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Introduction

® Bayesian statistics : compute / sample from the posterior
density of the latent variables y given the data

_p(2,y)
p(yl2) = @)
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Introduction

® Bayesian statistics : compute / sample from the posterior
density of the latent variables y given the data

p(Z2,y)
p(2)

® Problem : the marginal likelihood p(2) is untractable.

py|7) =
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Introduction

® Bayesian statistics : compute / sample from the posterior
density of the latent variables y given the data

p(Z2,y)
p(2)

® Problem : the marginal likelihood p(2) is untractable.

py|7) =

— Variational Inference methods :

Approximate the posterior density p(-|Z) by a variational density
qo, where 6 € T :

0* = arginfgeTD(CIeap("-@» ’

where D is a divergence.
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Introduction

® Bayesian statistics : compute / sample from the posterior
density of the latent variables y given the data

p(Z2,y)
p(2)

® Problem : the marginal likelihood p(2) is untractable.

py|7) =

— Variational Inference methods :

Approximate the posterior density p(-|Z) by a variational density
qo, where 6 € T :

0* = arginfyc1D(qp, p(:|2)) ,
where D is a divergence.

— Particular case of density approximation.
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Our approach

Usually in Variational Inference : approximating family

{y—qoly) : 6T} .
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Our approach

Usually in Variational Inference : approximating family

{y—qoly) : 6T} .

Let us now consider a broader approximating family

{yH/TM(dH)qe(y) P pE 'Vl} ;

M : subset of M;(T), the set of probability measures on (T, 7).
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Our approach

Usually in Variational Inference : approximating family

{y—=aly) : 0T}
Let us now consider a broader approximating family
{y = /Tu(dQ)qe(y) S 'Vl} ;

M : subset of M;(T), the set of probability measures on (T, 7).

Question : Can we define an iterative scheme which diminishes a
given objective function at each step ?
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Our approach

Usually in Variational Inference : approximating family

{y—qoly) : 6T} .

Let us now consider a broader approximating family

{yH/Tﬂ(dH)qe(y) P pE 'Vl} ;

M : subset of My (T), the set of probability measures on (T, 7).

Question : Can we define an iterative scheme which diminishes a
given objective function at each step ?

— Yes : The f-El(¢) algorithm !

Kamélia Daudel (Télécom Paris) the f-El(¢) scheme



Outline

@ Optimisation problem
@ The f-Expectation lteration algorithm f-El(¢)
©® Application to density approximation

O Conclusion
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Outline

@ Optimisation problem

Kamélia Daudel (Télécom Paris)



Objective function : the f-divergence

® (Y,),v) : measured space, where v is a o-finite measure on
(Y, D)

e f: convex function over (0,00) that satisfies f(1) =0

® P, and Py : two probability measures on (Y,)) such that

Ple,PQjVWithplz%'p2:%

Definition 1 : f-divergence between P; and Py

/ (pl (y)) pa(y)v(dy)

Dy (Py||Py) = /

Y p2(y)
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Objective function :

the f-divergence

Definition 1 : f-divergence between P; and Py

Dy(@liEa) = | 1 (”1(”) pay)(dy)

p2(y)

— a flexible family of divergences

flw) Corresponding divergence
ulog(u) DicL (P1||P2) = [, log (2 pi(y)v(dy)
— log(u) D, i1 (P1||P2) = J, —log (223 pa(y)v(dy)
a0 | DY @IR) = i [ (208) pawviay) - 1]

Table 1: Special cases in the f-divergence family
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Optimisation problem

® (T,T) : measurable space
® p : measurable positive function on (Y, ))

* Q:(0,4)— [,q(0,y)r(dy) : Markov transition kernel on
T x Y with kernel density ¢

V€ My(T), Vy €Y, pugly) = [ 1(d0)q(8,y)

General optimisation problem

arginf,, ey U (1)

where for all p € My (T), \If(f)(u) = /Yf (%(yy))) p(y)v(dy).
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Optimisation problem

® (T,T) : measurable space
® p : measurable positive function on (Y, ))

* Q:(0,4)— [,q(0,y)r(dy) : Markov transition kernel on
T x Y with kernel density ¢

V€ My(T), Vy €Y, pugly) = [ 1(d0)q(8,y)

General optimisation problem

arginf,, ey U (1)

where for all p € My (T), \If(f)(u) = /Yf (%;y))) p(y)v(dy).

