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Introduction

® We consider a model with joint distribution pg(x, z) parameterized by 0,
where z is an observation and z is a latent variable valued in R¢
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Introduction

® We consider a model with joint distribution pg(x, z) parameterized by 0,
where z is an observation and z is a latent variable valued in R¢

® Posterior density of the latent variable z given the observation x

_ pelw,2)
po(zlz) = [ po(z, z)dz
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Introduction

® We consider a model with joint distribution pg(x, z) parameterized by 0,
where z is an observation and z is a latent variable valued in R¢

® Posterior density of the latent variable z given the observation x

_ pelw,2)
po(zlz) = [ po(z, z)dz

® What we would like : compute / sample from the posterior density
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Introduction

® We consider a model with joint distribution pg(x, z) parameterized by 0,
where z is an observation and z is a latent variable valued in R¢

® Posterior density of the latent variable z given the observation x

_ pelw,2)
po(zlz) = [ po(z, z)dz

® What we would like : compute / sample from the posterior density

e Key example : maximize the marginal log likelihood w.r.t. ¢

(8: ) = logpo(x) = log ( / m(x,z)dz)
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Introduction
® We consider a model with joint distribution pg(x, z) parameterized by 0,
where z is an observation and z is a latent variable valued in R?

® Posterior density of the latent variable z given the observation x

_ pelw,2)
po(zlz) = [ po(z, z)dz

® What we would like : compute / sample from the posterior density

e Key example : maximize the marginal log likelihood w.r.t. ¢
£(0;x) :=logpg(x) = log (/pg(x,z)dz)

Vo([ po(z, z)dz) _ J Vo(po(z,2))dz _ [ po(x, 2)Vo(logpe(z, 2))dz

fpg(x, z)dz fpg(@z)dz fpg(m,z)dz
— [ molele)Vallog (e, )

Vol(0:z) =
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Introduction
® We consider a model with joint distribution pg(x, z) parameterized by 0,
where z is an observation and z is a latent variable valued in R?

® Posterior density of the latent variable z given the observation x

_ pelw,2)
po(zlz) = [ po(z, z)dz

® What we would like : compute / sample from the posterior density

e Key example : maximize the marginal log likelihood w.r.t. ¢
£(0;x) :=logpg(x) = log (/pg(x,z)dz)

Vo([ po(z, z)dz) _ J Vo(po(z,2))dz _ [ po(x, 2)Vo(logpe(z, 2))dz

fpg(x, z)dz fpg(@z)dz fpg(m,z)dz
— [ molele)Vallog (e, )

® Problem : for many important models, we can only evaluate py(z|z) up
to the marginal likelihood [ pg(z, z)dz

Vol(0:z) =
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Variational bounds

® Variational bounds are surrogate objective functions to the marginal log
likelihood that are more amenable to optimization.
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® Variational bounds are surrogate objective functions to the marginal log
likelihood that are more amenable to optimization.

® They involve a variational family of probability densities Q
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Variational bounds

® Variational bounds are surrogate objective functions to the marginal log
likelihood that are more amenable to optimization.

® They involve a variational family of probability densities Q

eg Q= {2 qy(z|z) : p R}
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Variational bounds

® Variational bounds are surrogate objective functions to the marginal log
likelihood that are more amenable to optimization.
® They involve a variational family of probability densities Q
eg Q= {2 qy(z|z) : p R}

e Example : Evidence Lower BOund (ELBO)

ELBO(0, ¢;z) = /q¢(z|w) log (wg 4(2z;x))dz  where wy 4(z;2) = Z(Z(é";))
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Variational bounds
® Variational bounds are surrogate objective functions to the marginal log
likelihood that are more amenable to optimization.
® They involve a variational family of probability densities Q
eg Q= {2 qy(z|z) : p R}
e Example : Evidence Lower BOund (ELBO)

po(x, 2)

ELBO(0, ¢;z) = /q¢(z|w) log (wg 4(2z;x))dz  where wy 4(z;2) = o)

ELBO(0, ¢; ) = (05 ) — D55 (gy(-|)||pe(-|x)) where

D(KL)(q¢(.|x)||pg(~\:c)) = /Yq¢(z|x) log (Zﬁgjg) dz  (Exclusive KL)

so that ELBO(6, ¢; ) < £(0; x)
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Variational bounds
® Variational bounds are surrogate objective functions to the marginal log
likelihood that are more amenable to optimization.
® They involve a variational family of probability densities Q
eg Q= {2 qy(z|z) : p R}
e Example : Evidence Lower BOund (ELBO)

po(w, 2)

ELBO(0, ¢; ) = /q¢(z|w) log (wy ¢(2z;x)) dz  where wy 4(z;2) = PREE)

ELBO(, ¢3x) = €(0;) — DY) (qy (- |2)||ps (-|r)) where

D(KL)(q¢(~|$)||p (|x)) = /Yq¢(2|m) log <Z¢Ej‘|g) dz  (Exclusive KL)

so that ELBO(V, ¢; ) < £(0; x)

¢ “Traditional Variational Inference” : 6 is constant, the goal is
to minimize the exclusive KL divergence < maximizing the ELBO

Optimisation w.r.t. (¢, ®): framework
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Training with the ELBO

@ Unbiased Monte Carlo (MC) estimator of the ELBO
ELBO(9, ¢; z) = /q¢(z|x) log (we,4(2; x)) dz

N
1 .
R E log (wo.¢(zi32)), zi~qp(-lz), i=1...N
i=1
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Training with the ELBO
@ Unbiased Monte Carlo (MC) estimator of the ELBO
ELBO(9, ¢; z) = /q¢(z|x) log (we,4(2; x)) dz
LN
N ZZ:;log (wo,p(zi32)), 2z ~qp(lz), i=1...N

@® Reparameterization trick z = f(e, ;) ~ gg(-|x) where € ~ ¢
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Training with the ELBO

@ Unbiased Monte Carlo (MC) estimator of the ELBO
ELBO(9, ¢; z) = /q¢(z|x) log (we,4(2; x)) dz
LN
N Zlog (wo,p(zi32)), 2z ~qp(lz), i=1...N
i=1

@® Reparameterization trick z = f(e, ;) ~ gg(-|x) where € ~ ¢
© Reparameterized gradient of the ELBO:

Vo 4ELBO(¢; z) = /q(e)V9,¢ (logwa g (f(e, ¢;w);)) de
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Training with the ELBO

@ Unbiased Monte Carlo (MC) estimator of the ELBO
ELBO(9, ¢; z) = /q¢(z|x) log (we,4(2; x)) dz
LN
N Zlog (wo,p(zi32)), 2z ~qp(lz), i=1...N
i=1

@® Reparameterization trick z = f(e, ;) ~ gg(-|x) where € ~ ¢
© Reparameterized gradient of the ELBO:

Vo sELBO (61 2) = / 4(6) V.0 (log g s(f (e, 6 2); 2)) de

@ Unbiased SGD w.r.t. (0, ¢)

N

1 .
Vo, oELBO(¢; ) ~ + > Voo (logwog(f(ei ¢ia)iz)), ei~g i=1...N
i=1
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Question

ELBO(0, ¢;x) = €(6; x) — DY) (g (-|2)[|po(-|2))
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Question

ELBO(0, ¢; ) = £(6; z) — D) (g4 (-|2)||pa(-|z))
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Question

ELBO(0, ¢; ) = £(6; z) — D) (g4 (-|2)||pa(-|z))

Question Can we change the regularization term?
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@® The VR bound
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The Variational Rényi (VR) bound

Variational Rényi (VR) bound (Li and Turner, NeurlPS 2016): for all @ > 0 and # 1

1

—

VR(Q)(&Q{); x) = T log (/ q¢(z|m)w97¢(z;m)1*adz) , 1U9.¢(Z;m) _ po(z, x)

40(2[2)
= 0(0;2) = D' (go(-|2)lIpo(-|x))
where D@ (gy(-|x)||po(-|2)) is Rényi’s a-divergence: for all @ >0 and # 1

D@ (go(-|2) [P (-|2)) = = 1 T log </Q¢(z|x) (%(zlx)) - dz)

po(z|z)
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The Variational Rényi (VR) bound

Variational Rényi (VR) bound (Li and Turner, NeurlPS 2016): for all @ > 0 and # 1

1

—

VR(Q)(&Q{); x) = T log (/ q¢(z|m)w97¢(z;m)1*adz) , 1U9.¢(Z;m) _ po(z, x)

40(2[2)
= 0(0;2) = D' (go(-|2)lIpo(-|x))
where D@ (gy(-|x)||po(-|2)) is Rényi’s a-divergence: for all @ >0 and # 1

D@ (go(-|2) [P (-|2)) = = 1 T log </Q¢(z|x) (%(zlx)) - dz)

po(z|z)

® We have that lima—1 D (gs(-[2)[|ps(-x)) = DU (g4 (1) [Ipo(-[))
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The Variational Rényi (VR) bound

Variational Rényi (VR) bound (Li and Turner, NeurlPS 2016): for all @ > 0 and # 1

R(® 0, ¢;2) := ia log (/ q¢(z|m)w97¢(z;m)17°‘dz) . weg(zx) = Zj)((j‘i))
= £(6;2) — D) (gy(-[)|Ipo(-|))

where D@ (gy(-|x)||po(-|2)) is Rényi’s a-divergence: for all @ >0 and # 1

s f ot (55) )

® We have that lima—1 D (gs(-[2)[|ps(-x)) = DU (g4 (1) [Ipo(-[))

D (gy(-|a)|lpo(-|z)) =

o\ a—1
Proof Set f(a) = [ge(z|z) (Zﬁgjji) dz
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The Variational Rényi (VR) bound

