline

@ Monotonic Alpha-Divergence Minimisation
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Monotonic Alpha-Divergence Minimisation

Monotonic Alpha-divergence Minimisation.
K. Daudel, R. Douc and F. Roueff (2021). https://arxiv.org/abs/2103.05684

Idea : Extend the typical variational parametric family
Q={y—k(0,y) : 0T}

by considering the mixture model variational family
J
Q=1q:y— preky) =Y Nk(0;,y) : A€S;,0eT’
j=1

and propose an update formula for (X, ©) that ensures a systematic decrease in
the alpha-divergence (i.e. ¥,) at each step.

— Optimising w.r.t XA and O is the novelty compared to Part 2!
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Conditions for a monotonic decrease

Optimisation problem

)\eSiJ{l(—geTJ Uo(paok;p) with Wo(uxek;p) :/Yfa <u)\%§)(y)) p(y)v(dy)
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Conditions for a monotonic decrease

Optimisation problem

inf W, (uxek;p) with ‘I’a(ux,ek:/ﬁ):/f“ <%k(y)
Y

A€S;,0€eT7 y)

) py)¥(dy)
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Conditions for a monotonic decrease

Optimisation problem

nf | Wa(aokis) with Wo(uxeksy) = /Y Ja (M)pw)u(dw

A€S;,0€eT7 p(y)

(A1) Forall (8,y) € T x Y, k(6,y) >0, p(y) >0 and [, p(y)r(dy) < co.
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Conditions for a monotonic decrease

Optimisation problem

nf | Wa(aokis) with Wo(uxeksy) = /Y Ja (’“%z'j)(”)p@)u(dy)

AES;,0€eTY

(A1) Forall (8,y) € T x Y, k(6,y) >0, p(y) >0 and [, p(y)r(dy) < co.

Assume (Al). Let @ € [0,1), J € N*. Then, choosing (A, ©y)n>1 so that:
Uo(pn,,0.k) <ooand Vn > 1,

J
a Az .
S nimeialion (S ) van) > 0 (weights)

Y] 1 i
k( jn+l, Y )

Z)‘J,n%n(y log KOrm y) v(dy) > (Components)

(@) Hap.0n k() . . .
where ¢ (y) = k(0jn, y) i , er|dS a systematic decrease in U,

at each step
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Proof : 1) Proving a general lower bound - 1

Let q,¢’ € Q and assume that U, (¢') < co. For all @ € [0,1), it holds that

1 i o /Yq’(y)ap(y)l—a log <;1,((:Z/))> l/(dy) < \Ija(q/) _ ‘Ija(q)
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Proof : 1) Proving a general lower bound - 1

Let q,¢’ € Q and assume that U, (¢') < co. For all @ € [0,1), it holds that

1 i o /Yq’(y)ap(y)l—a log <;1,((:Z/))> l/(dy) < \Ija(q/) _ ‘Ija(q)

By definition ¥, (q) :/
Y

fa (%) p(y)v(dy).
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Proof : 1) Proving a general lower bound - 1

Let q,¢’ € Q and assume that U, (¢') < co. For all @ € [0,1), it holds that

1 i o /Yq’(y)ap(y)l—a log <;1,((:Z/))> l/(dy) < \Ija(q/) _ ‘Ija(q)

By definition W, (q) = /Yfa (% p(y)v(dy).
— Case a=0: fo(u) =—log(u)+u—1
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Proof : 1) Proving a general lower bound - 1

Let ¢,¢' € Q and assume that ¥, (q') < co. For all a € [0, 1), it holds that

o [ tos (2 ) vian) < 9ale) - 90

By definition Uo(q) = /fa (M p(y)v(dy).

Y
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Proof : 1) Proving a general lower bound - 1

Let ¢,¢' € Q and assume that ¥, (q') < co. For all a € [0, 1), it holds that

o [ tos (2 ) vian) < 9ale) - 90

By definition W, (a) = [ fo (45 ) stu)v(a)
— Case a=0: fo(u) =—log(u)+u—1
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Proof : 1) Proving a general lower bound - 1

Let ¢,¢' € Q and assume that ¥, (q') < co. For all a € [0, 1), it holds that

o [ tos (2 ) vian) < 9ale) - 90

By definition W, (a) = [ fo (45 ) stu)v(a)
— Case a=0: fo(u) = —log(u) +u— 1
U, (q) = /Y <7 log (;’%) + % - 1) py)v(dy)
L) (8 10
() e
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Proof : 1) Proving a general lower bound - 1

Let ¢,¢' € Q and assume that ¥, (q') < co. For all a € [0, 1), it holds that

o [ tos (2 ) vian) < 9ale) - 90

By definition Uo(q) = /Y fa (% p(y)v(dy)
— Case o =0 : fo(u) = —log(u) +u— 1
Valq) = /Y (* log (j%) + % - 1) p(y)v(dy)
) (58 )
Y { SICT BTy R e

I () 5 ,
q;a(q),/Y 1g<q,(y)>p(y) (dy) + ¥a(q)
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Proof : 1) Proving a general lower bound - 2

Let ¢,¢' € Q and assume that U, (¢') < co. For all a € [0, 1), it holds that

[ 0s (q(y) ) V(dy) < Talq) - Valq)

l-a 7(y)
By definition W, (q) = /Y.fa <%> p(y)v(dy).
— Case a € (0,1) : fo(u) = a([llil) [u*—1—a(u—1)]
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Proof : 1) Proving a general lower bound - 2

Let ¢,¢' € Q and assume that U, (¢') < co. For all a € [0, 1), it holds that

[ 0s (q(y) ) V(dy) < Talq) - Valq)

l-a 7(y)
By definition V(1) = [ /o (j@) Py)(dy)
— Case a € (0,1) : fo(u) = a(alq) [u® — 1 — a(u —1)]

(

Kamélia Daudel (University of Oxford) - Variational Inference — Foundations and recent advances (Part 3)



Proof : 1) Proving a general lower bound - 2

Let ¢,¢' € Q and assume that ¥, (¢") < oo. For all a € [0, 1), it holds that

- ! - /Y q'(4)p(y)" " log (j((@;))) v(dy) < Palg) — Valg)

By definition ¥, (q) = /;fa <£> p(y)v(dy).