— The mapping i — ¥ (1) is convex .

Kamélia Daudel (Télécom Paris) the f-El(¢) scheme



Outline

@ The f-Expectation lteration algorithm f-El(¢)
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The f-Expectation lteration algorithm f-El(¢)

Let ¢ € R*, € M(T) such that W) (1) < co. We define the
sequence of probability measures (i, )nen iteratively by

fro= o

Hn+1 = I¢<,Ufn) ) neN.

Algorithm 1: Fzact f-EI(¢) transition

1. Expectation step : b,(0) = /q(97 ) f (uq(y)) v(dy)
—_— ¥

_ u(do) - [bu(0)1°

2. Iteration step : Z¢ dé
- ()(49) 1(1bu]?)
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When is the f-El(¢) algorithm well-defined ?

by(6) = /Y a0 () )ty

p(y)
. ¢
Z¢(u)(d9) _ N(di) ‘b‘/f)‘;:)()eﬂ
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When is the f-El(¢) algorithm well-defined ?

bul) = /Y (0.) (‘“f(fjg)wdy)

¢

(A1) For all (0,y) € T xY, q(0,y) >0, p(y) >0 and
fyp v(dy) < 0.

(A2) f:(0,00) — R is monotonous, strictly convex and
continuously differentiable, and f(1) = 0.
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When is the f-El(¢) algorithm well-defined ?

b(6) = /Y 0,9)" (‘“1()) ()

(:

(A1) For all (0,y) € T xY, q(0,y) >0, p(y) >0 and
fyp v(dy) < 0.

(A2) f:(0,00) — R is monotonous, strictly convex and
continuously differentiable, and f(1) = 0.

— Under (A1) and (A2), b, is well-defined and [b,| € (0, cc].

— The iteration p +— Z%(u) is well-defined if moreover we have

0 < plb,l?) < oo . (2)
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Monotonicity

Divergence considered Corresponding range
Reverse KL f(u) = —log(u) d) € (0,1]
a-divergence a € (—oo, —1] € (0,-1/q]
Jw) = w5 ~1) [a € LI\ {0} [ 0€ (0,1
€ (L) e (1/(1=a),0)

Table 2 : Allowed (f, ¢) in the f-El(¢) algorithm

Theorem 1

Assume that p and ¢ are as in (Al). Let (f, ¢) belong to any of
the cases in Table 2.

Then (A2) holds. Moreover, let ;n € Mi(T) be such that

W) (1) < 0o. Then the sequence (i, )nen defined by (1) is
well-defined and the sequence () (11,))nen is non-increasing .
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Limiting behavior

(A3) T is a compact metric space, 6 — ¢(6,y) is continuous for
ally e Y, v and b, are uniformly bounded w.r.t 1 and 6.

Theorem 2

Assume (A1), (A2) and (A3). Further assume that there exists
w, it € M1 (T) such that the (well-defined) sequence (tin)nen
defined by (1) weakly converges to i as n — oo. Then

@ /i is a fixed point of 72,

® V) (n) =infeen, () TYV(C),
for f non-increasing and ¢ > 0 or f non-decreasing and ¢ < 0.

M;,,(T) : set of probability measures dominated by p
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Limiting behavior

(A3) T is a compact metric space, 6 — ¢(6,y) is continuous for
ally e Y, v and b, are uniformly bounded w.r.t 1 and 6.