Variational Rényi (VR) bound (Li and Turner, NeurlPS 2016): for all @ > 0 and # 1

R(® 0, ¢;2) := ia log (/ q¢(z|m)w97¢(z;m)17°‘dz) . weg(zx) = Zj)((j‘i))
= £(6;2) — D) (gy(-[)|Ipo(-|))

where D@ (gy(-|x)||po(-|2)) is Rényi’s a-divergence: for all @ >0 and # 1

D (g (fo)Ipo () = — log ( Jastelo) (222)" dz)

® We have that lima—1 D (gs(-[2)[|ps(-x)) = DU (g4 (1) [Ipo(-[))

a-1
Proof = Set f(a) = [ qy(z|x) (%(z\ )) dz

a—1
Then, f(1) =1and f'(a) = [ gg(z|z)log <q¢g } ;) (ZﬁuID dz
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The Variational Rényi (VR) bound

Variational Rényi (VR) bound (Li and Turner, NeurlPS 2016): for all @ > 0 and # 1

R(® 0, ¢;2) := ia log (/ q¢(z|m)w97¢(z;m)17°‘dz) . weg(zx) = Zj)((j‘i))
= £(6;2) — D) (gy(-[)|Ipo(-|))

where D@ (gy(-|x)||po(-|2)) is Rényi’s a-divergence: for all @ >0 and # 1

D (g (fo)Ipo () = — log ( Jastelo) (222)" dz)

* We have that limq—1 D) (gs(-|2)||pa( \x)) DB (g4 (-|2)Ipa(-|))
z)

Proof = Set f(a) = [ qy(z|x) (%(j )) dz

a—1
Then, f(1) =1and f'(a) = [ gg(z|z)log <q¢g B) (quu:r;) dz

log f(a) —log f(1) _ f'(1)

T amt w2 el

lim D (gy(-|o)llpo (1)) = lim
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The Variational Rényi (VR) bound

Variational Rényi (VR) bound (Li and Turner, NeurlPS 2016): for all @ > 0 and # 1

1
VR(O‘)(G7 Py x) = 1

-«

= U(6;2) = D' (go(-|) Ipo(-|x))

ooty ). ot B2

where D@ (gy(-|x)||po(-|2)) is Rényi’s a-divergence: for all « >0 and # 1

a—1
D gy -|2)lIpy(2)) = < log ( [ astela (ZZE:Q) dz)

* We have that limq—1 D (g4 (-|2)|lps(-2)) = DU (gy(-[)lpo(-|))

* VR(0,¢;2) < €(0;x), VR0, ¢; ) = £(6; )
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The Variational Rényi (VR) bound

Variational Rényi (VR) bound (Li and Turner, NeurlPS 2016): for all @ > 0 and # 1

1
VR(O‘)(G7 Py x) = 1

-«

= U(6;2) = D' (go(-|) Ipo(-|x))

ooty ). ot B2

where D@ (gy(-|x)||po(-|2)) is Rényi’s a-divergence: for all « >0 and # 1

a—1
D gy -|2)lIpy(2)) = < log ( [ astela (ZZE:Q) dz)

* We have that limq—1 D (g4 (-|2)|lps(-2)) = DU (gy(-[)lpo(-|))

* VRIV(0,¢12) < £(0;2), VRO, ¢;2) = £(6;2)
— The VR bound generalizes the ELBO, interpolates between £(6; ) and the ELBO
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Impact of «

VR0, g5 2) = £(0;2) — D' (gy(-|z)|Ipa(-|7))
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Impact of «

VR0, g5 2) = £(0;2) — D' (gy(-|z)|Ipa(-|7))

® Question How does the regularization term behave?
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Impact of «

VR0, g5 2) = £(0;2) — D' (gy(-|z)|Ipa(-|7))

® Question How does the regularization term behave?

¢ Example : D®(q||p) with p(z) = N (2;[0,0], [[3, 2], [-2, 3]]) and
Q= {q: 2 N(z21;1,0%) N(22; p2,03) : pa, pia € R, 01,09 > 0}

10 ]
0.5
0.0
—true
— a=1(MFVI)
057 — a=075
— a=05
_1.04 — a=025
20 -15 -1.0 -05 00 05 1.0 15 20

Adapted from (Li and Turner, NeurlPS 2016)
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Training with the VR bound (Li and Turner, NeurlPS 2016)

® MC estimator of the VR bound

R 0, ¢;2) = log (/ q¢(z|x)w97¢(z;x)17°‘dz>

~ 10g< wazz, a>, zi~q(lz), i=1...N
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Training with the VR bound (Li and Turner, NeurlPS 2016)

® MC estimator of the VR bound

log ( / q¢(z|x)w0,¢(z;x)1*adz)

VR)(0, ¢; )

:1—04

1
11—«

N
1 _ .
~ log <N >~ wp (2 )" “) , zi~qe(lz), i=1...N

i=1

@® Reparameterization trick z = f(e, ;) ~ gg(-|x) where € ~ ¢
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Training with the VR bound (Li and Turner, NeurlPS 2016)

® MC estimator of the VR bound

@) 0, ¢;2) = log (/ q¢(z|x)w97¢(z;x)17°‘dz>

~ 10g< wazz, a>, zi~q(lz), i=1...N

@® Reparameterization trick z = f(e, ;) ~ gg(-|x) where € ~ ¢

© Reparameterized gradient of the VR bound :
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Training with the VR bound (Li and Turner, NeurlPS 2016)

® MC estimator of the VR bound

R0, gr2) = —— log ( / q¢<z|x>we,¢<z;x>“adz)

~ 10g< wazz, a>, zi~q(lz), i=1...N

@® Reparameterization trick z = f(e, ;) ~ gg(-|x) where € ~ ¢

© Reparameterized gradient of the VR bound :

o ([ ateruns(se. o)) e )|

1 [q(e)Ve [wee(fle d;2);2) ] de

Cl-a  [q@wee(f(e, ¢ix);z)-ode

_ Ja(e)wou(fle, ¢17);2) "V [woo(f(e, ¢37); x)] de
Ja(©)wes(f(e, ¢52);2) ~de

~ Ja(e)wep(zx)' Vs (logwys(f(e, ¢;2);2)) de

N J a(e)wy 4(z; ) —2de

1
Voo VR(0, ¢:2) = Vg, [1
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Training with the VR bound (Li and Turner, NeurlPS 2016)

® MC estimator of the VR bound

R0, gr2) = —— log ( / q¢<z|x>we,¢<z;x>“adz)

~ 10g< wazz, a>, zi~q(lz), i=1...N

@® Reparameterization trick z = f(e, ;) ~ gg(-|x) where € ~ ¢

© Reparameterized gradient of the VR bound :

o ([ ateruns(se. o)) e )|

1 [q(e)Ve [wee(fle d;2);2) ] de

C1-a [a(e)wee(f(e dra)ix)imode

_ Ja(e)wou(fle, ¢17);2) "V [woo(f(e, ¢37); x)] de
Ja(e)woo(f(e, g3 2);2)!~de

_ Jale)we sz m)l_aVM(lngo (f(e, ¢3x); 7)) de

1-aq
® SGD wert. (6,9) Ja(e)wo o(z7)1-de

1
Voo VR(0, ¢:2) = Vg, [1

Vo, VRO(0, ¢; ) g: oo ) 2
0,0 ,P3T) =
i=1 Zé\;l wp,¢(2j; )~

Vo, (logwe ¢ (f(ei, d;2);2)), ei~qi=1...N
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Some important comments

R (0, ¢;2) =

1 —Q
T log </ 4p(2|x)we (2 2)" dz)
~ log< ng¢ 2T a>7 zi~qg(-lz), i=1...N

J a(e)wo (2 I)l_avm(logwe s(f(e,¢;2);w)) de
J a(e)wg p(z;2) —de

Vo, VR(0, g5 2) =

N -«
wy (255 x .
23 B G ogun(fendiaya)), si~a i=1..N
i—1 Zj:l wg,¢(2j; )
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Some important comments

1 -
R(©)(0, ¢; ) = - log </ 4p(2|x)we (2 2)" dz)
~ log< ng¢ 2T a>7 zi~qg(-lz), i=1...N

J a(e)wo (2 I)l_avm(logwe s(f(e,¢;2);w)) de
J a(e)wg p(z;2) —de

Vo, VR(0, g5 2) =

N -«
wy (255 x .
23 B G ogun(fendiaya)), si~a i=1..N
i—1 Zj:l wg,¢(2j; )

— Sanity check : Vy ¢VR )(8, ¢; z) = Vg 4ELBO(0, ¢; x)
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Some important comments

1 —Q
T log </ 4p(2|x)we (2 2)" dz)
~ log< ng¢ 2T a>7 zi~qg(-lz), i=1...N

J a(e)wo (2 I)l_avm(logwe s(f(e,¢;2);w)) de
J a(e)wg p(z;2) —de

R (0, ¢;2) =

Vo, VR(0, g5 2) =

N -«
wy (255 x .
23 B G ogun(fendiaya)), si~a i=1..N
i—1 Zj:l wg,¢(2j; )

— Sanity check : Vy ¢VR (8, ¢; ) = V,,ELBO(0, ¢; x)

— Training with o < 1 lead to positive empirical results
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Some important comments

1 —Q
T log </ 4p(2|x)we (2 2)" dz)
~ log< ng¢ 2T a>7 zi~qg(-lz), i=1...N

J a(e)wo (2 I)l_avm(logwe s(f(e,¢;2);w)) de
J a(e)wg p(z;2) —de

R (0, ¢;2) =

Vo, VR(0, g5 2) =

N -«
wy (255 x .
23 B G ogun(fendiaya)), si~a i=1..N
i—1 Zj:l wg,¢(2j; )