— Case a € (0,1) : fo(u)

\Ifa(q):/Ya(al_ 0 {
|
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Proof : 1) Proving a general lower bound - 2

Let ¢,¢' € Q and assume that U, (¢') < co. For all a € [0, 1), it holds that

o [ 1o (20 ) via) < 0ale) - (o)

p(y) p(y)
- [ () (22 1= (G e
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Proof : 1) Proving a general lower bound - 2

Let ¢,¢' € Q and assume that ¥, (¢") < oo. For all a € [0, 1), it holds that

[ 0s (j((yy))) V(dy) < Talq) - Valq)

11—«

By definition W, (q) = /Y fa <%> p(y)v(dy)
— Case a € (0,1) : folu) = a([llil) [u*—=1-a(u—1)]
v = [y () e (1)
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Proof : 1) Proving a general lower bound - 2

Let ¢,¢' € Q and assume that ¥, (¢’) < co. For all a € [0, 1), it holds that

1 i a /Yq/(y)ap(?/)l_“ log (;1,((3;))) v(dy) < Yalq') — Yalg)

By definition Uo(q) = /Yf (%) p(y)v(dy).

a(a iy [ =1 —a(u—1)

o= g (22 - (£ vt 0

— Case a € (0,1) : fol(u) =
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Proof : 1) Proving a general lower bound - 2

Let ¢,¢' € Q and assume that ¥, (¢’) < co. For all a € [0, 1), it holds that

1 (o) o) 1= a(y) /
o [ 1os (28 ) vian) < 9ule) - w0

By definition ¥, (q) = /
\%

— Case a € (0,1) : fo(u) = ﬁ [u* —1—a(u—1)

w0 = s (Gi) () Joren v

- /Y (g((j))y a(alf 1) K;{(é))y - 1} p(y)v(dy) + Yalq')
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Proof : 1) Proving a general lower bound - 2

Let ¢,¢' € Q and assume that ¥, (¢’) < co. For all a € [0, 1), it holds that

1 (o) o) 1= a(y) /
o [ 1os (28 ) vian) < 9ule) - w0

By definition W, (q) = /Yf (q—> p(y)v(dy).

— Case a € (0,1) : fol(u) = a(a 0 [u*—1—a(u—1)

w0 = s (Gi) () Joren v

- /Y (g((j))y a(alf 1) K;{(é))y - 1} p(y)v(dy) + Yalq')

Since log(u) < u—1 for all u > 0 and a € (0,1),

u—1 log(u)
ala—1) S ala—1)
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Proof : 1) Proving a general lower bound - 2

Let ¢,¢' € Q and assume that ¥, (¢’) < co. For all a € [0, 1), it holds that

1 (o) o) 1= a(y) /
o [ 1os (28 ) vian) < 9ule) - w0

By definition ¥, (q) = /Yfa (%) p(y)v(dy).
— Case a € (0,1) : fol(u) = a(a 0 [u*—1—a(u—1)

w0 = s (Gi) () Joren v

- /Y (g((j))y a(alf 1) K;{(é))y - 1} p(y)v(dy) + Yalq')

Since log(u) < u—1 for all u > 0 and a € (0,1),

ut —1 log(u”)
ala—1) T ala—1)
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Proof : 1) Proving a general lower bound - 2

Let ¢,¢' € Q and assume that ¥, (¢’) < co. For all a € [0, 1), it holds that

1 (o) o) 1= a(y) /
o [ 1os (28 ) vian) < 9ule) - w0

By definition ¥, (q) = /Yfa (%) p(y)v(dy).
— Case a € (0,1) : fol(u) = a(a 0 [u*—1—a(u—1)

w0 = s (Gi) () Joren v

- /Y (g((j))y a(alf 1) K;{(é))y - 1} p(y)v(dy) + Yalq')

Since log(u) < u—1 for all u > 0 and a € (0,1),

ut —1 log(u”)  log(u)
ala—1) < ala-1) a-1
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Proof : 2) Derive (Weights) and (Components)
Let ¢,¢' € Q and assume that U, (¢') < co . For all a € [0,1), it holds that

e os (qq((‘l;))) v(dy) < alq') - Valq)
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Proof : 2) Derive (Weights) and (Components)
Let ¢,¢' € Q and assume that U, (¢') < co . For all a € [0,1), it holds that

e os (qq((‘l;))) v(dy) < alq') - Valq)

Notation : 1, k(y) == px, 0,kY) = Z}.]:l Ajnk(0n,y), foralln >1andallyeY
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Proof : 2) Derive (Weights) and (Components)
Assume that W, (1, k) < oo. For all o € [0, 1), it holds that

(1)) log (“”“k “’)) Y(dy) < Vel pink)~Talfinsrk)

l1-a Y ﬂrl()

Notation : 1, k(y) == px, 0,kY) = Z}.]:l Ajnk(0n,y), foralln >1andallyeY
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Proof : 2) Derive (Weights) and (Components)
Assume that W, (1, k) < oo. For all o € [0, 1), it holds that

[ ) o)~ 1og (“”“k “’)) Y(dy) < Vel pink)~Talfinsrk)

l1-a ﬂrl()

Notation : 1, k(y) == px, 0,kY) = Z}.]:l Ajnk(0n,y), foralln >1andallyeY

¢« u > 1 log(u) is concave
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Proof : 2) Derive (Weights) and (Components)
Assume that W, (1, k) < oo. For all o € [0, 1), it holds that

[ (2000105 (=80 ) () < W) =W 1)

l1-a ﬂrl()

Notation : 1, k(y) == px, 0,kY) = Z}.]:l Ajnk(0n,y), foralln >1andallyeY
¢ u— - log(u) is concave

Jensen's inequality: for ally € Y and alln > 1,

J
1 log (Mn+1k(y)> _ 1 log Z ?\j,rbk(ej,m U) )\j,n+1k(6j,n+17 U)
1-« pnk(y) l-a Z%:l Agm,k(eg’n, y) Ajink(Ojnsy)