Theorem 2

Assume (A1), (A2) and (A3). Further assume that there exists
w, it € M1 (T) such that the (well-defined) sequence (tin)nen
defined by (1) weakly converges to i as n — oo. Then

@ /i is a fixed point of 72,
® V) (n) =infeen, () TYV(C),

for f non-increasing and ¢ > 0 or f non-decreasing and ¢ < 0.

M;,,(T) : set of probability measures dominated by p
— Compatible with Theorem 1 for (f, ¢)
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Approximate f-El(¢)

Algorithm 1 typically involves an intractable integral in the
Expectation step :

bu(0) = /YQ(97 y)f (%) v(dy) .

Kamélia Daudel (Télécom Paris) the f-El(¢) scheme



Approximate f-El(¢)

Algorithm 1 typically involves an intractable integral in the
Expectation step :

bu(0) = /YQ(97 y)f (%) v(dy) .

— Approximate f-El(¢)

Algorithm 2: Approzimate f-EI(¢p) transition

1. Sampling step : Draw independently Y1, ..., Yk ~ ug

2. Expectation step : b, x(0) = = Z:l #(;9(;5)) (%)

3. Iteration step : T (u)(d6) = W
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Total variation convergence

Let Y1, Y5, ... be i.i.d random variables with common density uq
w.r.t v, defined on the same probability space (€2, F,P).

Proposition 2

Assume (A1) and (A2). Let p € My(T), ¢ € R* be such that
(1) V ([, ]#) < o0 and

¢
foaoe (S5 1 (S < o
Then,
Kh—r>n<><> ‘I}@(u) - I‘Z’(,u)HTV =0, P-—as.
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Sketch of the proof (1)

® Triangular inequality :

|bu,K(9)|¢ _ “’/1./\'(9)‘0 + “’//.l\’(ﬁ)‘m _ ‘bu(e)rb

NG \bu(e)ldp'

N(|bu,K|d)) N(lbu‘d)) ;4(“7%;(“7’) //(V’/t ?) /’(“’;I‘O) N(|bu|¢)
1b,.,x (6)]° ‘1 B M(|bu,Kl¢)' 1,0, ()] — ‘|bu(9)‘¢|
= bk [?) #(1bul?) (6] ?)
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Sketch of the proof (1)

® Triangular inequality :

|bu,K(9)|¢ _ “’/1./\'(9)‘0 + “’//.l\’(ﬁ)‘m _ ‘bu(e)rb

NG \bu(e)ldp'

N(|bu,K|d)) N(lbu‘d)) ;4(“7%;(“7’) //(V’/t ?) /’(“’;I‘O) N(|bu|¢)
1b,.,x (6)]° ‘1 B M(|bu,Kl¢)' 1,0, ()] — ‘|bu(9)‘¢|
= bk [?) #(1bul?) (6] ?)

which implies :

[ [
|zt~ = ('u&;ﬁ@ - u(‘l\)fﬂw) D
B u(l%,xl‘@' (1B ]? = 1B,17D)

1(1b,|?) #(bul?)

<
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Sketch of the proof (1)

® Triangular inequality :

bk @ \buw)w’ 1Bk @ bk @F . bux@F  Bo)°
N(|bu,K|d)) N(lbu‘d)) N(‘bu,K‘d)) //(V’/t ?) /’(“’u‘”) N(|bu|¢)
|by, 1 ()] ‘1 B M(|bu,K\¢)' |1y, (8)|” — [b,.(6)]°
= bk [?) £([bul?) 1([bul?)

which implies :

¢ ¢
i -2, = (|l - el )

’1 _ M(|bu,K|¢)' )
1(1b,|?) #(bul?)

_ pllbux|?)
#(1bul?)

i ) — ¢ —
Lemma I(11—1>nooﬂ(|bM’K‘ ) =pn(|bu|?), P—as.

® First term of the r.h.s : ‘1
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Sketch of the proof (2)

® Second term of the r.h.s : w
p(bul?)