— Sanity check : Vy ¢VR (8, ¢; ) = V,,ELBO(0, ¢; x)

— Training with o < 1 lead to positive empirical results

— However,
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Some important comments

R (0, ¢;2) =

1 —Q
T log </ 4p(2|x)we (2 2)" dz)
~ log< ng¢ 2T a>7 zi~qg(-lz), i=1...N

J a(e)wo (2 I)l_avm(logwe s(f(e,¢;2);w)) de
J a(e)wg p(z;2) —de

Vo, VR(0, g5 2) =

N -«
wy (255 x .
23 B G ogun(fendiaya)), si~a i=1..N
i—1 Zj:l wg,¢(2j; )

— Sanity check : Vy ¢VR )(8, ¢; z) = Vg 4ELBO(0, ¢; x)

— Training with o < 1 lead to positive empirical results
— However,

@® The VR bound can only be estimated using biased MC estimators
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Some important comments

R()(0, ¢; x)

1 —Q
T log </ 4p(2|x)we (2 2)" dz)
log< ng¢ 2T a>7 zi~qg(-lz), i=1...N

J a(e)wo (2 I)l_avm(logwe s(f(e,¢;2);w)) de
J a(e)wg p(z;2) —de

ZZ

Vo, VR(0, g5 2) =

N -«
wy.o(zi; T .
~ E ~ #(%;2) N Vo,p logweo(f(es, ¢;x);2)), ei~q, i=1...N
R L. —Q
i=1 21:1“}9,45(3]:55)

— Sanity check : Vy ¢VR (8, ¢; ) = V,,ELBO(0, ¢; x)
— Training with o < 1 lead to positive empirical results
— However,
@® The VR bound can only be estimated using biased MC estimators

® No theoretical justification as SGD with the VR bound resorts to biased
estimators on top of the reparameterization trick (unless o = 1)
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Problem 1

® Li and Turner (Theorem 2, NeurlPS 2016) looked into the properties of
the biased approximation of the VR bound

(a)(e, ¢;x) 1 ia log (/ gs(z|x) wg7¢(z;z)1_°‘ dz)

Q

N
T log, Zw97¢ zj;x)lfo‘ . zj~ap(zle), j=1...N
]:1
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Problem 1

® Li and Turner (Theorem 2, NeurlPS 2016) looked into the properties of
the biased approximation of the VR bound

@)(0, ¢; ) 1 ia log (/ 4p(2|2) we p(z; )1 dz)

22

log Zw9¢ zj,x) . zj~ap(zle), j=1...N

® More precisely, they investigated the expectation of the biased MC
approximation, i.e.

N N
. 1 1 .
€5V)(6’,¢;x) = m//nqd)(ziu)log Nng,(ﬁ(zj;z)l dzi.n
i=1 j=1
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Problem 1

® Li and Turner (Theorem 2, NeurlPS 2016) looked into the properties of
the biased approximation of the VR bound

@)(0, ¢; ) 1 ia log (/ 4p(2|2) we p(z; )1 dz)

22

log Zw9¢ zj,x) . zj~ap(zle), j=1...N

® More precisely, they investigated the expectation of the biased MC
approximation, i.e.

N N
. 1 1 .
€5V)(6’,¢;x) = m//nqd)(ziu)log Nng,(ﬁ(zj;z)l dzi.n
i=1 j=1

@ Foralla<1andall N e N*

ELBO(9, ¢; ) < £¢)(0, ¢;.2) < €431 ,(8, ¢;2) < VR@(0, 5 )
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Problem 1

® Li and Turner (Theorem 2, NeurlPS 2016) looked into the properties of
the biased approximation of the VR bound

@0, ¢; ) = 1 ia log (/ 4p(2|2) we p(z; )1 dz)

22

log Zw9¢ zj,x) . zj~ap(zle), j=1...N

® More precisely, they investigated the expectation of the biased MC
approximation, i.e.

N N
. 1 1 .
€5V)(6’,¢;x) = m//nqd)(ziu)log Nng,(ﬁ(zj;z)l dzi.n
i=1 j=1

@ Foralla<1andall N e N*
ELBO(9, ¢; ) < £¢)(0, ¢;.2) < €431 ,(8, ¢;2) < VR@(0, 5 )

® (96, ¢;2) — VR®) (0, ¢;2) as N — o0
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At this stage

® VR bound : interesting generalization of the ELBO

1
T log (/ q¢(z|x)w07¢(z;x)l_adz)
log( Zw9¢ Zi; T O‘>, zi~qp(clx), i=1...N

J a(e)we s(z;2) =V 4 (log wy o (f (e, ¢; 2); 2)) de
S a(e)wg o(z; x) 1 —de

(0, ¢; )

22

Vo6 VR (0, ¢ 2) =

we oz o) _
~ Z — Vo (logwoe(f(ei, gr2);2)), ei~vg i=1...
] 1w6 ¢(Z],£L') @
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At this stage

® VR bound : interesting generalization of the ELBO

1 —Q
(O‘)(O, Py x) = . log (/ q¢(z|x)w07¢(z;x)l dz)
log( Zw9¢ Zi; T O‘>, zi~qp(clx), i=1...N

J a(e)we s(z;2) =V 4 (log wy o (f (e, ¢; 2); 2)) de
S a(e)wg o(z; x) 1 —de

22

Vo6 VR (0, ¢ 2) =

we oz o) _
~ Z — Vo (logwoe(f(ei, gr2);2)), ei~vg i=1...
] 1w6 ¢(Z],£L') @

® Two problems :
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At this stage

® VR bound : interesting generalization of the ELBO

1 —Q
(O‘)(O, Py x) = . log (/ q¢(z|x)w07¢(z;x)l dz)
log( Zw9¢ Zi; T O‘>, zi~qp(clx), i=1...N

J a(e)we s(z;2) =V 4 (log wy o (f (e, ¢; 2); 2)) de
S a(e)wg o(z; x) 1 —de

22

Vo6 VR (0, ¢ 2) =

we o(zizm) ™ .
~ Z — Vi (logwgo(f(ei, ¢32);2)), ei~vg i=1....
] 1w6 ¢(Z],£L') @

® Two problems :
@ The MC estimation of the VR bound is biased
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At this stage

® VR bound : interesting generalization of the ELBO

1 —a
(O‘)(O, Py x) = . log (/ q¢(z|x)w07¢(z;x)l dz)
1_ 10g< ZU)0¢Z“ a>7 ZZNQ¢(":E)5 1=1...N

@ g o JaE)wyg(z2) V4 (logwe ¢ (f(e, ¢32);x)) de
Vo, VR (0, ¢; 7) = [ a(e)wp p(z; z)1~*de

Q

wp ¢ (23 2) ™ ‘
~Z 00Ci) g, (logune(fleidio)ia), si~a, i=1..
] 1w6¢(2’]v x)

® Two problems :

@ The MC estimation of the VR bound is biased

@® The SGD with the VR bound uses biased estimators
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At this stage

® VR bound : interesting generalization of the ELBO

1 —a
(O‘)(O, Py x) = . log (/ q¢(z|x)w07¢(z;x)l dz)
1_ lOg( ZU)0¢Z“ a>7 ZZNQ¢(":E)5 1=1...N

@ g o JaE)wyg(z2) V4 (logwe ¢ (f(e, ¢32);x)) de
Vo, VR (0, ¢; 7) = [ a(e)wp p(z; z)1~*de

Q

wp p(zi;2) ™ ‘
~Z 0ot ° g, (oguelf(endiaka)), e~ i=1..
] 1w6¢(’z]7)

® Two problems :

@ The MC estimation of the VR bound is biased

— Some control of the approximation error via

N
1
(zi|z) log (N ng?d)(zj;x)l”) dz1.v
j=1

@® The SGD with the VR bound uses biased estimators

Kamélia Daudel (University of Oxford)

00, ¢:2)
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An idea

N N
1 1 _
55\‘[")(0, oy x) == m//H%(zZM) log NZw&(ﬁ(zﬁx)l o | dzpy
i=1 j=1
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An idea

N N
1 1 _
55\‘[")(0, oy x) == m//nq¢(zi|x) log NZw(;’(ﬁ(zj;x)l o | dzpy
i=1 j=1

a

Could this expectation be seen as a variational bound?
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An idea

N N
1 1 _
fg\‘[")(ﬁ, oy x) == m//H%(zZM) log Nngﬁﬁ(zﬁm)l o | dzpy
i=1 j=1

< Could this expectation be seen as a variational bound?
Daudel, Benton, Shi and Doucet (2022). Alpha-divergence Variational Inference Meets
Importance Weighted Auto-Encoders: Methodology and Asymptotics.