=1

J

> 1 >y J/\j,nk‘(%my) 1 (/\j,n+1k(93',n+1)>
1-a j=1 21{:1 )‘Z,nk(génu y) )‘j,nk(ej,'m U)
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Proof : 2) Derive (Weights) and (Components)
Assume that W, (1, k) < oo. For all o € [0, 1), it holds that

[ (2000105 (=80 ) () < W) =W 1)

l1-a ﬂrl()

Notation : 1, k(y) == px, 0,kY) = Z}.]:l Ajnk(0n,y), foralln >1andallyeY
¢ u— - log(u) is concave

Jensen's inequality: for ally € Y and alln > 1,

J
1 log (Mn+1k(y)> _ 1 log Z ?\j,rbk(ej,m U) )\j,n+1k(6j,n+17 U)
1-« pnk(y) l-a Z%:l Agm,k(eg’n, y) Ajink(Ojnsy)

=1

J
> 1 ) AjnkOsn y) (Aj,n+1k(9j,n+l)>
that is 1-a j=1 21{:1 )‘Z,nk(génuy) )\j,nk(ej,n,y)
J
1 log (/LnJrlk(y)) > 1 Z/\ k(ej,na y) log ()‘j,n+1k(0j,n+1)>
-« /Lnk(y) “1-a = s /L»,JC(ZJ) /\j,nk(aj,m y)
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Proof : 2) Derive (Weights) and (Components)
Assume that W, (u, k) < co. For all & € [0,1), it holds that

o [ ko (P2 i) < o) =Tl it

Notation : 1, k(y) == px, 0,kY) = Z}.]:l Ajnk(0n,y), foralln >1andallyeY
¢ u— - log(u) is concave

Jensen's inequality: for ally € Y and alln > 1,

J
1 10g (Mn+1k(y)> _ 1 log Z ?‘j,nk(ej,n? U) )‘j,n+1k(6j,n+17y)
1-« pnk(y) l-a Z%:l )\gm,k(agm,, y) Ajink(Ojnsy)

=1

J
> 1 ) AjnkOsn y) (Aj,n+1k(9j,n+l)>
that is 1-a j=1 21{:1 )‘Z,nk(génuy) )\j,nk(ej,n,y)
J
1 log (/LnJrlk(y)) > 1 Z/\ k(aj,na y) log (Aj,nJrlk(ej,nJrl))
-« /Lnk(y) “1-a = s lf/nk(y) /\j,nk(aj,m y)

To finish the proof :

-«
(i) multiply by (1 () *p(y)'~* on both sides (%) (y) = k(0 y) (uﬁ%) )
(i) integrate with respect to v(dy)
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Commenting the conditions for a monotonic decrease

/ Z Aj, n%n y) log ( N ) v(dy) >0 (Weights)

/ Z Aj, n%n y) log (H) v(dy) >0 (Components)
YD)

a—1
where ! >(y) = k(0jn,y) (“"k( ))
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Commenting the conditions for a monotonic decrease

[ oo (5

/ZAJ ngpjn y) log (k/(c(l?]n 1 ) v(dy) =0 (Components)

where o\ () = k(6;n,y (“"k )a '

) ) =0 (Weights)

jn

® (Weights) and (Components) permit updates
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Commenting the conditions for a monotonic decrease

IHEC

/ Z Aj, ngpjn y) log (k/(c 1 ) v(dy) =0 (Components)

jn7

) ) =0 (Weights)

where go( )(y) =kOjn.y (”"k )

® (Weights) and (Components) permit updates

@® They are satified for A1 = A, and O,,41 = ©,, respectively
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Commenting the conditions for a monotonic decrease

) )=0 (Weights)

fS s (5
‘j,’n/
/ Z Aj, ngojn y) log (kl(c 19 ) v(dy) > (Components)
j ny Y
where go( )(y) =k(bjn,y (“"k )

® (Weights) and (Components) permit updates
@® They are satified for A1 = A, and O,,41 = ©,, respectively
© The dependency is simpler in (Weights)
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Commenting the conditions for a monotonic decrease

) )=0 (Weights)

fS s (5
‘j,’n/
/ Z Aj, ngojn y) log (kl(c 19 ) v(dy) > (Components)
j ny Y
where go( )(y) =k(bjn,y (“"k )

® (Weights) and (Components) permit updates
@® They are satified for A1 = A, and O,,41 = ©,, respectively
© The dependency is simpler in (Weights)

— (Weights) holds for A, +1 such that

J

Ant1 = argmaxyes, > {A /Y Py )V(dy)} 10g(

=1

Aj
>\j n
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Commenting the conditions for a monotonic decrease

/ZAJW‘@]TL IOg( )\]n

)

) v(dy) >0 (Weights)

/ Z Aj, n%n y) log (W) v(dy) >0 (Components)

a—1
where (,0( >(y) k(6jn,y) (”Zécy(ﬁy))

@ (Weights) and (Components) permit updates
@® They are satified for A,+1 = A, and ©,,41 = ©,, respectively
© The dependency is simpler in (Weights)

— (Weights) holds for A, +1 such that

A Jy 99] " ) (dy)
S M fy ei) () (dy)

/\j,n+1 =
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Commenting the conditions for a monotonic decrease

J
S vimeialion (S ) vtan) 0 (weights)
Y j=1 YEU
/ Z Aj, nap]n(y log (M) v(dy) > (Components)
a—1
where o{%) () = k(0;n,v) (2222
@ (Weights) and (Components) permit updates

@ They are satified for A\,,11 = A, and ©,,4; = O,, respectively
© The dependency is simpler in (Weights)
— (Weights) holds for A,,11 such that

Nn

]nUY g@j yv(dy) + (o — 1)/.}
Zz 1)‘€n[fy<;02n y)v(dy) + (oo — 1)r }U” '

where 1, € (0,1] and & is such that (& — 1)k > 0

Ajmt1 = j=1...J
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Understanding the mixture weights update
(Weights) and (Components) hold for A, +1 and ©,,11 such that:

Nin [ fy 5 @) (dy) + (@ = )] "

i1 Aen [ fy 2l @)v(ay) + (o = 1)s]
@n+1 = en

Ajnt1 = =, j=1...J

where 7, € (0,1] and & is such that (« — 1)k > 0
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Understanding the mixture weights update

(Weights) and (Components) hold for A, +1 and ©,,11 such that:

Nin [ fy 5 @) (dy) + (@ = )] "

@ in 2
i1 Aen [ fy 2l @)v(ay) + (o = 1)s]
9n+1 = @n

Ajmtl = j=1...J

where 7, € (0,1] and & is such that (« — 1)k > 0

— We recover the Power Descent algorithm from Part 2
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Understanding the mixture weights update

(Weights) and (Components) hold for A, +1 and ©,,11 such that:

Nin [ fy 5 @) (dy) + (@ = )] "

@ in 2
i1 Aen [ fy 2l @)v(ay) + (o = 1)s]
@n+1 = en

Ajmtl = j=1...J

where 7, € (0,1] and & is such that (« — 1)k > 0

— We recover the Power Descent algorithm from Part 2

Core insights :
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Understanding the mixture weights update
(Weights) and (Components) hold for A, +1 and ©,,11 such that:

Nin [ fy 5 @) (dy) + (@ = )] "

@ in 2
i1 Aen [ fy 2l @)v(ay) + (o = 1)s]
9n+1 = @n

Ajmtl = j=1...J

where 7, € (0,1] and & is such that (« — 1)k > 0

— We recover the Power Descent algorithm from Part 2

Core insights :

@ The mixture weights update is gradient-based, n, plays the role of a
learning rate
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Understanding the mixture weights update
(Weights) and (Components) hold for A, +1 and ©,,11 such that:

Nin [ fy 5 @) (dy) + (@ = )] "

@ in 2
i1 Aen [ fy 2l @)v(ay) + (o = 1)s]
en+1 = @n

>\j,n+1: j:].J

where 7, € (0,1] and & is such that (« — 1)k > 0

— We recover the Power Descent algorithm from Part 2

Core insights :

@ The mixture weights update is gradient-based, n, plays the role of a
learning rate

® We can improve on the Power Descent by proposing simultaneous updates
for © with convergence guarantees!
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Towards simultaneous updates

k(ejn+1>y)
— Sy VI >
/E A]ncpjn <k(9j,n,y) v(dy) >0 (Components)
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Towards simultaneous updates

k(ej n+1, y)
E 2odntli o) >
/ Aj, ncpjn < 5O ) v(dy) >0 (Components)

® Maximisation approach : forall j=1...J,

. k0, y
Ojnt+1 = argmaXeeT/ sﬁﬁn)(y)l og <7k(6(, ;)) v(dy)
Jyns

Kamélia Daudel (University of Oxford) - Variational Inference — Foundations and recent advances (Part 3)



Towards simultaneous updates

k(ej n+1, y)
E 2odntli o) >
/ Aj, ncpjn < 5O ) v(dy) >0 (Components)

® Maximisation approach : forall j=1...J,

a k(0,y
Oyn = argmager | 020108 (5 ) wiay)
YD)

® Gradient-based approach : forall j =1...J, v, € (0,1]

Vs
0j,n+1 = 9j,n - ﬂj nvg] n( )‘6’:9],72
AL

where g, , is assumed to be 3;,-smooth on T = R? with

(o)
_ [ #in®) k(9,y)
o) = | 2 s () o
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Two questions at this stage

@ Can we derive practical updates from the maximisation / gradient-based
approaches?
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Two questions at this stage

@ Can we derive practical updates from the maximisation / gradient-based
approaches?

® Do those approaches relate to the existing litterature?
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Outline

@® Maximisation approach
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Maximisation approach

k(e ',n 17 y)
/ Z)\] nsojn (16(16’]72,3;) v(dy) =0 (Components)
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Maximisation approach

k(e ',n 17 y)
/ ZA] nsﬁjn (If(]@iz,y) v(dy) >0 (Components)

Forallj=1...J,

O3 = angmasger | 44710 log (%) v(dy)
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Maximisation approach

k(0,041 9)
/ ZA] ngo] n (m v(dy) =0 (Components)

Forallj=1...J, b;, >0 and

a k(9,y
Do = argmaxeeT/ {gogn)( ) A @l z)} log <k(é )y)) v(dy)
ins

— We have added a regularisation term!
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Maximisation approach for GMMs
Set k(6,y) = N(y;m,X) with § = (m,X) and <p] = >/fgo(a)du
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Maximisation approach for GMMs
Set k(0,y) = N(y;m,X) with § = (m, %) and 4,0] = >/fgo(a)du

Forallj=1...J,
Xim [ #5500 wmw+w—n4%
S M [y 25 ) (dy) + (@ — 1]

mMH:u—wmmm+w¢/%gmyw>

Ajntl =

Mn

Tint1 = (L= %n)Zim + Yin / @g?)( )y — mjmi1)(y — myng1) v(dy)

where 3, = ;5 + (M g1 — Mjn) (M g1 — mjﬁn)T and 7;,, depends on bj .
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Maximisation approach for GMMs
Set k(0,y) = N(y;m,X) with § = (m, %) and 4,0] = >/fgo(a)du

Forallj=1...J,
Xim [ #5500 wmw+w—n4%
S M [y 25 ) (dy) + (@ — 1]

mMH:u—wmmm+w¢/%gmyw>

Ajntl =

Mn

Tint1 = (L= %n)Zim + Yin / @g?)( )y — mjmi1)(y — myng1) v(dy)

where 3, = ;5 + (M g1 — Mjn) (M g1 — mjﬁn)T and 7;,, depends on bj .

— Considering all possible values of b;,,, we have ~; ,, € (0, 1]
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Maximisation approach for GMMs
Set k(6,y) = N(y; m, X) with = (m, ) and (p] - >/f<p]a)d1/.

