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Bayesian statistics

e Compute / sample from the posterior density of the latent variables y
given the data &
_»Zy)

pyi2) =T
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Bayesian statistics

e Compute / sample from the posterior density of the latent variables y
given the data &

_r(Z.y)

® Problem : for many important models, we can only evaluate p(y|2) up
to the constant p(2).
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Variational Inference in a nutshell

— Variational Inference : inference is seen as an optimisation problem.

@ Posit a simpler variational family Q, where ¢ € Q.
@® Fit ¢ to obtain the best approximation to the posterior density
inf D(Q||P
inf DQIIP5)
where D is a measure of dissimilarity between the variational
distribution Q and the posterior distribution P4
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Variational Inference in a nutshell

— Variational Inference : inference is seen as an optimisation problem.

@ Posit a simpler variational family Q, where ¢ € Q.
@® Fit ¢ to obtain the best approximation to the posterior density
inf D(Q||P
inf DQIIP5)
where D is a measure of dissimilarity between the variational
distribution Q and the posterior distribution P4

— Typically, D : exclusive Kullback-Leibler (KL)
divergence and Q : parametric family
(e.g. Mean-field)

Drr(Q||P) = [ log <%> q(y)v(dy)

Q={q:y—k(0,y) : 0T}

Kamélia Daudel - Infinite-dimensional a-divergence minimisation for Variational Inference



Variational Inference in a nutshell

— Variational Inference : inference is seen as an optimisation problem.

@ Posit a simpler variational family Q, where ¢ € Q.
@® Fit ¢ to obtain the best approximation to the posterior density
inf D(Q||P
inf DQIIP5)
where D is a measure of dissimilarity between the variational
distribution Q and the posterior distribution P4

— Typically, D : exclusive Kullback-Leibler (KL) Py
divergence and Q : parametric family -
(e.g. Mean-field)

Drr(Q||P) = [ log <%> q(y)v(dy)

Q={q:y—k(0,y) : 0T}

< Din(K(0%,)|[P)
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Variational Inference in a nutshell

— Variational Inference : inference is seen as an optimisation problem.

@ Posit a simpler variational family Q, where ¢ € Q.
@® Fit ¢ to obtain the best approximation to the posterior density
inf D(Q||P
inf DQIIP5)
where D is a measure of dissimilarity between the variational
distribution Q and the posterior distribution P4

— Typically, D : exclusive Kullback-Leibler (KL) Py
divergence and Q : parametric family -
(e.g. Mean-field)

Drr(Q||P) = [ log <%> q(y)v(dy)

Q={q:y—k(0,y) : 0T}

Do (K0, )|[Bo)
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Core question in Variational Inference

inf D(Q|[P
s (Q[|P2)
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Core question in Variational Inference

inf D(Q|[P
s (Q[|P2)

Question : How to choose D and Q7
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Core question in Variational Inference

inf D(Q|[P
s (Q[|P2)

Question : How to choose D and Q7

— D : exclusive Kullback-Leibler (KL) 10

divergence and Q : Mean-field family 051

{ Dis(@IP) = fylog (42 ) aty)vtay)
Q=A{q:y= k01, y)k2(02,52) = (01,02) €T} ] g

-1.0 -05 00 05 10
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Core question in Variational Inference

inf D(Q|[P
s (Q[|P2)

Question : How to choose D and Q7

— D : exclusive Kullback-Leibler (KL) 10

divergence and Q : Mean-field family 051

{ Dis(@IP) = fylog (42 ) aty)vtay)
Q=A{q:y= k01, y)k2(02,52) = (01,02) €T} ] g

-1.0 -05 00 05 10

® Can we select alternative/more general D?
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Core question in Variational Inference

inf D(Q|[P
s (Q[|P2)

Question : How to choose D and Q7

— D : exclusive Kullback-Leibler (KL) 10

divergence and Q : Mean-field family 051

{ Dis(@IP) = fylog (42 ) aty)vtay)
Q=A{q:y= k01, y)k2(02,52) = (01,02) €T} ] g

-1.0 -05 00 05 10

® Can we select alternative/more general D?