Generalized Dominated Convergence Theorem :
@ For all K € N* and for p-almost all # € T,
ak(0) < bi(0) < cx (),

and the limits lim ag(#), lim bg(f), lim cx(0) exist.
K—o0 K—o0 K—o0

(2] ® 4| lim ak|+p| lim ex| < oo
K—oo K—oo

° . _ 1 . _ 1
N(Klgnoo LLK) Klgnoo'u(aK) and #(KIE?IOOCK) Klg?loo'u(CK)

= p( lim by) = lim pu(bx)

|
K—o0
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Sketch of the proof (2)

‘ bK = Hbu K )|¢ - ‘bu(e)rb' ‘

a(llbu. s | —1bul?]) \b )
1([bu]?)

Generalized Dominated Convergence Theorem :
@ For all K € N* and for pu-almost all § € T,

arg(0) < bg(0) <cx(0),

and the limits lim ag(#), lim bg(f), lim cx(0) exist.
K—o0 K—o0 K—o0

® Second term of the r.h.s :

(2] ® 4 lim ag|+ p| lim cx| < oo
K—oo K—oo

° . _ 1 . _ 1
N(Klgnoo LLK) Klgnoo'u(aK) and #(KIE?IOOCK) Klg?loo'u(CK)

= ( lim bK) = Kh—{noo'u(bK)

K—o0
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Sketch of the proof (2)

‘ bK = Hbu K )|¢ - ‘bu(e)rb' ‘

a(llbu. s | —1bul?]) \b )
1([bu]?)

Generalized Dominated Convergence Theorem :
@ Forall K e N*, forall € T, ‘
0 < {bu.ic (0)]% = [b,u(O)]°] < [Byusc (0)]% + by (6)]°

and the limits lim ag(#), lim bg(f), lim cx(0) exist.
K—o0 K—o0 K—o0

® Second term of the r.h.s :

(2] ® 4 lim ag|+ p| lim cx| < oo
K—oo K—oo

° . _ 1 . _ 1
N(Klgnoo LLK) Klgnoo'u(aK) and #(KIE?IOOCK) Klg?loo'u(CK)

= ( lim bK) = Kh—{noo'u(bK)

K—o0

Kamélia Daudel (Télécom Paris) the f-El(¢) scheme



Sketch of the proof (2)

‘ bK = Hbu K )|¢ - ‘bu(e)rb' ‘

a(llbu. s | —1bul?]) \bu|¢\)
1([bu]?)

Generalized Dominated Convergence Theorem :

® Second term of the r.h.s :

® Forall K e N*, forall 0 €T,
< bk O ~ 1.0 < s OF + O«

ar (0) =and the limits Klim ak(6), Klim bk (9), Klim ck () exist. ek (9) |
® ° y lim ax|+pl lim cx| <oo

° . _ 1 . _ 1
N(Klgnoo CLK) Klgnoo'u(aK) and #(KIE?IOOCK) Klg?loo'u(CK)

(hm br) = hm w(bg)

K—o0
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Sketch of the proof (2)

‘ bK = Hbu K )|¢ - ‘bu(e)rb' ‘

a(llbu. s | —1bul?]) \bu|¢\)
1([bu]?)

Generalized Dominated Convergence Theorem :

® Second term of the r.h.s :

® Forall K e N*, forall 0 €T,
< bk O ~ 1.0 < s OF + O«

ar (0) =and the limits Klim ak(6), Klim bk (9), Klim ck () exist. ek (9) |
o

Jm s l? 4 10u1%] = [ Jim (1sl® + 101#)] < oc

(since pu(]b,|?) < 0o and Klim w(lbu ik |®) = p(lbul?), P—as.)

(hm br) = hm w(bg)

K—o0
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Sketch of the proof (2) ) )
b (0) = b,k (0)]2 — 164(0)1°] |

® Second term of the r.h.s : wlllby.rc1—1by 1) 4—/

1(1bul?)
Generalized Dominated Convergence Theorem :
O Forall K e N, forall§ e T,
0 < 1By, 1 (0)]% — [0, (0) 7] < [byu,c ()12 + b (0

ax (6 o . . .
(0) ~7and the limits Klgr(l)o ak(6), Klgr(l)o b (6), Klgnoo ck () exist.