Variational bounds in Variational Inference: how to choose them?
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Outline

© The VR-IWAE bound
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The VR-IWAE bound

Forall « € [0,1) and all N € N*

N N
o 1 1 .
Z§V)(0,¢; x) = T a //Hq¢(zl|z) log N ng,d)(zj;m)l dzi.n
i=1 j=1
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The VR-IWAE bound

Forall « € [0,1) and all N € N*
. 1 . N N
a . — . il el
000 = [ [ L soteton | 57 3 unoteio | g

The VR-IWAE bound is a lower bound on the marginal log likelihood that
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The VR-IWAE bound

Forall « € [0,1) and all N € N*
. 1 . N N
a . — . il el
000 = [ [ L soteton | 57 3 unoteio | g

The VR-IWAE bound is a lower bound on the marginal log likelihood that

@ Can be estimated using unbiased MC estimators
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The VR-IWAE bound

Forall « € [0,1) and all N € N*
. 1 . N N
a . — . il el
000 = [ [ L soteton | 57 3 unoteio | g

The VR-IWAE bound is a lower bound on the marginal log likelihood that
@ Can be estimated using unbiased MC estimators

@ Leads to the same SGD procedure as the VR bound in the reparameterized
case, but this time using unbiased estimators
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The VR-IWAE bound

Forall « € [0,1) and all N € N*

N
o 1 “a
f( 0, 0;x) := 7//Hq¢ 2i|x) log N Elwg,d)(zj;:r)l dz1.n
=

The VR-IWAE bound is a lower bound on the marginal log likelihood that
@ Can be estimated using unbiased MC estimators

@ Leads to the same SGD procedure as the VR bound in the reparameterized
case, but this time using unbiased estimators

v@ (Z)é (0 ¢7 )

N oo\ l—a
//HQ(EZ) wo.9l;0) ~Vo.logwyg(f(ej, ¢;2);2) | dern.

j=1 Zk 1 Wo,p(2k; )1~
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The VR-IWAE bound

Forall « € [0,1) and all N € N*

N
o 1 “a
f( 0, 0;x) := 7//Hq¢ 2i|x) log N Elwg,d)(zj;:r)l dz1.n
=

The VR-IWAE bound is a lower bound on the marginal log likelihood that
@ Can be estimated using unbiased MC estimators

@ Leads to the same SGD procedure as the VR bound in the reparameterized
case, but this time using unbiased estimators

v@ (Z)é (0 ¢7 )

N oo\ l—a
//HQ(EZ) wo.9l;0) ~Vo.logwyg(f(ej, ¢;2);2) | dern.

j=1 Zk 1 Wo,p(2k; )1~

wp,p(zj;7) '
N -
i1 k=1 wo.6(2k; z)!

~
~

av9,¢10gw0,¢(f(€j7¢;z);m)7 Ej~4q, ]ZlN
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The VR-IWAE bound

Forall « € [0,1) and all N € N*

N
o 1 —a
f( 0, 0;x) := 7//1_[% zi|z) log N Elwg,d)(zj-;;r)l dz.n
=

The VR-IWAE bound is a lower bound on the marginal log likelihood that
@ Can be estimated using unbiased MC estimators

@ Leads to the same SGD procedure as the VR bound in the reparameterized
case, but this time using unbiased estimators

v@ (Z)é (0 ¢7 )

N oo\ l—a
//HQ(EZ) wo.9l;0) ~Vo.logwyg(f(ej, ¢;2);2) | dern.

j=1 Zk 1 Wo,p(2k; )1~

wp,p(zj;7) '
N -
i1 k=1 wo.6(2k; z)!

~
~

av9,¢10gw0,¢(f(€j7¢;z);m)7 Ej~4q, ]ZlN

¢ The VR-IWAE bound provides theoretical guarantees behind various VR-
bound gradient-based schemes previously proposed in the literature
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Special cases of the VR-IWAE bound

For all & € [0,1) and all N € N*

(0 p;x) = 7//Hq¢ zi|z) log <N2w9¢(z],x) )dzltN
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Special cases of the VR-IWAE bound

For all & € [0,1) and all N € N*

N
(9 ¢ix) = 7//Hq¢ zi|z) log (;ng,d)(zj;x)l”) dz1.n
j=1

® Thecase a — 1
lim1 Eg\?)(@, ¢; ) = ELBO(6, ¢; x)
a—
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Special cases of the VR-IWAE bound

For all & € [0,1) and all N € N*

N
(9 ¢ix) = 7//Hq¢ zi|z) log (;ng,d)(zj;x)l”) dz1.n
j=1

® Thecase a — 1
lim1 Eg\?)(@, ¢; ) = ELBO(6, ¢; x)
a—

® Thecase a =0

N 1 N
W0.00) = [ [Tlastalo)ton | 53 wnolzsio) | dovn
i=1 Jj=1
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Special cases of the VR-IWAE bound

For all & € [0,1) and all N € N*

N N
o 1 1 Y
ESV)(G,QS; x) = m//qug(zlm) log (N ng’dj(zj;x)l ) dzi.n
i=1 j=1

® Thecase a — 1
lim1 65\(,1)(0, ¢; ) = ELBO(6, ¢; x)
a—

® Thecase a =0

N 1 N
W0.00) = [ [Tlastalo)ton | 53 wnolzsio) | dovn
i=1 Jj=1

The VR-IWAE bound recovers the Importance Weighted Auto-encoder
(IWAE) bound (Burda et al., ICLR 2016) when v =0
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Special cases of the VR-IWAE bound

For all & € [0,1) and all N € N*

N N
« 1 1 o
ESV)(97¢§$) = m//H%(Zzu) log N E w9,¢(zj3x)1 dzi.y
i=1 Jj=1
® Thecase a — 1
lim ¢’ (6, ¢; ) = ELBO(9, 65 )
a—

® Thecase a =0

N 1 N
W0.00) = [ [Tlastalo)ton | 53 wnolzsio) | dovn
i=1 Jj=1

The VR-IWAE bound recovers the Importance Weighted Auto-encoder
(IWAE) bound (Burda et al., ICLR 2016) when v =0

— Extension of the ELBO also leading to positive empirical results
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Special cases of the VR-IWAE bound

For all & € [0,1) and all N € N*

N N
o 1 1 Y
ﬁsv)(ﬁ,qﬁ; x) = m//Hq(p(zlm) log (N ng’(;,(zj;x)l ) dzi.n
i=1 j=1

® Thecase a — 1
lim1 65\(,1)(0, ¢; ) = ELBO(6, ¢; x)
a—

® Thecase a =0

N LN
(53>(0,¢;x) = //qu,(z,pc) log Nzw9’¢(zj;x) dzi.y
i=1 Jj=1

The VR-IWAE bound recovers the Importance Weighted Auto-encoder
(IWAE) bound (Burda et al., ICLR 2016) when v =0

— Extension of the ELBO also leading to positive empirical results

< The VR-IWAE bound interpolates between the IWAE bound and the ELBO

It is the theoretically-sound extension of the IWAE bound originating from
the VR bound methodology
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At this stage

— The VR-IWAE bound provides theoretical guarantees behind various
VR-bound gradient-based schemes previously proposed in the literature
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At this stage

— The VR-IWAE bound provides theoretical guarantees behind various
VR-bound gradient-based schemes previously proposed in the literature

— It is the theoretically-sound extension of the IWAE bound originating from
the VR bound methodology, interpolates between the IWAE bound and the ELBO
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At this stage

— The VR-IWAE bound provides theoretical guarantees behind various
VR-bound gradient-based schemes previously proposed in the literature

— It is the theoretically-sound extension of the IWAE bound originating from
the VR bound methodology, interpolates between the IWAE bound and the ELBO

Questions?
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At this stage

— The VR-IWAE bound provides theoretical guarantees behind various
VR-bound gradient-based schemes previously proposed in the literature

— It is the theoretically-sound extension of the IWAE bound originating from
the VR bound methodology, interpolates between the IWAE bound and the ELBO

Questions?

— Question Can we understand the behavior of the VR-IWAE bound as a function
of a € [0,1) better?
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Outline

O Study of the VR-IWAE bound
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Quantity of interest

Variational gap

For all a € [0,1),

A6, ¢32) = £ (0. ¢s) — £(8: )
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Quantity of interest

Variational gap

For all a € [0,1),

A6, ¢32) = £ (0. ¢s) — £(8: )

1 N 1 &
m//qu)(zﬂm)log Nzwgﬁ(zj;x)l*o‘ dzi.n
i=1 j=1

where Wg 4(21;2), ..., Wp,4(2n; ) are the relative weights : for all z € R?,

T o(r10) = — 00 ET) _ We(5i7) _ po(le)
T Bpg, (o p(Zi2)) — pola) 4p(z]z)’
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Quantity of interest

Variational gap

For all a € [0,1),

A6, ¢32) = £ (0. ¢s) — £(8: )

1 N 1 &
m//qu)(zﬂm)log Nzwgﬁ(zj;x)l*o‘ dzi.n
i=1 j=1

where Wg 4(21;2), ..., Wp,4(2n; ) are the relative weights : for all z € R?,

T o(r10) = — 00 ET) _ We(5i7) _ po(le)
T Bpg, (o p(Zi2)) — pola) 4p(z]z)’

NB : we will drop the dependency in z in Wy 4(2;x) for convenience
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Part |
N goes to infinity and d is fixed in the variational gap
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N goes to infinity and d is fixed in the variational gap

— Maddison et al. (NeurlPS 2017) followed by Domke and Sheldon (NeurlPS
2018) looked into the variational gap for the IWAE bound (a = 0)
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N goes to infinity and d is fixed in the variational gap

— Maddison et al. (NeurlPS 2017) followed by Domke and Sheldon (NeurlPS
2018) looked into the variational gap for the IWAE bound (a = 0)

Informally, Domke and Sheldon (Theorem 3, NeurlPS 2018) states that

2 1
AP 0.050) =% +o ()

where g is the variance of the relative weights, i.e.

% =V zgy(le) @o.6(2))

Kamélia Daudel (University of Oxford) - Variational bounds in Variational Inference: how to choose them?



N goes to infinity and d is fixed in the variational gap

— Maddison et al. (NeurlPS 2017) followed by Domke and Sheldon (NeurlPS
2018) looked into the variational gap for the IWAE bound (a = 0)

Informally, Domke and Sheldon (Theorem 3, NeurlPS 2018) states that

2 1
AP 0.050) =% +o ()

where g is the variance of the relative weights, i.e.