® Can we design more expressive variational families Q beyond traditional
parametric families?
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Core question in Variational Inference

inf D(Q|[P
s (Q[|P2)

Question : How to choose D and Q7

— D : exclusive Kullback-Leibler (KL) 10

divergence and Q : Mean-field family 051

{ Dis(@IP) = fylog (42 ) aty)vtay)
Q=A{q:y= k01, y)k2(02,52) = (01,02) €T} ] g

,1‘0 f0‘5 0.‘0 D.‘S 1.‘0
® Can we select alternative/more general D?
— D is the a-divergence

® Can we design more expressive variational families Q beyond traditional
parametric families?
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Core question in Variational Inference

inf D(Q|[P
s (Q[|P2)

Question : How to choose D and Q7

— D : exclusive Kullback-Leibler (KL) 10

divergence and Q : Mean-field family 051

{ Dis(@IP) = fylog (42 ) aty)vtay)
Q=A{q:y= k01, y)k2(02,52) = (01,02) €T} ] g

,1‘0 f0‘5 0.‘0 D.‘S 1.‘0
® Can we select alternative/more general D?
— D is the a-divergence
® Can we design more expressive variational families Q beyond traditional

parametric families?
— Put a prior on the variational parameter 6
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Variational Inference with the a-divergence family

(Y,Y,v) : measured space, v is a o-finite measure on (Y,)).
QandP: Q=<v, P<v with %:q, %:p.

a-divergence between Q and P

Do(@IP) = [ J ( (y))p@)u(dy)

(v)
where
a(a 1)[u —1—a(u-1)], faeR\{0,1},
fo = qulog(u) +1—u, if @« =1 (Exclusive KL),
—log(u) +u —1, if @ =0 (Inclusive KL).
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https://www.ece.rice.edu/~vc3/elec633/AlphaDivergence.pdf

Variational Inference with the a-divergence family

(Y,Y,v) : measured space, v is a o-finite measure on (Y,)).
QandP: Q=<v, P<v with %:q, %:p.

a-divergence between Q and P

Do(@lP) = [ 1o (28 piypw(a)
where
ﬁ[u“—l—a(u—l)}, if a € R\ {0,1},
fo = qulog(u) +1—u, if @« =1 (Exclusive KL),
—log(u) +u —1, if @ =0 (Inclusive KL).

@ A flexible family of divergences...
Figure: In red, the Gaussian which minimises D, (Q||P) for a varying «

a= -3 a=1 a=4

Adapted from V. Cevher's lecture notes (2008) https://www.ece.rice.edu/~vc3/elec633/AlphaDivergence.pdf
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Variational Inference with the a-divergence family

a-divergence between Q and P

DB = [ 1o (q(y))p@) (dy) ,

(v)
where
alas 1)[u —1-au—1)], faeR\{0,1},
Ja = Qulog(u) +1 — u, if @« =1 (Exclusive KL),
—log(u) +u—1, if @ =0 (Inclusive KL).

@ A flexible family of divergences...
@® ...suitable for Variational Inference purposes...
inf D, Piy) = inf ¥, (qg;
inf «(QlIP)2) inf ola;p)
(v)

with Wo(q;p) = [ fa (f@) p(y)v(dy) and p = p(-, 7)
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Variational Inference with the a-divergence family

a-divergence between Q and P

DB = [ 1o (q(y)) Pu)(dy)

(v)
where
alas 1)[u —1-—a(u-1)], ifaeR\{0,1},
Ja = Qulog(u) +1 — u, if @« =1 (Exclusive KL),
—log(u) +u—1, if @ =0 (Inclusive KL).

@ A flexible family of divergences...