Forallj=1...J,
Xim [ 05500 wmw+w—n4%
S M [y 25 ) (dy) + (@ — 1]

mMH:u—wmmm+w¢/%gmyw>

Ajntl =

Mn

Tint1 = (L= %n)Zim + Yin / @g?)( )y — mjmi1)(y — myng1) v(dy)

where ij.,n =Yjn+ (Mjnr1 — Mjn)(Mjnt1 — mjﬁn)T and 7;,, depends on bj .
— Considering all possible values of b;,,, we have ~; ,, € (0, 1]

Interpretation : tradeoff between
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Maximisation approach for GMMs
Set k(6,y) = N(y; m, X) with = (m, ) and (p] - >/f<p]a)d1/.

Forallj=1...J,
Xim [ 05500 wmw+w—n4%
S M [y 25 ) (dy) + (@ — 1]

mMH:u—wmmm+w¢/%gmyw>

Ajntl =

Mn

Tint1 = (L= %n)Zim + Yin / @g?)( )y — mjmi1)(y — myng1) v(dy)

where ij.,n =Yjn+ (Mjnr1 — Mjn)(Mjnt1 — mjﬁn)T and 7;,, depends on bj .
— Considering all possible values of b;,,, we have ~; ,, € (0, 1]

Interpretation : tradeoff between
® an update close to 8, = (Mjn, Zjn) [Vin — 0]
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Maximisation approach for GMMs
Set k(0,y) = N(y;m,X) with § = (m, %) and 4,0] = >/fgo]a)du

Forallj=1...J,
Nim [ #55 (w)v(dy) + (@ — 1)w] ™
S e |y 045 W)v(dy) + (o= 1)s]

mMH:u—wmmm+w¢/%gmyw>

Ajntl =

Mn

Tint1 = (L= %n)Zim + Yin / @g?)( )y — mjmi1)(y — myng1) v(dy)

where ij.,n =Yjn+ (Mjnr1 — Mjn)(Mjnt1 — mjﬁn)T and 7;,, depends on bj .
— Considering all possible values of b;,,, we have ~; ,, € (0, 1]
Interpretation : tradeoff between

® an update close to 8, = (Mjn, Zjn) [Vin — 0]

® an update that chooses the Gaussian with the same mean and covariance

matrix as gby;) [’yj,n =1]
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Maximisation approach for GMMs
Set k(0,y) = N(y;m,X) with § = (m, %) and 4,0] = >/fgo]a)du

Forallj=1...J,
Nim [ #55 (w)v(dy) + (@ — 1)w] ™
S e |y 045 W)v(dy) + (o= 1)s]

mMH:u—wmmm+w¢/%gmyw>

Ajntl =

Mn

Tint1 = (L= %n)Zim + Yin / @g?)( )y — mjmi1)(y — myng1) v(dy)

where ij.,n =Yjn+ (Mjnr1 — Mjn)(Mjnt1 — mjﬁn)T and 7;,, depends on bj .
— Considering all possible values of b;,,, we have ~; ,, € (0, 1]

Interpretation : tradeoff between
® an update close to 8, = (Mjn, Zjn) [Vin — 0]
® an update that chooses the Gaussian with the same mean and covariance
matrix as gby;) [vin = 1]

Why does it matter?
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Maximisation approach for GMMs
Set k(0,y) = N(y;m,X) with § = (m, %) and 4,0] = >/fg0]a)d1/

Forallj=1...J,
Nim [ #55 (w)v(dy) + (@ — 1)w] ™
S e |y 045 W)v(dy) + (o= 1)s]

Mjn+1 = (1 = Yjn)Mjn + %‘,n/ @ﬁn)(y) y v(dy)

Ajntl =

Mn

Tint1 = (L= %n)Zim + Yin / @f)( )y — mjmi1)(y — myng1) v(dy)

where ij.,n =Yjn+ (Mjnr1 — Mjn)(Mjnt1 — mjﬁn)T and 7;,, depends on bj .
— Considering all possible values of b;,, we have ;,, € (0,1]

Interpretation : tradeoff between
® an update close to 8, = (Mjn, Zjn) [Vin — 0]
® an update that chooses the Gaussian with the same mean and covariance
matrix as gby;) [vin = 1]

Why does it matter? In practice, Monte Carlo approximations!
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Maximisation approach for GMMs : related work
Set k(6,y) = N (y;m, %) with § = (m, ) and ¢\ = o'/ [ o,
Forall j=1...J,

Nin [y #5 (w)v(ay) + (a = 1)w] ™

S M [ # (vay) + (a— Ds] ™

mmwr=ﬂ*7mﬁwm+%m/wﬁh)yV@w

Ajnt1 =

Sint1 = (1 = %) Sim + Yim / B () — M)y — Mys1) To(dy)
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Maximisation approach for GMMs : related work
Set k(6,y) = N (y;m,X) with § = (m,X) and 90] = )/fga]a)du

Forallj=1...J,
Nim [ #5 )v(ay) + (a = 1)s] ™
S M [y 2 @(dy) + (a— 1]

mmwr=ﬂ*7mﬁwm+%m/¢ﬁh)yV@w

Ajnt1 =

Yjnt1 = (1 - 'Vj,n)ij,n + 'Yj,n/ QDS n)( )(y - mj,n+1)(y - mj,n+1)TV(dy)

Ajink(0j.ny)

and
Hxn 00k

Consider the case o = 0, v, = 1, , = 1, v = 0, set tj, =
p=p/[pdv
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Maximisation approach for GMMs : related work
Set k(6,y) = N(y;m, %) with § = (m,X) and goj >/f<pja>du

Forall j=1...J,
Njn1 = /Y tin(y) D(y) v(dy)
M1 = [ 5(0) 0) v ()
Dyntt = [ £5a(0) 50) =m0y = )T ()

Ajnk(On,)

and
Hxn 00k

Consider the case o = 0, v, = 1, , = 1, v = 0, set tj, =
p=p/[pdv
— The M-PMC algorithm a.k.a ‘Integrated EM’ for GMMs

Adaptive importance sampling in general mixture classes. O. Cappé, R. Douc, A. Guillin,
J-M Marin and C. P Robert (2008). Statistics and Computing, 18(4):447-459

Kamélia Daudel (University of Oxford) - Variational Inference — Foundations and recent advances (Part 3)