% =V zgy(le) @o.6(2))

— Comments :
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N goes to infinity and d is fixed in the variational gap

— Maddison et al. (NeurlPS 2017) followed by Domke and Sheldon (NeurlPS
2018) looked into the variational gap for the IWAE bound (a = 0)

Informally, Domke and Sheldon (Theorem 3, NeurlPS 2018) states that

2 1
AP 0.050) =% +o ()

where g is the variance of the relative weights, i.e.

% =V zgy(le) @o.6(2))

— Comments :
® N is very beneficial to reduce Agg)(ﬁ,qf); x) (goes to 0 at a fast 1/N rate)
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N goes to infinity and d is fixed in the variational gap

— Maddison et al. (NeurlPS 2017) followed by Domke and Sheldon (NeurlPS
2018) looked into the variational gap for the IWAE bound (a = 0)

Informally, Domke and Sheldon (Theorem 3, NeurlPS 2018) states that

2 1
AP 0.050) =% +o ()

where g is the variance of the relative weights, i.e.
=V gy (a) @0,6(2))

— Comments :
® N is very beneficial to reduce Agg)(ﬁ,qf); x) (goes to 0 at a fast 1/N rate)

e Question What about Ag\?)(ﬁ,qf); x), a €[0,1)7
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Main result when N — oo and d is fixed

Let o € [0,1), denote Wy (2) = wp,(2) = /E gy (1) (wo,0(2)'~*) for all

zeRYand v2 = (1 - a)_lVZN%(Am(ﬁéag(Z)). Then, under “some
conditions” , we have:

(@) (@) Y4 1
AN (0,0;x2) = VR (9,¢;x)—€(9;a:)—ﬁ+o ~)
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Main result when N — oo and d is fixed

Let o € [0,1), denote Wy (2) = wp,(2) = /E gy (1) (wo,0(2)'~*) for all
zeRYand v2 = (1 - a)_lVZN%(Am(ﬁéﬁ(Z)). Then, under “some
conditions” , we have:

AR (0, 6;2) = VR0, ¢52) — (6;2) — ;T% +o (11v> .

— Two main terms :
@ A term going to zero at a fast 1/N rate that depends on 2

@ An error term VR(®)(0, ¢; ) — £(0; x) [decreases away from 0 as «
increases]
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Main result when N — oo and d is fixed

Let o € [0,1), denote Wy (2) = wp,(2) = /E gy (1) (wo,0(2)'~*) for all

zeRYand v2 = (1 - a)_lVZN%(Am(ﬁéag(Z)). Then, under “some
conditions” , we have:

AR (0, 6;2) = VR0, ¢52) — (6;2) — ;T% +o (11v> .

— Two main terms :
@ A term going to zero at a fast 1/N rate that depends on 2

@ An error term VR(®)(0, ¢; ) — £(0; x) [decreases away from 0 as «
increases]

The hyperparameter « balances between these two terms meaning that a proper
tuning of o may be beneficial in practice
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Main result when N — oo and d is fixed

Let o € [0,1), denote Wy (2) = wp,(2) = /E gy (1) (wo,0(2)'~*) for all

zeRYand v2 = (1 - a)_lVZN%(Am(ﬁéag(Z)). Then, under “some
conditions” , we have:

AR (0, 6;2) = VR0, ¢52) — (6;2) — ;T% +o (11v> .

— Two main terms :
@ A term going to zero at a fast 1/N rate that depends on 2

@ An error term VR(®)(0, ¢; ) — £(0; x) [decreases away from 0 as «
increases]

The hyperparameter « balances between these two terms meaning that a proper
tuning of o may be beneficial in practice

— "“some conditions”
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Main result when N — oo and d is fixed

Let o € [0,1), denote Wy (2) = wp,(2) = /E gy (1) (wo,0(2)'~*) for all

zeRYand v2 = (1 - a)_lVZN%(Am(ﬁéag(Z)). Then, under “some
conditions” , we have:

AR (0, 6;2) = VR0, ¢52) — (6;2) — ;T% +o (11v> .

— Two main terms :
@ A term going to zero at a fast 1/N rate that depends on 2

@ An error term VR(®)(0, ¢; ) — £(0; x) [decreases away from 0 as «
increases]

The hyperparameter « balances between these two terms meaning that a proper
tuning of o may be beneficial in practice

— "“some conditions”

® generalize the conditions from Domke and Sheldon (2018)
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Main result when N — oo and d is fixed

Let o € [0,1), denote Wy (2) = wp,(2) = /E gy (1) (wo,0(2)'~*) for all

zeRYand v2 = (1 - a)_lVZN%(Am(ﬁéag(Z)). Then, under “some
conditions” , we have:

AR (0, 6;2) = VR0, ¢52) — (6;2) — ;T% +o (11v> .

— Two main terms :
@ A term going to zero at a fast 1/N rate that depends on 2

@ An error term VR(®)(0, ¢; ) — £(0; x) [decreases away from 0 as «
increases]

The hyperparameter « balances between these two terms meaning that a proper
tuning of o may be beneficial in practice

— "“some conditions”

® generalize the conditions from Domke and Sheldon (2018)

® do not get more restrictive as « increases, motivating a € (0, 1)
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Main result when N — oo and d is fixed

Let o € [0,1), denote Wy (2) = wp,(2) = /E gy (1) (wo,0(2)'~*) for all

zeRYand v2 = (1 - a)_lVZN%(Am(ﬁéag(Z)). Then, under “some
conditions” , we have:

AR (0, 6;2) = VR0, ¢52) — (6;2) — ;T% +o (11v> .

— Two main terms :
@ A term going to zero at a fast 1/N rate that depends on 2

@ An error term VR(®)(0, ¢; ) — £(0; x) [decreases away from 0 as «
increases]

The hyperparameter « balances between these two terms meaning that a proper
tuning of o may be beneficial in practice

— "“some conditions”

® generalize the conditions from Domke and Sheldon (2018)
® do not get more restrictive as « increases, motivating o € (0, 1)

® one of them controls v2
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Main result when N — oo and d is fixed

Let o € [0,1), denote Wy (2) = wp,(2) = /E gy (1) (wo,0(2)'~*) for all

zeRYand v2 = (1 - a)_lVZN%(Am(ﬁéag(Z)). Then, under “some
conditions” , we have:

AR (0, 6;2) = VR0, ¢52) — (6;2) — ;T% +o (11v> .

— Two main terms :
@ A term going to zero at a fast 1/N rate that depends on 2

@ An error term VR(®)(0, ¢; ) — £(0; x) [decreases away from 0 as «
increases]

The hyperparameter « balances between these two terms meaning that a proper
tuning of o may be beneficial in practice

— "“some conditions”

® generalize the conditions from Domke and Sheldon (2018)
® do not get more restrictive as « increases, motivating o € (0, 1)
® one of them controls v2

¢ To the best of our knowledge, first result shedding light on how o may play a
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Example

Example 1 : Log-normal distribution of the relative weights

Let 0 > 0, Si,..., SN bei.i.d. normal r.v and assume that the distribution of
the relative weights e (21), . .., We,4(2N) is log-normal of the form

o%d
log W (%) = —— = oVdS;, i=1...N.
Then, for all a € [0, 1),

2
@9 b2 — VR@O (g b\ — o0y Yo (L
.th AN (‘97¢7 '77) VR (67 ¢7 1‘) 6(0@) 2N +o <N>
wi

2 1—a)?0%d] -1
VRO, 612) — £(8:2) = - 22 ana 12 = Z2L s 1=
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Example

Example 1 : Log-normal distribution of the relative weights

Let 0 > 0, Si,..., SN bei.i.d. normal r.v and assume that the distribution of
the relative weights e (21), . .., We,4(2N) is log-normal of the form

o%d
log W (%) = —— = oVdS;, i=1...N.
Then, for all a € [0, 1),

2
@9 4.\ — VR (D b oy _ Yo 1
AN (‘97¢7 '77) VR (67 ¢7 1‘) 6(0@) 2N +o <N>

with

2 1—a)?0%d] -1
VRO, 612) — £(8:2) = - 22 ana 12 = Z2L s 1=

— Sanity check : E(wy,4) = E(exp(f% —0VdS))) =1
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Example

Example 1 : Log-normal distribution of the relative weights

Let 0 > 0, Si,..., SN bei.i.d. normal r.v and assume that the distribution of
the relative weights e (21), . .., We,4(2N) is log-normal of the form

o%d
log W (%) = —— = oVdS;, i=1...N.
Then, for all a € [0, 1),

2
@9 b2 — VR@O (g b\ — o0y Yo (L
.th AN (‘97¢7 '77) VR (67 ¢7 1‘) g(avm) 2N +o <N>
wi

o%d 5  €xp [(1—a)20%d] —1

VR (9, ; 2) — £(0;2) = — < and 2 =

1—a

— Sanity check : E(wy,4) = ]E(exp(f% —0VdS))) =1

— Gaussian example Set py(z|z) = N(z;0,14) and g4(z|z) = N(2;¢,14),
with 8 = 0 - ug and ¢ = ug, where uy is the d-dimensional vector whose
coordinates are all equal to 1. Then o = 1.
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Gaussian example and Theorem 1 empirically

. A(a)(ﬂ ¢; ) is estimated using the unbiased MC estimator

log( ng¢z], “), zj~qp(-lz), j=1...N
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Gaussian example and Theorem 1 empirically

. A( (0, ¢; x) is estimated using the unbiased MC estimator
log ng¢ 2jT

® Theorem 1 is represented through functions of the form

ad exp[(1-a)?d -1 ¢
e ———— 4 —
2 21— a)N N

zj~qp(lw), j=1...N

Kamélia Daudel (University of Oxford)
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Gaussian example and Theorem 1 empirically
. AS\?)(Q, ¢; x) is estimated using the unbiased MC estimator

N
1 1 _ _ .
——log | = Y Woe(z;x) ™), z~as(lx), j=1...N
-« N s
® Theorem 1 is represented through functions of the form:
ad exp[(1-a)?d -1 ¢
Ty T T =N N

Variational gap (=0.0,d=10, epoch=0) Variational gap (0=

,4=10, epoch=0) Variational gap (¢=0.5,¢=10, epoch=0)

16 Variational gap (—0.5,d— 100, epoch=0)



Example 1 revisited

Example 1 : Log-normal distribution of the relative weights

Let 0 >0, Sq,...,Sn bei.i.d. normal r.v and assume that the distribution of
the relative weights Wg (1), .. ., Wo,¢(2n) is log-normal of the form

o%d
log We,¢(zi) = — = oVdS;, i=1...N.