@® ...suitable for Variational Inference purposes...
inf D Py) = inf ¥, (q;p
inf D, (QPy) = inf ¥a(g:1)

with Wo(g;p) = [y fa (%) p(y)v(dy) and p = p(-, 7)

Black-box alpha divergence minimization. J. Hernandez-Lobato et al. (2016). ICML
Rényi divergence variational inference. Y. Li and R. E Turner (2016). NeurlPS

Variational inference via y-upper bound minimization A. Dieng et al. (2017). NeurlPS

Kamélia Daudel - Infinite-dimensional c-divergence minimisation for Variational Inference



Variational Inference with the a-divergence family

a-divergence between Q and P

Da(QI) = | fo (%) Py,

where
oo 1)[u —1-—a(u—-1)], ifaeR\{0,1},
fo = ulog(u) + 1 — u, if @ =1 (Exclusive KL),
—log(u) +u—1, if & =0 (Inclusive KL).

@ A flexible family of divergences...

@® ...suitable for Variational Inference purposes...
inf D, Piy) = inf ¥, (qg;
inf «(QlIP)2) inf ola;p)

mm%@mzkh@@

y)) p(y)v(dy) and p = p(-, 7)
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Variational Inference with the a-divergence family

a-divergence between Q and P

Da(QI) = | fo (%) Py,

where
oo 1)[u —1-—a(u—-1)], ifaeR\{0,1},
fo = ulog(u) + 1 — u, if @ =1 (Exclusive KL),
—log(u) +u—1, if & =0 (Inclusive KL).

@ A flexible family of divergences...

@® ...suitable for Variational Inference purposes...
inf D, Piy) = inf ¥, (qg;
inf «(Q||P)7) inf (@ p)

(v)

with Wo(g;p) = [y fa (b) p(y)v(dy) and p = p(-, 7)

© ...with good convexity properties : f, is convex!
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Outline

@® Infinite-dimensional a-divergence minimisation
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Infinite-dimensional a-divergence minimisation

Infinite-dimensional gradient-based descent for alpha-divergence minimisation.
K. Daudel, R. Douc and F. Portier. Ann. Statist. 49 (4) 2250 - 2270, August 2021.
https://doi.org/10.1214/20-A0S2035.

Idea : Extend the traditional variational parametric family
Q={y—k,y) : 6T}
by putting a prior on the variational parameter 6

Q= {q:yHuk(y) :=Alz(c1f))k(9,y) S M}

and propose an update formula for p that ensures a systematic decrease in the
a-divergence at each step
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Infinite-dimensional a-divergence minimisation

Infinite-dimensional gradient-based descent for alpha-divergence minimisation.
K. Daudel, R. Douc and F. Portier. Ann. Statist. 49 (4) 2250 - 2270, August 2021.
https://doi.org/10.1214/20-A0S2035.

Idea : Extend the traditional variational parametric family
Q={y—k,y) : 6T}
by putting a prior on the variational parameter 6

Q= {q:yHuk(y) :=Alz(c1f))k(9,y) S M}

and propose an update formula for p that ensures a systematic decrease in the
a-divergence at each step

— Finite Mixture Models : p = 2‘7.1:1 Ajbo;
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Infinite-dimensional a-divergence minimisation

Infinite-dimensional gradient-based descent for alpha-divergence minimisation.
K. Daudel, R. Douc and F. Portier. Ann. Statist. 49 (4) 2250 - 2270, August 2021.
https://doi.org/10.1214/20-A0S2035.

Idea : Extend the traditional variational parametric family
Q={y—k,y) : 6T}

by putting a prior on the variational parameter 6

Q= {q:yHuk(y) :=Alz(c1f))k(9,y) S M}

and propose an update formula for p that ensures a systematic decrease in the
a-divergence at each step

— Finite Mixture Models : p = 2‘7.1:1 Ajbo;

NB: The mapping p — W, (uk;p) is convex!
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The (o, I')-descent algorithm
Optimisation problem

Jnf o(pksp)  with o (uk;p) = /Yfa (%?) p(y)v(dy)
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The (o, I')-descent algorithm
Optimisation problem

Jnf o(pksp)  with o (uk;p) = /Yfa (%) p(y)v(dy)

- p is a nonnegative measurable function defined on (Y, Y)
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The (o, I')-descent algorithm