Maximisation approach for GMMs : related work
Set k(6,y) = N(y;m, %) with § = (m,X) and goj >/f<pja>du

Forall j=1...J,
Njn1 = /Y tin(y) D(y) v(dy)
M1 = [ 5(0) 0) v ()
Dyntt = [ £5a(0) 50) =m0y = )T ()

Ajnk(On,)

and
Hxn 00k

Consider the case o = 0, v, = 1, , = 1, v = 0, set tj, =
p=p/[pdv
— The M-PMC algorithm a.k.a ‘Integrated EM’ for GMMs

Adaptive importance sampling in general mixture classes. O. Cappé, R. Douc, A. Guillin,
J-M Marin and C. P Robert (2008). Statistics and Computing, 18(4):447-459

Core insight : We have generalised an integrated EM algorithm for mixture
models optimisation!
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Outline

© Gradient-based approach

Kamélia Daudel (University of Oxford) - Variational Inference — Foundations and recent advances (Part 3)



Gradient-based approach

E(0jn+1,9)
/ Z Aj, ngo] n y) log (m v(dy) =0 (Components)
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Gradient-based approach

E(0jn+1,9)
/ Z Aj, ngo] n y) log (m v(dy) =0 (Components)

Forall j=1...J, vjn € (0,1]

Vjn
Ojnt1 = Ojn — 5] V35n(0)lo=0;,.
J,n

where g;,, is assumed to be 3;,-smooth on T = R? with

) 0,1
5@ = | £on) log( kf;j;;’;)wdy)-
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Gradient-based approach

E(0jn+1,9)
/ Z Aj, ngo] n y) log (m v(dy) =0 (Components)

Forall j=1...J, vjn € (0,1]
0 7]7

Ojnt+1 = 0jn Bin ==V gin(0)o=0; .,

where g;,, is assumed to be 3;,-smooth on T = R? with

) 0,1
5@ = | £on) log( kf;j;;’;)wdy)-

We have that

(,O]n( )alng(a y)
a—1 a0

v(dy)
(0,9)=(0,n-y)

Vain(®loos,, = /Y
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Gradient-based approach

E(0jn+1,9)
2t 7] >
/ Z)\] "%D] TL lOg ( k(@]’nvy) V(dy) = 0

Forall j=1...J, vjn € (0,1]

Vjn

Ojmt1=0jn — .
J,n

==V ;jn(0)lo=0;,.

where g;,, is assumed to be 3;,-smooth on T = R? with

) 0,1
5@ = | £on) log( kf;j;;’;)wdy)-

) 0log k(6, y
V95n(0)lo=0;.. :/Y P 80( :

— There might be links with Gradient Descent steps...

We have that

(0,9)=(0,n-y)

(Components)

v(dy)
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Gradient-based approach for GMMs

Set k(0,y) = N(y;m, 021 ) with § = m, fixed ¢ > 0 and A,Zaﬁl) = apﬁl)/j <p;?2dz/
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Gradient-based approach for GMMs
Set k(6,y) = N (y; m,0I4) with 6 = m, fixed o > 0 and %) = ¢/ [ o' dw
Forallj=1...J,
Ajn [fv P2 (y)w(dy) + (o — 1)H] "
S M [ fy 0 @r(dy) + (@ = D]

Mjn+1 = (1 = ¥jn)Mjn + Vjin /Y 2\ (y) y v(dy)

A4l =

where ; , € (0,1]
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Gradient-based approach for GMMs
Set k(0,y) = N(y;m, 021 ) with § = m, fixed ¢ > 0 and 3\ = Apﬁl)/j <p;?gdz/

Jjn

Forall j=1...J,
Nim | fy 2520 () v(dy) + (afl)n]""
Zé 1 An [fy ‘P(a) w(dy) + (o — l)m]

M1 = (L= Yjn)Mjn + Vin / 2\ (y) y v(dy)

A4l =

where ; , € (0,1]

— Interpretation :
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Gradient-based approach for GMMs
Set k(0,y) = N(y;m, 021 ) with § = m, fixed ¢ > 0 and 3\ = Apﬁl)/j <p;?gdz/

Jjn

Forall j=1...J,
Nim | fy 2520 () v(dy) + (afl)n]""
Zé 1 An [fy ‘P(a) w(dy) + (o — l)m]

M1 = (L= Yjn)Mjn + Vin / 2\ (y) y v(dy)

A4l =

where ; , € (0,1]
— Interpretation :

@ Maximisation and gradient-based approach coincide when ¥ = ¢2I; with ¢ fixed
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Gradient-based approach for GMMs
Set k(0,y) = N(y;m, 021 ) with § = m, fixed ¢ > 0 and 3\ = Apﬁl)/j <p;?gdz/

Jjn

Forall j=1...J,
Nim | fy 2520 () v(dy) + (afl)n]""
Zé 1 An [fy ‘P(a) w(dy) + (o — l)m]

M1 = (L= Yjn)Mjn + Vin / 2\ (y) y v(dy)

A4l =

where ; , € (0,1]
— Interpretation :
@ Maximisation and gradient-based approach coincide when ¥ = ¢2I; with ¢ fixed

@® We recognise Gradient Descent steps w.r.t © on —a~ 'L, (uuk; p) by setting

N Jy 23 () (dy
Vi = i T ) Py (dy)

with 77, € (0,1]
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Gradient-based approach for GMMs
Set k(0,y) = N(y;m, 021 ) with § = m, fixed ¢ > 0 and 3\ = Apﬁl)/j <p;?gdz/

Jjn

Forallj=1...J,
Nin [ #550 (w)w(ay) + (o — 1)s]™
) RPY [fv ‘P(a) Jv(dy) + (o — 1)”]

M1 = (L= Yjn)Mjn + Vin / 2\ (y) y v(dy)

A4l =

where ; , € (0,1]
— Interpretation :
@ Maximisation and gradient-based approach coincide when ¥ = ¢2I; with ¢ fixed

@® We recognise Gradient Descent steps w.r.t © on —a~ 'L, (uuk; p) by setting

(a)

Nin Jy 5 (9)v(dy
Vi = i T ) Py (dy)