Then, for all @ € [0, 1),

2
@ (9 b a) = VRO e 3) — (8- ) — Yo o oL
ith AN’(0,4;2) = VR'®(9, ¢;2) — £(6; ) 2N+O(N
WI

’ 1 —a)?0?d] -1
VR(C“)(H,@z)—e(a;z):_WTd and 2= @ [0—aftd -1

11—«
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Example 1 revisited

Example 1 : Log-normal distribution of the relative weights

Let 0 >0, Sq,...,Sn bei.i.d. normal r.v and assume that the distribution of
the relative weights Wg (1), .. ., Wo,¢(2n) is log-normal of the form

o%d
log We,¢(zi) = — = oVdS;, i=1...N.

Then, for all @ € [0, 1),

2
@ (9 b a) = VRO e 3) — (8- ) — Yo o oL
ith AN’(0,4;2) = VR'®(9, ¢;2) — £(6; ) 2N+O(N
WI

2 1— 2 Zd 1
VR(C“)(H,@z)—e(a;z):_WTd and 2= @ [0—aftd -1

11—«
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Example 1 revisited

Example 1 : Log-normal distribution of the relative weights

Let 0 >0, Sq,...,Sn bei.i.d. normal r.v and assume that the distribution of
the relative weights Wg (1), .. ., Wo,¢(2n) is log-normal of the form

_ o’d :
log We, (i) :—T—U\/;iSi, i=1...N.
Then, for all @ € [0, 1),

(@) (@ Ya 1
" AN (0, ¢;z) = VRIV(0, ¢ 2) — £(6; ) — o to (N)
WI

2d exp [(1 — a)?0?d] — 1
VRO)(0, ¢52) — (6:2) = - 22 ana 42 = SRIA—td] ~1

2 l1-a
— Theorem 1 may not capture what is happening in high dimensions
i.e. we may never use IV large enough in high-dimensional settings for the asymp-
totic regime to kick in
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Example 1 revisited

Example 1 : Log-normal distribution of the relative weights

Let 0 >0, Sq,...,Sn bei.i.d. normal r.v and assume that the distribution of
the relative weights Wg (1), .. ., Wo,¢(2n) is log-normal of the form

_ o’d :
log We, (i) :—T—U\/;iSi, i=1...N.
Then, for all @ € [0, 1),

(@) (@ Ya 1
" AN (0, ¢;z) = VRIV(0, ¢ 2) — £(6; ) — o to (N)
WI

2d exp [(1 — a)?0?d] — 1
VRO)(0, ¢52) — (6:2) = - 22 ana 42 = SRIA—td] ~1

2 l1-a
— Theorem 1 may not capture what is happening in high dimensions
i.e. we may never use IV large enough in high-dimensional settings for the asymp-
totic regime to kick in

— Question Analysis as both d and N go to infinity?
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Example 1 revisited

Example 1 : Log-normal distribution of the relative weights

Let 0 >0, Sq,...,Sn bei.i.d. normal r.v and assume that the distribution of
the relative weights Wg (1), .. ., Wo,¢(2n) is log-normal of the form

_ o’d :
log We, (i) :—T—U\/;iSi, i=1...N.
Then, for all @ € [0, 1),

(@) (@ Ya 1
" AN (0, ¢;z) = VRIV(0, ¢ 2) — £(6; ) — o to (N)
WI

2d exp [(1 — a)?0?d] — 1
VRO)(0, ¢52) — (6:2) = - 22 ana 42 = SRIA—td] ~1

2 l1-a
— Theorem 1 may not capture what is happening in high dimensions
i.e. we may never use IV large enough in high-dimensional settings for the asymp-
totic regime to kick in

—+ Question Analysis as both d and N go to infinity? AY,(0, ¢; )
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Part Il
N and d go to infinity in the variational gap
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N,d — oo in the variational gap

— Key intuition : it is typically possible to approximate the distribution of the
relative weights by a log-normal distribution of the form

2
log@9,¢(zi)2707d7m/g5i, SiNN(O,l), i=1...N.
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N,d — oo in the variational gap

— Key intuition : it is typically possible to approximate the distribution of the
relative weights by a log-normal distribution of the form

2
log@9,¢(zi)2707d7m/g5i, SiNN(O,l), i=1...N.

— Theoretical study in two steps :
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N,d — oo in the variational gap

— Key intuition : it is typically possible to approximate the distribution of the
relative weights by a log-normal distribution of the form

2
log@9,¢(zi):f(;7d7m/g5i, SiNN(O,l), i=1...N.

— Theoretical study in two steps :

@ Log-normal case : d, N — oo with % > 0
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N,d — oo in the variational gap

— Key intuition : it is typically possible to approximate the distribution of the
relative weights by a log-normal distribution of the form

2
log@9,¢(zi):f(;7d7m/g5i, SiNN(O,l), i=1...N.

— Theoretical study in two steps :

@ Log-normal case : d, N — oo with % > 0

log N

ais — 0

® Approximate log-normal case : d, N — oo with
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Part 11.1
Log-normal case
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Main result in the log-normal case

Let Si,...,SN bei.i.d. normal random variables. Further assume that
o%d
log We,¢(zi) = — oVdS;, i=1...N.
with o > 0. Then, for all @ € [0,1), we have

do? 2log N 1 2logN loglog N
lim A6, ¢ix) + - [ 1-24/ o2&%")) .
N,(;foo w,a(6:92) + 2 ( do? + 1—a do? + Vdlog N

log N/d—0
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Main result in the log-normal case

Let Si,...,SN bei.i.d. normal random variables. Further assume that
_ o’d .
log We,¢( i) :—T—U\/;isi, i=1...N.

with o > 0. Then, for all @ € [0,1), we have

do? 2log N 1 2logN loglog N
lim A6, ¢ix) + - [ 1-24/ o&2%")) ¢
N,(;foo w,a(6:92) + 2 ( do? + 1—a do? + Vdlog N

log N/d—0

— Informally

do? 2log N 1 2logN loglog N
AL @, g0y~ -2 [1-2
N0 %) 2 d? T1-a a2 T 0 Vdlog N
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Main result in the log-normal case
., Sy be i.i.d. normal random variables. Further assume that

Let S1,..
2
%d—m/(isi, i=1...N.

log W, (ZZ)

with o > 0. Then, for all & € [0,1), we have
1 2logN <1oglogN>> o

2
) (@) . do® B 2log N 9595V
nggoo AN (0, ¢52) + 2 (1 2 0?2 "1 a do? dlog N

log N/d—0
— Informally
2 ) N
() oy do” B 2log N 1 2logN log log N
Anal0: #i) ~ 2 <1 2 d? 1-a do? T 0 Vdlog N

— Comparison with Theorem 1
2 2.2
o%d  exp[(1—a)?0%d] -1 0(1)

ARu0,07) = —a- o 21— a)N N
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Main result in the log-normal case
., Sy be i.i.d. normal random variables. Further assume that

Let S1,..
2
%d—m/(isi, i=1...N.

log W, (ZZ)

with o > 0. Then, for all & € [0,1), we have
1 2logN <1oglogN>> o

2
) (@) . do® B 2log N 9595V
nggoo AN (0, ¢52) + 2 (1 2 0?2 "1 a do? dlog N

log N/d—0
— Informally
2 ) N
() oy do” B 2log N 1 2logN log log N
AN*d(a’ ¢iz) 2 <1 2 do? + 1—a do? +0 dlog N

— Comparison with Theorem 1
2 2.2
(@) N .Ld_exp[(l—a)(rd}—l 1
Anall #iw) = —a- =5 2(1— a)N tolw
® While increasing N decreases the variational gap for N large enough, it
does so by a factor which is negligible before the term —do?/2
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Main result in the log-normal case
., Sy be i.i.d. normal random variables. Further assume that

Let S1,..
2
%d—m/(isi, i=1...N.

log W, (ZZ)

with o > 0. Then, for all & € [0,1), we have
1 2logN <1oglogN>> o

2
) (@) . do® B 2log N 9595V
nggoo AN (0, ¢52) + 2 (1 2 0?2 "1 a do? dlog N

log N/d—0
— Informally
2 ) N
() oy do” B 2log N 1 2logN log log N
AN*d(a’ ¢iz) 2 <1 2 do? + 1—a do? +0 dlog N

— Comparison with Theorem 1
2 2.2
o%d  exp[(1—a)?0%d] -1 0(1)

ARu0,07) = —a- o 21— a)N N

® While increasing N decreases the variational gap for N large enough, it
does so by a factor which is negligible before the term —do?/2

® This time, the term fd02/2 does not depend on «
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Main result in the log-normal case

Let S1,...,Sn bei.i.d. normal random variables. Further assume that
o%d
log W (%) = 5 = oVdS;, i=1...N.
with o > 0. Then, for all a € [0,1), we have