Optimisation problem

4 : uk(y)>
inf W, (uk; with W, (uk;p) = — v(d
Jnf Waluksp) o(pk; p) /Yfa ( o) p(y)v(dy)
- p is a nonnegative measurable function defined on (Y, Y)

- M is a subset of M;(T), the space of probability measures on T
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The (o, I')-descent algorithm
Optimisation problem

Jnf o(pksp)  with o (uk;p) = /Yfa (%) p(y)v(dy)

- p is a nonnegative measurable function defined on (Y, Y)

- M is a subset of M;(T), the space of probability measures on T

-K:(0,A) — [,k(0,y)v(dy) is a Markov transition kernel defined on T x Y
with density k

Kamélia Daudel - Infinite-dimensional a-divergence minimisation for Variational Inference



The (o, I')-descent algorithm
Optimisation problem

;Iella Vo (pk;p) with U (uk;p) = /Yfa (%) p(y)v(dy)

- p is a nonnegative measurable function defined on (Y, Y)

- M is a subset of M;(T), the space of probability measures on T

-K:(0,A) — [,k(0,y)v(dy) is a Markov transition kernel defined on T x Y
with density k
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The (o, I')-descent algorithm
Optimisation problem

Il V(i) with o (ukip) = /Y po (B2 piyputan

- p is a nonnegative measurable function defined on (Y, Y)

- M is a subset of M; (T) the space of probability measures on T

-K:(0,A) — [,k(0,y)v(dy) is a Markov transition kernel defined on T x Y
with denS|ty k

Algorithm
Let p; € M;(T) be such that ¥, (u1k) < oo. The sequence of probability
measures (fn,)n>1 is defined iteratively by

Bt = Za(pn) » n=1
where for all p € My(T) and all # € T,

B(A0) Tbual0) 47) _ k)Y
7o) a0) = U LD iy, ) = | k0,012 (S22
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Conditions for a monotonic decrease

(A1) For all (0,y) € Tx Y, k(6,y) >0, p(y) >0 and [, p(y)r(dy) < co.
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Conditions for a monotonic decrease

(A1) For all (0,y) € Tx Y, k(6,y) >0, p(y) >0 and [, p(y)r(dy) < co.

(A2) The function I" : Dom, — Ry is decreasing, continuously differentiable
and satisfies the inequality

[(@—1)(v—&)+1] (logT) (v) +1>0.
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Conditions for a monotonic decrease

(A1) For all (0,y) € Tx Y, k(6,y) >0, p(y) >0 and [, p(y)r(dy) < co.

(A2) The function I" : Dom, — Ry is decreasing, continuously differentiable
and satisfies the inequality

[(@—1)(v—&)+1] (logT) (v) +1>0.

Assume (A1) and (A2). Let u € M;(T) be such that ¥, (uk) < co and
(T (bp,a + K)) < co. Then,

(1) \I/a(Ia(V‘)k) < \Ija(uk)
O® V. (Za(p)k) = Vo (pk) if and only if pu = Zo(p)
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Examples satisfying (A2)

(A2) The function I' : Dom,, — R is decreasing, continuously differentiable
and satisfies the inequality

[(a—1)(v—r)+ 1] (logT)(v)+1>0.
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Examples satisfying (A2)

(A2) The function I' : Dom,, — R is decreasing, continuously differentiable
and satisfies the inequality

[(a—1)(v—r)+ 1] (logT)(v)+1>0.
® Entropic Mirror Descent : n € (0,1, ke Rand o =1
T(w)=em

Hn+1(d) o< py (d6) exp [—n/Yk(&y) log <%y()y)> V(dy)}
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Examples satisfying (A2)

(A2) The function I' : Dom,, — R is decreasing, continuously differentiable
and satisfies the inequality

[(a—1)(v—r)+ 1] (logT)(v)+1>0.
® Entropic Mirror Descent : n € (0,1, ke Rand o =1
T(w)=em

Hn+1(d) o< py (d6) exp [—n/Yk(&y) log <%y()y)> V(dy)}

— NB : 7 corresponds to the learning rate
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Examples satisfying (A2)

(A2) The function I' : Dom,, — R is decreasing, continuously differentiable
and satisfies the inequality