Compatibility between Gradient Descent steps w.r.t © and mixture weights updates
(and even covariance matrices updates)!

with 77, € (0,1]
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At this stage

We expressed conditions on A and © ensuring a systematic decrease in W (px.0) :
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At this stage

We expressed conditions on A and © ensuring a systematic decrease in W (px.0) :
@ Updates on A linked to the gradient-based Power Descent
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At this stage

We expressed conditions on A and © ensuring a systematic decrease in W (px.0) :
@ Updates on A linked to the gradient-based Power Descent
® Updates on O :
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At this stage

We expressed conditions on A and © ensuring a systematic decrease in W (px.0) :
@ Updates on A linked to the gradient-based Power Descent
® Updates on O :

® Maximisation approach : generalises an Integrated EM
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At this stage

We expressed conditions on A and © ensuring a systematic decrease in W (px.0) :
@ Updates on A linked to the gradient-based Power Descent
® Updates on O :

® Maximisation approach : generalises an Integrated EM
® Gradient-based approach : links with Gradient Descent algorithms
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At this stage

We expressed conditions on A and © ensuring a systematic decrease in W (px.0) :
@ Updates on A linked to the gradient-based Power Descent
® Updates on O :

® Maximisation approach : generalises an Integrated EM
® Gradient-based approach : links with Gradient Descent algorithms

Improvements of our framework

Gradient Descent w.r.t © Simultaneous optimisation w.r.t (Ap)n>1
on —a~ 1L, (uk;p) Ajn needs not to be as a factor in the means updates
Covariance matrices update formulas

Power Descent Simultaneous optimisation w.r.t (Op)n>1
Convergence towards a local optimum of the full algorithm

M-PMC algorithm a€[0,1) (prev. a =0)
n € (Oa 1} and (a - 1)"'{71 >0 (P"eV- T = 1, kp = 0)
b]"n =0 (prev. bj,n = 0)
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Outline

O Numerical Experiments
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Monte Carlo approximations

Algorithm 1: Gaussian Mixture Models optimisation

At iteration n,
@ Draw independently M samples (Y, »)i1<m<ar from the proposal g;,.

@ Forall j=1...J, set:

n
/\jn [ ﬁ’ 1 @5, )(Ym n) + (o — 1)ﬁn]

ZZZ 1Mn [Em 1 @Ll)(ymm) +(a— 1)"%]

)\j,n+1 = Tin
Jn Em 1‘/5;(:1) m n) . (Ymm - ej,n)
M
Z]’:l P om=1 N, n‘?ﬁ)(ym,n)
Z% 1 @g(tb) (Ym n) . Ym,n
St By Yn)

(RGD) mjny1 = mjn+m

(]WG) Mjnt+1 = (1 - Vn) Mjn + Tn

(u)

— Here 90] (y) Vi =" € (0,1]

Kamélia Daudel (University of Oxford) - Variational Inference — Foundations and recent advances (Part 3)



Monte Carlo approximations

Algorithm 1: Gaussian Mixture Models optimisation

At iteration n,
@ Draw independently M samples (Y, »)i1<m<ar from the proposal g;,.

@ Forall j=1...J, set:

n
/\jn [ ﬁ’ 1 @5, )(Ym n) + (o — 1)ﬁn]

ZZZ 1Mn [Em 1 @Ll)(ymm) +(a— 1)"%]

)\j,n+1 = Tin
Jn Em 1‘/5;(:1) m n) . (Ymm - ej,n)
M
Z]’:l P om=1 N, n‘?ﬁ)(ym,n)
Z% 1 @g(tb) (Ym n) . Ym,n
St By Yn)

(RGD) mjny1 = mjn+m

(]WG) Mjnt+1 = (1 - Vn) Mjn + Tn

" (Y)
— Here 90] (y) “P;n ( » Yim = Tn € (07 1]

— 2 possible algorithms :

Kamélia Daudel (University of Oxford) - Variational Inference — Foundations and recent advances (Part 3)



Monte Carlo approximations

Algorithm 1: Gaussian Mixture Models optimisation

At iteration n,
@ Draw independently M samples (Y, »)i1<m<ar from the proposal g;,.

@ Forall j=1...J, set:

n
/\jn [ ﬁ’ 1 @5, )(Ym n) + (o — 1)ﬁn]

ZZZ 1Mn [Em 1 @Ll)(ymm) +(a— 1)"%]

)\j,n+1 = Tin
Jn Em 1‘/5;(:1) m n) . (Ymm - ej,n)
M
Z]’:l P om=1 N, n‘?ﬁ)(ym,n)
Z% 1 @g(tb) (Ym n) . Ym,n
St By Yn)

(RGD) mjny1 = mjn+m

(]WG) Mjnt+1 = (1 - Vn) Mjn + Tn

¢\% ()
— Here np] (y) iy Yim = € (0,1]
— 2 possible algorithms :

® RGD : updates derived from Gradient Descent steps w.r.t © on —a 'L, (uk;p)
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Monte Carlo approximations

Algorithm 1: Gaussian Mixture Models optimisation

At iteration n,
@ Draw independently M samples (Y, »)i1<m<ar from the proposal g;,.

@ Forall j=1...J, set:

n
/\jn [ ﬁll 1 @5, )(Ym n) + (o — 1)ﬁn]

E; 1Mn [Em 1 @én)(ymm) +(a— 1)"%]

Ajnt1 = T
Jn Em 1‘/5;(:1) m. n) . (Ymm - ej,n)
M A ()

Z]’:l P om=1 N, nPin Yinn)
Z% 1 @g(tb) (Ym n) . Ym,n
St @5 (Vo)

(RGD) mjny1 = mjn+m

(]WG) Mjnt+1 = (1 - Vn) Mjn + Tn

8 ()
— Here 90] (y) ;n » Vi = Tn € (07 1]
— 2 possible algorithms :

® RGD : updates derived from Gradient Descent steps w.r.t © on —a 'L, (uk;p)

® MG : maximisation approach without A;,, as a factor
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Monte Carlo approximations

Algorithm 1: Gaussian Mixture Models optimisation

At iteration n,
@ Draw independently M samples (Y, »)i1<m<ar from the proposal g;,.