W
ek (0) |

N A\ J

Oty (1l + 10,17 = [ Jim_(1xl? + 1)) < o0

(since pu(]b,|?) < 0o and Klim w(lbu ik |®) = p(lbul?), P—as.)
—00

Aim (Il = 19,0]) = p(lim 1Bkl = b)) =0, P—as
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Outline

©® Application to density approximation

Kamélia Daudel (Télécom Paris) ) scheme



f-El(¢) applied to density approximation

Let p be a probability density function on (Y,))) and assume that
we only have access to an unnormalized version p* of the density
P, that is for all y € Y,

py) =29 (4)

where Z := [{, p*(y)v(dy) is called the normalizing constant or
partition function.

— Posterior density approximation : p = p(-|2), p* = p(Z, ) and
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Reformulation of the optimisation problem

e P : probability measure on (Y,)) with density j with respect
to v

e for all p € M;(T), u@ : probability measure on (Y,)) with
density pg with respect to v

Assume (Al). Then, for both the reverse Kullback-Leibler and the
a-divergence, optimising the objective

Dy (uQ||P)

(with respect to u) is equivalent to optimising the objective

) (3 p) with p = p*.
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Particular case of the a-divergence

= avbound s g €00 = | [ (S prpuia|
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Particular case of the a-divergence

= avbound s g €00 = | [ (S prpuia|
Then,

W) p) =

1

- (a) —a . %
pep—y (€)== 2) with p=p".
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Particular case of the a-divergence

= avbound s g €00 = | [ (S prpuia|
Then,

W) p) =

_
ala—1)

lenmad

Assume (Al). Let € M;(T). Then, for all ay € (0,1) U (1, +00)
and all a— < 0, we have

(€ (ng)'= = 2) with p=p".

£ (ug) < Z < €97 (uq) . (5)

— We can observe the convergence / monotonicity and obtain a
bound on the normalising constant Z.
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o is a weighted sum of Dirac measures

S = {A: (Moo As) €RY V5 € {1, T}, Ay > 0and Y7 :1}.

Kamélia Daudel (Télécom Paris) the f-El(¢) scheme



o is a weighted sum of Dirac measures
Sy = {A = (Ao A) ERY 2 Vi€ {1, ), Ay 2 0and YL A = 1}.

Let 04,...,07 € T be fixed and denote

U = Zj:l /\jdgj with A e S;.
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o is a weighted sum of Dirac measures
Sy = {A = (Ao A) ERY 2 Vi€ {1, ), Ay 2 0and YL A = 1}.

Let 04,...,07 € T be fixed and denote

U = Z}'le /\jdgj with A e S;.

Then, pp, =Z%0---0 I‘i’(u)\) is of the form pu, = ijl Ajn0e;

n times

with

o= A
b x(6;)]% .
)\j,n+1=)\j,n%, neN, je{l,...,J}
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Mixing the two

Algorithm 3: Mixture a-Approximate f-EI(¢)

Input: p*: unnormalized version of the density p, Q: Markov transition kernel, K:
number of samples, ©; = {61,...,0;} C T: parameter set.
Output: Optimised weights A.

Set A = [%, e %]
while the a-bound has not converged do

Sampling step : Draw independently K samples Y1, ..., Yi from pxgq.

Expectation step : Compute Ax = (a;)1<j<s where
K
1 —2 o« -
a4 = 5 D a0, Yi)paa(Ye)* 2p" (Vi)' ™
k=1
and deduce By = ()\jaf)lgjgj, bx = ijzl )\jaj’ and ¢y = Z;Zl Ajaj.
Iteration step : Set

gg)(’uxq) « C;\/(1—&)

A+ biB)\
end A
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Mixing the two

Algorithm 3: Mixture a-Approximate f-EI(¢)

Input: p*: unnormalized version of the density p, Q: Markov transition kernel, K:
number of samples, ©; = {61,...,0;} C T: parameter set.
Output: Optimised weights A.