[(a—1)(v—r)+ 1] (logT)(v)+1>0.
® Entropic Mirror Descent : n € (0,1, ke Rand o =1
T(w)=em

Hn+1(d) o< py (d6) exp [—n/Yk(&y) log <%y()y)> V(dy)}

— NB : 7 corresponds to the learning rate
® Power descent : n € (0,1], (@ — 1)k >0 and a # 1

L(v) = [(a—1)v+1]™a

AL

1—a

fin41(d6)  10(d6) [ ) (”pfg’) V(dy) + (o — 1)%
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Convergence results

Algorithm Convergence results
Entropic Mirror Descent

n € (0, m) keER

Power Descent

ne 0,1, («a— 1)k =0
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Convergence results

Algorithm Convergence results
Entropic Mirror Descent

n € (0, m) keER
Power Descent

ne 0,1, («a— 1)k =0

O(1/N) convergence rates
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Convergence results

Algorithm Convergence results
Entropic Mirror Descent

1
n € (0, \a—leloc,aH)’ keER
Power Descent
ne 1], (a—1)k>0 a>1: O(1/N) convergence rates

O(1/N) convergence rates
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Convergence results

Algorithm Convergence results
Entropic Mirror Descent

1
n € (0, \a—leloc,aH)’ keER
Powe(r) ?escent Di > 0 a>1: O(1/N) convergence rates
n€ (0.1, (a—1r> a < 1 : convergence toward the optimum

O(1/N) convergence rates
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The special case of finite mixture models

Sy = {A = (AL Ag) ERY Vi€ {1, J), Ay > 0and ST A = 1}
Let 01,...,0; € T be fixed and denote

fix =7y \jdp, where A €S, .
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The special case of finite mixture models

Sy = {A = (AL Ag) ERY Vi€ {1, J), Ay > 0and ST A = 1}
Let 01,...,0; € T be fixed and denote

fix =7y \jdp, where A €S, .

Then, fin =Ty 0 -+ 0 Zo(px) is of the form 11, = 327 A ndp, with

n times

Al=A
Ajin L (bpun 0 (05)++)

s = .
Jntl T Nin D (b e (0)+5)
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The special case of finite mixture models

Sy = {A = (AL Ag) ERY Vi€ {1, J), Ay > 0and ST A = 1}
Let 01,...,0; € T be fixed and denote

fix =7y \jdp, where A €S, .

Then, fin =Ty 0 -+ 0 Zo(px) is of the form 11, = 327 A ndp, with
N —’

n times

{)\1 A
Nonry = < dinlCuna()te)
Gt S XL (b (02) 4 )

— In practice, we use Monte Carlo approximations to estimate b, o(f;), e.g.

_ M (0,Ym,n) tnk(Yim.n)
bpnoar() = 37 2 Mol (tatnsl),

. iid
with Y15, oo, Yarn ~ pnk.
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The special case of finite mixture models

Sy = {A = (AL Ag) ERY Vi€ {1, J), Ay > 0and ST A = 1}
Let 01,...,0; € T be fixed and denote

fix =7y \jdp, where A €S, .

Then, fin =Ty 0 -+ 0 Zo(px) is of the form 11, = 327 A ndp, with
N —’

n times

A=A
— _ Xinl(bun.a(05)+r)

s = .
Jntl T Nin D (b e (0)+5)

— In practice, we use Monte Carlo approximations to estimate b, o(f;), e.g.

_ M k0, Ymn) sk (Yom,n)
bunaM( i) =7 Z wﬁ(m ) ;( P(Vm,n) )
M >
. iid
with Y15, oo, Yarn ~ pnk.