@ Forall j=1...J, set:

n
/\jn [ ﬁll 1 @5, )(Ym n) + (o — 1)ﬁn]

E; 1Mn [Em 1 @én)(ymm) +(a— 1)"%]

Ajnt1 = T
Jn Em 1‘/5;(:1) m. n) . (Ymm - ej,n)
M A ()

Z]’:l P om=1 N, nPin Yinn)
Z% 1 @g(tb) (Ym n) . Ym,n
St @5 (Vo)

(RGD) mjny1 = mjn+m

(]WG) Mjnt+1 = (1 - Vn) Mjn + Tn

8 ()
— Here 90] (y) ;n » Vi = Tn € (07 1]
— 2 possible algorithms :

® RGD : updates derived from Gradient Descent steps w.r.t © on —a 'L, (uk;p)

® MG : maximisation approach without A;,, as a factor

— 2 possible samplers : g, = pa,.0, (IS-n) and g, = J~! Z]J:I k(0jn,-) (IS-unif).
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Comparing RGD to MG (fixed A)

Target : p(y) =2 x [0.5N (y; —2ua, Ia) + 0.5N (y; 2ua, I4)]

e MC estimate of the VR Bound averaged over 30 trials for RGD and MG.
[Here, « = 0.2, d = 16, M = 200, £, =0, n, = 0. and ¢, = ppk.]
J =10 J =50

oF T2z -~ True value -~ True value
st RGD-I5 () RGD-I5 (1)
RGD-I5-(0.1) RGD-I5-(0.1)
10 —— RGD51(0.5) — RGD51(0.5)
— RGDISN(L0) — RGDISN(L0)
BT MG-I5n(1) K MG-I5-n(r)
2 MG-150(0.1) 3 MG-150(0.1)
x MG15n(0.5) < MG-15n(0.5)
> — MG5n(10) > — MGI5n(10)
]
30
35 35

-4 o 2500 5000 7500 10000 12500 15000 17500 20000

40 o 2500 5000 7500 10000 12500 15000 17500 20000
sample size

Sample size
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Comparing RGD to MG (fixed A)

Target : p(y) =2 x [0.5N (y; —2ua, Ia) + 0.5N (y; 2ua, I4)]

e MC estimate of the VR Bound averaged over 30 trials for RGD and MG.
[Here, « = 0.2, d = 16, M = 200, £, =0, n, = 0. and ¢, = ppk.]

oF T -~ True value 225 -~ True value

st RGD-I5 () 5 RGD-I5 (1)
RGD-15(0.1) RGD-15(0.1)
10} —— RGD51(0.5) 10 — RGD5n(0.5)
— RGDASN(L0) — RGDASN(L0)

BT MG-I5-n(r) B MG-I5-n(r)
2 MG1Sn(0.1) g MG1Sn(0.1)
x MG-I5-n(0.5) «< MG-I5-n(0.5)
> — M5 (1.0} > — MGsn(1.0)

0 2500 5000 7500 10000 12500 15000 17500 20000

0 2500 5000 7500 10000 12500 15000 17500 20000
sample size

Sample size

o LogMSE averaged over 30 trials for RGD and MG.

J =10 J =50
vy=01 =05 =10 =01 =05 ~r=1.0
RGD-IS-n(y) -0.081 -0.076 -0.218 -1.640 -1.673 -1.560
MG-I1S-n(y)  -3.702 -1.875 -2.711 -2.760 -2.771 -2.788
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Comparing RGD to MG (varying )

Target : p(y) = 2 x [0.5N (y; —2ug, Iq) + 0.5N (y; 2ug, 14)]

o MC estimate of the VR Bound averaged over 30 trials for RGD and MG.
[Here, & = 0.2, d = 16, M = 200, n = 0.1, k, = 0.]
J =10 J =

—= True value

o == Tuevaiue o
= o — howsnos)
—— RGD-ISn(0.5) = RGD-I5-n(0.5)
sr | — meisunifos) sr — MGIS-unf(0.5)
[ — ropisuniio:s) — RGD-IS-UNif(0.5)
-10 - ! -10 -
T { T
g st g st
H . i H
H Erezcmezaa—a H
: [ :
£ £
s = s
- 0
354 s sobo 70 toboo 12400 13000 17500 20800 354 s sobo 70 Toboo 12400 13000 17500 20800
Sample size Sample size
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Comparing RGD to MG (varying )
Target : p(y) = 2 x [0.5N (y; —2ug, Iq) + 0.5N (y; 2ug, 14)]

o MC estimate of the VR Bound averaged over 30 trials for RGD and MG.
[Here, « = 0.2, d = 16, M =200, n = 0.1, k,, = 0.]

oFF 3 (- Tuevaie e
= | — mcisn(0s) — MGI5n(0.5)
P | | — Ropisn(3) — RGDAS(0.5)
sr / | — meisunifos) — MGIS-unf(0.5)
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Comparing RGD to MG (varying A) - 2
Target : p(y) = 2 x [0.5N (y; —2ug, Iq) + 0.5N (y; 2ug, 14)]
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Novel framework for monotonic alpha-divergence minimisation
® applicable to optimisation

® mixture weights and mixture components parameters can be updated

] with an Integrated EM algorithm and with gradient-based approaches

. of our general framework

Some perspectives
® Additionnal convergence results
® Hyperparameters tuning

e ML applications...
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Overall conclusion

® Part 1. General introduction to Variational Inference :
MFVI, BBVI, Alpha-divergence VI.

® Part 2. Infinite-dimensional Alpha-divergence minimisation :
Mixture weights optimisation to increase expressiveness
Links with the Entropic Mirror Descent algorithm

® Part 3. Monotonic Alpha-divergence minimisation :
Mixture models optimisation with convergence guarantees
Links with an Integrated EM algorithm and gradient-based approaches.

There is still a lot to do in Variational Inference regarding :
@ the expressiveness of the variational family
@ the choice of the measure of dissimilarity
© the theory of Variational Inference
O the interface between Variational Inference and Monte Carlo methods
@ and so much more!
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