P
. (a) ) do® [ [2logN 1 2log N 0 loglog N\ | _
N,légloo AN*dw’ ¢:z) + 2 (1 2 do? . 1—a do? + dlog N

log N/d—0

— Informally

2

do? 2log N 1 2logN loglog N
a) - g g g log
Anall #i0) ~ === <1 —2 d? T1_a do? 0 (\/dlogN>>

— Weight collapse phenomenon : for all « € [0, 1),

Ag&z(@, ¢;x) =~ ELBO(0, ¢;x) — £(0;x), as N,d — oo with k’gN — 0.
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Gaussian example revisited

Gaussian example

Set po(z|x) = N (2;0,14) and g4(z|x) = N (2; ¢, I4), with 6 =0 - uy and
¢ = ug, where ugy is the d-dimensional vector whose coordinates are all equal to
1. Then

1ogm,¢(zi):———mfsz, S; ~N(0,1), i=1...N

with o = 1.
® Theorem 1

o?d exp[(l-a)’c’d] ~ 1 o ( 1 )

A0, 0iw) = —a- 2 21— a)N

® Theorem 2

2 : ' '
. (a) . do 2log N 1 2logN loglog N -~
- (1-2 o—=—==)]=
i Anal0g50) + =5 ( Vaoz "1 a0 a2 O\ Varen

log N/d—0
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Gaussian example revisited

Gaussian example

Set po(z|x) = N (2;0,14) and g4(z|x) = N (2; ¢, I4), with 6 =0 - uy and
¢ = ug, where ugy is the d-dimensional vector whose coordinates are all equal to
1. Then

1ogm,¢(zi):———mfsz, S; ~N(0,1), i=1...N

with o = 1.
® Theorem 1

o?d exp[(l-a)’c’d] ~ 1 o ( 1 )

A0, 0iw) = —a- 2 21— a)N

® Theorem 2

2 : ' '
. (a) . do 2log N 1 2logN loglog N -~
- (1-2 o—=—==)]=
i Anal0g50) + =5 ( Vaoz "1 a0 a2 O\ Varen

log N/d—0

< Weight collapse phenomenon might occur even for simple examples!
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Gaussian example and Theorem 1 empirically

A6, o)

A0, 6:)

Variational gap (a=0.0,d= 10, epoch=0)

200+

~600

—eo0 |-

1200

1000 |

— C approximation

o 100 200 %0 %0 300

1es2Variational gap (e = 0.0,d= 100, epoch=0)

030

125

1s0-

RERS

— MC approximation

o 100 200 %0 %0 00

— MC approximation

%0 %0 00

1e26Variational gap (o= 0.2,d= 100, epoch=0)

o

— MC approximation

00 200 %0 %0 00

Variational gap (a=0.5,d 10, epoch=0)

s

215

00+

500
s
s — MC approximation
o 100 200 ET) w0 00
¥

109 Variational gap (o= 0.5,d= 100, epoch=0)

— MC spproximation

o 10 20 0 w0 00
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Gaussian example and Theorem 2 empirically

Kamélia

A6 br)

Daudel (

20l

sk

—s0-

2007

2500

215

300+
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s
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— C approximation
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N
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— MC approximation
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— MC approximation
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x
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a0 00
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Part 11.2
Approximate log-normal case
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Assumptions

Let S1,..., SN be such that :

d
1
Si=——= ij, t=1...N
O_\/gjzzlgd
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Assumptions

Let S1,..., SN be such that :

d
1
Si=—=Y &, i=1...N
O_\/ajzzlgﬂ

We will work under (A1) :
(A1) Foralli=1...N,

® &i1,...,&,q are iid. random variables which are absolutely continuous
with respect to the Lebesgue measure and satisfy E(&; 1) = 0 and
V(&yl) = g2 < 0.

® There exists K > 0 such that:

E(E8)] < KE 20, k>3
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Assumptions

Let S1,..., SN be such that :

d
1
Si=—=Y &, i=1...N
O_\/gjglgd

We will work under (A1) :
(A1) Foralli=1...N,

® &i1,...,&,q are iid. random variables which are absolutely continuous
with respect to the Lebesgue measure and satisfy E(&; 1) = 0 and
V(fiyl) =02 < 0.

® There exists K > 0 such that:

E(E8)] < KE 20, k>3

Approximate log-normal weights

log W (%) = —log E(exp(—0VdS;)) —oVdS;, i=1...N
=—da—oVdS;, i=1...N

with a := log E(exp(—&1.1))
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Main result in the approximate log-normal case

Assume (A1) and that
log@p ¢(2i) = —da — oV/dS;, i=1...N.
Then, a > 0 and for all a € [0,1), we have

. (a) ) o 2log N loglog N _
NE, AN»d(e"b’IHda(l V=4 "o\ amew 0

log N/d'/3—0
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Main result in the approximate log-normal case

Assume (A1) and that
log@p ¢(2i) = —da — oV/dS;, i=1...N.
Then, a > 0 and for all a € [0,1), we have

. () ) o 2log N loglog N _
N,légloo AN»d(9’¢’I)+da<1 aV d i@ Vdlog N =0

log N/d'/3—0

— Weight collapse phenomenon : for all « € [0,1),

A8, ¢32) ~ ELBO(8, ¢w) — £(6;), as N,d — oo with 22 — 0.

The condition that N should grow at least exponentially with d has been replaced
by the less restrictive yet still stringent condition that N should grow at least
exponentially with d/3.
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Main result in the approximate log-normal case

Assume (A1) and that
log@p ¢(2i) = —da — oV/dS;, i=1...N.
Then, a > 0 and for all a € [0,1), we have

. () ) o 2log N loglog N _
N,légloo AN»d(9’¢’I)+da<1 aV d i@ Vdlog N =0

log N/d'/3—0

— Weight collapse phenomenon : for all « € [0,1),

A8, ¢32) ~ ELBO(8, ¢w) — £(6;), as N,d — oo with 22 — 0.

The condition that N should grow at least exponentially with d has been replaced
by the less restrictive yet still stringent condition that N should grow at least
exponentially with d/3.

— NB : no dependency in « left in the asymptotic regime
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Linear Gaussian example

Linear Gaussian example (Rainforth et al., ICML 2018)
Set py(2) = N (2;0, 1), po(x|2) = N(x; 2, I;) with § € RY, and
4s(2|m) = N(2; Az + b,2/3 I,) with A = diag(a) and ¢ = (a,b) € R? x R4
Then, we can write
logﬁg,¢(zi) = —da — o\/ESi, i=1...N.

_ [15e—aey

with 02 = £ + 3A% and a = A% + § + § log(3/4), where A
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Linear Gaussian example

Linear Gaussian example (Rainforth et al., ICML 2018)
Set py(2) = N (2;0, 1), po(x|2) = N(x; 2, I;) with § € RY, and
4s(2|m) = N(2; Az + b,2/3 I,) with A = diag(a) and ¢ = (a,b) € R? x R4
Then, we can write
logﬁg,¢(zi) = —da — o\/ESi, i=1...N.
|52 —Az—b|

with 02 = £ + 3X% and a = A% + § + § log(3/4), where A = |

— (A1) holds if we set (6, ¢) = (6%, ¢*)!
[0 =T 'S0 2y, ¢* = (a*,0%) with a* = Jug, b =]
® Theorem 1
@ g ooy d 4 1 3 \] (4-a)y15-6a): -1 (1
Anal0di2) =3 [log (3>+1—a10g <4—a>] 21— a)N tolw
® Theorem 3

. (a) . o 2log N loglog N -~
N,légloc Anal0:9;2) + da (1 NTa F © dlogN ) | — 0

log N/d'/3—0
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Linear Gaussian example

Linear Gaussian example (Rainforth et al., ICML 2018)
Set py(2) = N (2;0, 1), po(x|2) = N(x; 2, I;) with § € RY, and
4s(2|m) = N(2; Az + b,2/3 I,) with A = diag(a) and ¢ = (a,b) € R? x R4
Then, we can write
logﬁg,¢(zi) = —da — o\/ESi, i=1...N.
|52 —Az—b|

with 02 = £ + 3X% and a = A% + § + § log(3/4), where A = |

— (A1) holds if we set (6, ¢) = (6%, ¢*)!
[0 =T 'S0 2y, ¢* = (a*,0%) with a* = Jug, b =]
® Theorem 1
@ g ooy d 4 1 3 \] (4-a)y15-6a): -1 (1
Anal0di2) =3 [log (3>+1—a10g <4—a>] 21— a)N tolw
® Theorem 3

. (a) . o 2log N loglog N -~
N,légloc Anal0:9;2) + da (1 NTa F © dlogN ) | — 0

log N/d'/3—0

« The choice of the variational approximation g4(-|z) matters a lot!
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Linear Gaussian example and Theorem 1

VR-WAE bound (o= 0.0,d=20, @y = 0.0)

el

=
-
— MC approximation
o 160 200 00 a0 560
N
a4

108 -

— MC approximation
¥

1615 VR-IWAE bound (= 0.

=1000, 7,.41.0, = 0.0)

VR-AWAE bound (o =0.2,d =20, 0y, = 0.0)

-
— WC approdimation
o 10 200 300 a0 560
N
12
e
104 -

aes

— mC approimation

1es VRAWAE bound (a = 0.2,d=1000, .1, =0.0)

- 0k

25 — MC approximation

ook

— mC approximation

empirically

VRAWAE bound (o= 0.5,d= 20, ., = 0.0)

T

-
— wc approimation

102+

et
et

— wC approximation
¥

VR-IWAE bound (a =0.5,d=1000, s, =0.0)

2000 -
—a000 -
6000 -

~e000 -

12000 -
14000 -

26000 -
— mC agproximation

o 160 200 30 00 500
¥




Linear Gaussian example and Theorem 3 empirically

VR-IWAE bound (4= 20, e, = 0.0)