— NB : Exploitation step that does not require any information on the distribution
of {617 () 0]}
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Outline

© Numerical experiments
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Numerical experiments

® Gaussian kernel with density kj, and bandwidth h, T = RY

J
{y i ekn(y) =Y Nkaly—0;) 1 A€S;,0¢€ T‘]} :
i=1
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Numerical experiments

® Gaussian kernel with density kj, and bandwidth h, T = RY
J
Y paokn(y) =Y Nkn(y—0;) - A€S, 0T/
j=1

Full algorithm
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Numerical experiments

® Gaussian kernel with density kj, and bandwidth h, T = RY
J
Y paokn(y) =Y Nkn(y—0;) - A€S, 0T/
j=1

Full algorithm
@ Exploitation step : optimise A using the («a, I')-descent.

Kamélia Daudel - Infinite-dimensional a-divergence minimisation for Variational Inference



Numerical experiments

® Gaussian kernel with density kj, and bandwidth h, T = RY
J
Y paokn(y) =Y Nkn(y—0;) - A€S, 0T/
j=1

Full algorithm
@ Exploitation step : optimise A using the («a, I')-descent.
@ Exploration step : update © (e.g. by sampling under px okp, h J’l/(‘Hd))
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Numerical experiments

® Gaussian kernel with density kj, and bandwidth h, T = RY
J
Y paokn(y) =Y Nkn(y—0;) - A€S, 0T/
j=1

Full algorithm
@ Exploitation step : optimise A using the («a, I')-descent.
@ Exploration step : update © (e.g. by sampling under px okp, h J’l/(‘Hd))

® Toy example
p(y) = Z X [0.5N(y; —2ug, Iq) + 0.5/\/(y; 2ug, Id)], Z =2
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Numerical experiments

® Gaussian kernel with density kj, and bandwidth h, T = RY
J
Y paokn(y) =Y Nkn(y—0;) - A€S, 0T/
j=1

Full algorithm
@ Exploitation step : optimise A using the («a, I')-descent.
@ Exploration step : update © (e.g. by sampling under px okp, h J’l/(‘Hd))

® Toy example
p(y) = Z X [0.5N(y; —2ug, Iq) + 0.5/\/(y; 2ug, Id)], Z =2

® Bayesian Logistic Regression Covertype dataset (581,012 data points and 54 features)
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Toy example : Entropic Mirror Descent vs Power Descent

Comparison between
® 0.5-Mirror descent : I'(v) = ¢~ and o = 0.5,
® 0.5-Power descent : I'(v) = [(a — 1) v + 1]"/(1=%) and a = 0.5.
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Toy example : Entropic Mirror Descent vs Power Descent

Comparison between
® 0.5-Mirror descent : I'(v) = ¢~ and o = 0.5,
® 0.5-Power descent : I'(v) = [(a — 1) v + 1]"/(1=%) and a = 0.5.

J = M =100, initial mixture weights : [1/J,...,1/J], N =10, T =20
Tn = M0/+/7, mo = 0.5, cv criterion : VR-Bound averaged over 100 trials

Dimension 8, a = 0.5, = 0.5

Renyi Bound
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Toy example : Entropic Mirror Descent vs Power Descent

Comparison between
® 0.5-Mirror descent : I'(v) = ¢~ and o = 0.5,
® 0.5-Power descent : I'(v) = [(a — 1) v + 1]"/(1=%) and a = 0.5.

J = M =100, initial mixture weights : [1/J,...,1/J], N =10, T =20
Tn = M0/+/7, mo = 0.5, cv criterion : VR-Bound averaged over 100 trials

Dimension 8,0=05 =05 Dimension 16,0=051m =05

Renyi Bound
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Toy example : Entropic Mirror Descent vs Power Descent

Comparison between
® 0.5-Mirror descent : I'(v) = ¢~ and o = 0.5,
® 0.5-Power descent : I'(v) = [(a — 1) v + 1]"/(1=%) and a = 0.5.

J = M =100, initial mixture weights : [1/J,...,1/J], N =10, T =20
Tn = M0/+/7, mo = 0.5, cv criterion : VR-Bound averaged over 100 trials

Dimension 8,0=051m=05 Dimension 16,0=051m =05 Dimension 32,0=05 ;=05

Renyi Bound
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Toy example : the case a =1

Comparison between:
® 1-Mirror descent : T'(v) = e with a =1,
® 0.5-Power descent : I'(v) = [(aw — 1) v + 1]"/(1=%) with o = 0.5.
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Toy example : the case a =1

Comparison between:
® 1-Mirror descent : I'(v) = e~ with a = 1,
® 0.5-Power descent : I'(v) = [(aw — 1) v + 1]"/(1=%) with o = 0.5.