Set A = [%, - %]
while the a-bound has not converged do

=P Sampling step : Draw independently K samples Yi,..., Y from pxgq.

—p Expectation step : Compute Ax = (a;)1<j<s where
K
1 a—2 —a
a4 = 35 > " a(6;, Yi)uaq(Ye) ™ *p" (Vi)'
k=1
and deduce By = ()\jaf)lgjgj, bx = Z].le )\jaj’ and ¢y = Z;Zl Aja;.
—pp [teration step : Set

gg)(’uxq) « C;\/(1—&)

A+ iB)\
ba

end
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Mixing the two

Algorithm 3: Mixture a-Approximate f-EI(¢)

Input: p*: unnormalized version of the density p, Q: Markov transition kernel, K:
number of samples, ©; = {61,...,0;} C T: parameter set.
Output: Optimised weights A.

Set A = [%, - %]
while the a-bound has not converged do

=P Sampling step : Draw independently K samples Yi,..., Y from pxgq.

—p Expectation step : Compute Ax = (a;)1<j<s where
K
1 a—2_x —a
a4 = 35 > 405, Y uaq(Ye)*2p" (V)
k=1
and dedyfe Bx = (\;al)1<j<s, ba = >7_; Ajaf and ex = 37, Ajay.

Tteration step : Set

—
gg)(’uxq) « C;\/(1—&)

A+ iB)\
ba

end

[Most of the computing effort j
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One interesting remark

® Most of the computing effort : compute (b, x(6;))i1<j<s (or
equivalently Ay = (a;)1<j<J).
® The score gradient of the function

~ (@)~ . 1 q(y) “ ()
ir €900 = [ oot (2 prtan.

is linked to the quantities approximated in our algorithm

VALY (1xq) = (buy (07)1<j< -

— similar to computations required in gradient-based methods
involving the a-divergence or Renyi's a-divergence.
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Numerical experiments : impact of ¢

p*(y) = Z x [mN(y;—s,1) + 72N (y;s,1)] , where 1 =0.8 72 =0.2, s=2and Z =2

alpha = -2 alpha = -2
080 — 25 - — $=005
— ¢=01
075 - 24l — ¢=05
070 - -] ¥
é 23-
< 065 - r
S22-
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055 - . 2
oso7 . i i E= i 2007 . . . . .
[} 10 2 £ £ £ ] 10 0 30 E 50
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Towards an adaptive algorithm

e Algorithm 3 leaves {61, ...,0;} unchanged (Exploitation Step)
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Towards an adaptive algorithm

e Algorithm 3 leaves {61, ...,0;} unchanged (Exploitation Step)

— Combine it with an Exploration step that modifies the
parameter set !

Example : resampling + stochastic perturbation
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Numerical experiments : impact of d and J
p*(y) = Z x [0.5N (y; —sug, Ig) + 0.5N (y; sug, Iq)] with s =2 and Z = 2
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Outline

O Conclusion
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Conclusion

f-El(¢) algorithm : novel iterative scheme that
® performs an update of measures

@ Sufficient conditions on (f, ¢) leading to a systematic
@® Convergence to an
(3) version of the algorithm

Kamélia Daudel (Télécom Paris) the f-El(¢) scheme



Conclusion

f-El(¢) algorithm : novel iterative scheme that
® performs an update of measures

@ Sufficient conditions on (f, ¢) leading to a systematic decrease
@® Convergence to an optimum
© Approximate version of the algorithm

® can be applied to density approximation
@ o-bound: bound on Z, which also measures the convergence
@ the computations involved in the Mixture a-Approximate
f-El(¢) algorithm mostly rely on gradient-based calculations
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Perspectives

® ¢ constant in the f-El(¢) algorithm = decaying learning rate

Convergence rate of the f-El(¢) algorithm

Large scale learning
® Try other types of Exploration steps

® Variance reduction schemes in the approximation of b,
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