J = M = 100, initial mixture weights : [1/J,...,1/J], N =10, T = 20
Mn = M0/v/n, mo = 0.5, cv criterion : lIh averaged over 100 trials

Dimension 8, j = 0.5

0 25 s 75 100 25 10 15 200
terations
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Toy example : the case a =1

Comparison between:
® 1-Mirror descent : I'(v) = e~ with a = 1,
® 0.5-Power descent : I'(v) = [(aw — 1) v + 1]"/(1=%) with o = 0.5.

J = M = 100, initial mixture weights : [1/J,...,1/J], N =10, T = 20
Mn = M0/v/n, mo = 0.5, cv criterion : lIh averaged over 100 trials

Dimension 8, j = 0.5 Dimension 16, 1 = 0.5
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Toy example : the case a =1

Comparison between:
® 1-Mirror descent : T'(v) = e with a =1,
® 0.5-Power descent : I'(v) = [(aw — 1) v + 1]"/(1=%) with o = 0.5.

J = M = 100, initial mixture weights : [1/J,...,1/J], N =10, T = 20
Mn = M0/v/n, mo = 0.5, cv criterion : lIh averaged over 100 trials

Dimension 8, = 0.5 Dimension 16, 1 = 0.5 Dimension 32, 7 = 0.5
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Bayesian Logistic Regression

— 2 = {c,z} : I binary class labels, ¢; € {—1,1} , L covariates for each
datapoint, x; € RE
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Bayesian Logistic Regression

— 2 = {c,z} : I binary class labels, ¢; € {—1,1} , L covariates for each
datapoint, x; € RE

— Model : L regression coefficients w; € R, precision parameter 3 € R™

po(B) = Gamma(S; a,b) ,
po(wi|B) = N(w;0,871), 1<I<L
1

Trewre SIS

p(e; = 1|a;, w) =

where a =1 and b = 0.01

Nonparametric variational inference S. Gershman, M. Hoffman, and D. Blei (2012). ICML
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Bayesian Logistic Regression

— 2 = {c,z} : I binary class labels, ¢; € {—1,1} , L covariates for each
datapoint, x; € RE

— Model : L regression coefficients w; € R, precision parameter 3 € R™

po(B) = Gamma(S; a,b) ,
po(wi|B) = N(w;0,871), 1<I<L
1

Trewre SIS

p(e; = 1|a;, w) =

where a =1 and b = 0.01

Nonparametric variational inference S. Gershman, M. Hoffman, and D. Blei (2012). ICML

— Quantity of interest : p(y|2) with y = [w, log ]
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Bayesian Logistic Regression

— 2 = {c,z} : I binary class labels, ¢; € {—1,1} , L covariates for each
datapoint, x; € RE

— Model : L regression coefficients w; € R, precision parameter 3 € R™

po(B) = Gamma(S; a,b) ,
po(wi|B) = N(w;0,871), 1<I<L
1

plei = g, w) = 14 o—wla

. 1<i<T

where a =1 and b = 0.01

Nonparametric variational inference S. Gershman, M. Hoffman, and D. Blei (2012). ICML

— Quantity of interest : p(y|2) with y = [w, log ]

Comparison between
® ().5-Power descent
® Typical AlS

Log-likelinood

N =1,T =500, Jo = My =20, Jys1 = Mys1 = J + 1
initial mixture weights : [1/Jy, ..., 1/Ji], nn = nm0/+/n with 1o = 0.05
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Outline

O Conclusion
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Summary

General framework for infinite-dimensional a-divergence minimisation over

Q={q:yH/Tu(d9)k(97y) : MGM}
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Summary
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® recovers the Entropic Mirror Descent algorithm
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Summary

General framework for infinite-dimensional a-divergence minimisation over

Q={q:yH/Tu(d9)k(97y) : MGM}

® recovers the Entropic Mirror Descent algorithm
® novel Power Descent algorithm
® conditions for a systematic decrease + convergence results

® applicable to mixture models :

J
Q=<q:y— > Nk(0,y) : A€S;,0eT’
j=1
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Summary

General framework for infinite-dimensional a-divergence minimisation over

Q={q:yH/Tu(d9)k(97y) : MGM}

® recovers the Entropic Mirror Descent algorithm
® novel Power Descent algorithm
® conditions for a systematic decrease + convergence results

® applicable to mixture models :
J

Q=<q:y— > Nk(0,y) : A€S;,0eT’
j=1

— Exploitation - Exploration algorithm
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Summary

General framework for infinite-dimensional a-divergence minimisation over

Q={q:yH/Tu(d9)k(97y) : MGM}

® recovers the Entropic Mirror Descent algorithm
® novel Power Descent algorithm
® conditions for a systematic decrease + convergence results

® applicable to mixture models :
J

Q=<q:y— > Nk(0,y) : A€S;,0eT’
j=1

— Exploitation - Exploration algorithm
@ Update for © not specified (e.g. your favorite update for ©)
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Summary

General framework for infinite-dimensional a-divergence minimisation over

Q={q:yH/Tu(d9)k(97y) : MGM}

® recovers the Entropic Mirror Descent algorithm
® novel Power Descent algorithm
® conditions for a systematic decrease + convergence results

® applicable to mixture models :
J

Q=<q:y— > Nk(0,y) : A€S;,0eT’
j=1

— Exploitation - Exploration algorithm
@ Update for © not specified (e.g. your favorite update for ©)
@® Empirical advantages of using the algorithm
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Extensions

@ Mixture weights optimisation for Alpha-Divergence Variational Inference.
K. Daudel and R. Douc (2021). To appear in NeurlPS2021
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Extensions

@ Mixture weights optimisation for Alpha-Divergence Variational Inference.
K. Daudel and R. Douc (2021). To appear in NeurlPS2021

— Extension of the Power Descent to the case « =1
— Full proof of convergence for finite mixture models (o < 1)

— Closely-related algorithm : Rényi Descent
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@® Monotonic Alpha-divergence Minimisation.
K. Daudel, R. Douc and F. Roueff (2021). https://arxiv.org/abs/2103.05684

Kamélia Daudel - Infinite-dimensional c-divergence minimisation for Variational Inference



Extensions

@ Mixture weights optimisation for Alpha-Divergence Variational Inference.
K. Daudel and R. Douc (2021). To appear in NeurlPS2021

— Extension of the Power Descent to the case « =1
— Full proof of convergence for finite mixture models (o < 1)

— Closely-related algorithm : Rényi Descent

@® Monotonic Alpha-divergence Minimisation.
K. Daudel, R. Douc and F. Roueff (2021). https://arxiv.org/abs/2103.05684

— Conditions for a simultaneous optimisation w.r.t XA and ©
(that preserve the monotonic decrease!)

— Simple updates on © for speficic kernels k (e.g Gaussian, Student’s)

— Links with Gradient Descent schemes and an Integrated EM algorithm
with empirical benefits
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Extensions

@ Mixture weights optimisation for Alpha-Divergence Variational Inference.
K. Daudel and R. Douc (2021). To appear in NeurlPS2021

— Extension of the Power Descent to the case « =1
— Full proof of convergence for finite mixture models (o < 1)

— Closely-related algorithm : Rényi Descent

@® Monotonic Alpha-divergence Minimisation.
K. Daudel, R. Douc and F. Roueff (2021). https://arxiv.org/abs/2103.05684

— Conditions for a simultaneous optimisation w.r.t XA and ©
(that preserve the monotonic decrease!)

— Simple updates on © for speficic kernels k (e.g Gaussian, Student’s)

— Links with Gradient Descent schemes and an Integrated EM algorithm
with empirical benefits

© Your next paper?
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Thank you for your attention!

kamelia.daudel@stats.ox.ac.uk
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