3 10 260 30
X
VRWAE bound (d=100,
7
= e-
16
v
VR-IWAE bound (d=1000, s =0.0)
1002
1004
~006 -
= e
< e
e
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Linear Gaussian example and Theorem 3 empirically

VR-IWAE bound (4= 20, e, = 0.0) VR-IWAE bound (¢ =20, e, = 0.01)

ok o

st s

wC apsroximation NC approsimation
A Y — =00
3 10 260 30 00 o 1o 260 30 0
N N
VRAIWAE bound (¢ =100, 0p.,=0.0) VRAWAE bound (4= 20, s, = 0.01)
179 e

e

st
“ea- MC aperoxmation MC appronmation
e 360
N N
VR-IWAE bound (d=1000, s =0.0) VR-AWAE bound (4 =20, Gy, =0.01)
1602 - -0
1904
1006 45
= -toos - = e
= im0+ s -0
¥ e b
1614 =ar
e apsroximarion WC approximarion
o6 == a=00 — =00
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Linear Gaussian example and Theorem 3 empirically

VR-IWAE bound (4= 20, e, = 0.0)

E

s

VRAWAE bound (d =20, e, = 0.01)

102

120

1906 -

e

6,6

12

1014

Kamélia Daudel

e approximation

VRAIWAE bound (¢ =100, 0p.,=0.0)
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VR-IWAE bound (d=1000, 0puius, =0.0)

MC approximation
=00
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360

E

s

£6,62)

NC approximation
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MC approximation
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At this stage

Quantity of interest : variational gap

A0, ;) = 620, ¢32) — €(0;2), a€[0,1)
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At this stage

Quantity of interest : variational gap

A0, ;) = 620, ¢32) — €(0;2), a€[0,1)

— Two complementary studies
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At this stage
Quantity of interest : variational gap
A0, 6:2) == (0, 050) — (B2), € 0,1)

— Two complementary studies

® When N — oo and the dimension of the latent space
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At this stage
Quantity of interest : variational gap
A0, 6:2) == (0, 050) — (B2), € 0,1)

— Two complementary studies

® When N — oo and the dimension of the latent space

® When N,d — oo with %%Oor 1;%/]3\] -0
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At this stage

Quantity of interest : variational gap

A0, ;) = 620, ¢32) — €(0;2), a€[0,1)

— Two complementary studies
® When N — oo and the dimension of the latent space

< This analysis is tailored for low to medium dimensions settings

® When N,d — oo with %%Oor 1;%/]3\] -0
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At this stage

Quantity of interest : variational gap

A0, ;) = 620, ¢32) — €(0;2), a€[0,1)

— Two complementary studies
® When N — oo and the dimension of the latent space

< This analysis is tailored for low to medium dimensions settings

® When N,d — oo with %%Oor 1;%/]3\] -0

< This analysis is tailored for high-dimensional settings
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At this stage

Quantity of interest : variational gap

A0, ;) = 620, ¢32) — €(0;2), a€[0,1)

— Two complementary studies
® When N — oo and the dimension of the latent space

< This analysis is tailored for low to medium dimensions settings

® When N,d — co with %%Oor log ¥

FIvE —0

< This analysis is tailored for high-dimensional settings

— Question Can we apply what we have learnt to a scenario where the posterior
density is known up to a constant?
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From theory to practice

. 65‘\;)(9 &; x) is estimated using the unbiased MC estimator

log Zw3¢z])l(’ s zi~ae(tle), j=1...N
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From theory to practice

. 65‘\;)(9 o; 37) is estimated using the unbiased MC estimator

log Zw3¢ (), zj~qelx), j=1...N
® Theorem 1

AR (0, 612) = VR (9, 652) — £(0:2) — o+ 0 G’)

® Theorem 3 Assuming that the weights are approximately log-normal

. (o) ) o [2logN loglog N _
N, ANﬁd(e"ﬁ’I)*d“(l N Ta T\ Vo)) T

log N/d'/3—0

Kamélia Daudel (University of Oxford) - Variational bounds in Variational Inference: how to choose them?



From theory to practice

ég?) (0, ¢; 37) is estimated using the unbiased MC estimator

log ( Zw3¢ (z)'™ “) zj ~qp(-lz), j=1...N

® Theorem 1

A6, ¢:2) = VRO)(6, ¢; ) — €(6;2) — ﬁﬂ)(;])

becomes

2N N

® Theorem 3 Assuming that the weights are approximately log-normal

. (o) ) o [2logN loglog N _
N, ANﬁd(e"ﬁ’I)*d“(l N Ta T\ Vo)) T

log N/d'/3—0

£)(0.652) = VR0, 60) — 22 4+ ( . )
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From theory to practice

ég?) (0, ¢; 37) is estimated using the unbiased MC estimator

log ( Zw3¢ (z)'™ “) zj ~qp(-lz), j=1...N

® Theorem 1

A6, ¢:2) = VRO)(6, ¢; ) — €(6;2) — ﬁﬂ)(;])

becomes

2N N

® Theorem 3 Assuming that the weights are approximately log-normal

. (o) ) o [2logN loglog N _
N, ANﬁd(e"ﬁ’I)*d“(l N Ta T\ Vo)) T

log N/d'/3—0

£)(0.652) = VR0, 60) — 22 4+ ( . )

becomes

: (@) .
lim
N,é—)oo gN’d(e’ ¢7 )
log N/d/3—0

Vdloglog N _
ELBO(0, ¢; ) + Vdo/2log N + O (W)] =0
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Outline

@ Application to VAEs

Kamélia Daudel (University of Oxford) - Variational bounds in Variational Inference: how to choose them?



VAE on MNIST dataset

® More details about this framework in the afternoon lecture!
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VAE on MNIST dataset

® More details about this framework in the afternoon lecture!

® Here, we only want to look at
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VAE on MNIST dataset

® More details about this framework in the afternoon lecture!

® Here, we only want to look at
@ the behavior of the relative weights
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VAE on MNIST dataset

® More details about this framework in the afternoon lecture!

® Here, we only want to look at
@ the behavior of the relative weights
@® the behavior of the VR-IWAE bound
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VAE on MNIST dataset

® More details about this framework in the afternoon lecture!

® Here, we only want to look at
@ the behavior of the relative weights
@® the behavior of the VR-IWAE bound

QQ-plot (4= 10)

QQ-plot (d~5)

B o 2 B o
Theoretical Quantiles Theoretical Quantiles

QQ-plot (4=100) QQ-plot (4=1000)

E] o e Q B
Theoretical Quantiles Theoretical Quantiles

Kamélia Daudel (University of Oxford

QQ-plot (d=50)

&) o
Theoretical Quantiles

QQ-plot (4=5000)

B o B
Theoretical Quantiles
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VAE on MNIST dataset and Theorem 1

50) VR-IWAE bound (= 0.2,d=50) VR-IWAE bound (a'=0.5,

VR-IWAE bound (a =0.0,d
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VAE on MNIST dataset and Theorem 3

VR-IWAE bound (d=5) VR-IWAE bound (d=10) VR-IWAE bound (i =50)

3 € ses
MC approximation sar- NC approximation _sas | MC approxmation
san- | se7
N N N
VR-IWAE bound (4—100) VR-IWAE bound (4= 1000) VR-IWAE bound (4= 5000)
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At this stage

— Two complementary analyses of the VR-IWAE bound that we verified on a
real-world scenario
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At this stage

— Two complementary analyses of the VR-IWAE bound that we verified on a
real-world scenario

@ Theorem 1 is tailored for low to medium dimensions settings
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At this stage

— Two complementary analyses of the VR-IWAE bound that we verified on a
real-world scenario

@ Theorem 1 is tailored for settings

@® Theorem 3 is tailored for settings
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At this stage

— Two complementary analyses of the VR-IWAE bound that we verified on a
real-world scenario

@ Theorem 1 is tailored for settings

@® Theorem 3 is tailored for settings

Questions?
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At this stage

— Two complementary analyses of the VR-IWAE bound that we verified on a
real-world scenario

@ Theorem 1 is tailored for settings

@® Theorem 3 is tailored for settings
Questions?

Question Can we say something about the gradient of the VR-IWAE bound as a
function of a € [0,1)?
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Outline

@ Study of the gradient(s) of the VR-IWAE bound
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Study of the gradient(s) of the VR-IWAE bound

Quantities of interest
® MC estimates of the reparameterized gradients of the VR-IWAE bound

o ) & .
0N (60) = 5, log (}Vzwe,w(aj,qs;x))l ) L 0=1..L
j=1

N
o d 1 —a
55\1)(90) = 20, log (N ng,q;(f(ej,qﬁ; z))t ) , U=1...L
j=1

with ¢ = (¢1,...,¢r), 0 = (01,....01)
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Study of the gradient(s) of the VR-IWAE bound

Quantities of interest
® MC estimates of the reparameterized gradients of the VR-IWAE bound

N

0\ (60) = 8%)4108} (;Z’ww(f(ﬁmb;@)l_a) , £=1...L

=1
0 1 &

55\?)(%) = %9, log N ng,q;(f(ej,qﬁ; )|, f=1...L
j=1

with ¢ = (¢1,...,¢r), 0 = (01,....01)

® Signal-to-Noise Ratio

Letting X = (X1,...,X1) be a random vector of dimension L,

[ IEXD)| |E(XL)|
smm(m,...,m).
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SNR analysis in the reparameterized case

Let a € [0,1). Define w; = wg 4(f(€j,d;%)) and Zyq = N~ Z;VII ID;_O‘.

Assume that the eighth moments of w; %, 9w, “/d¢, and Oy * /00y are
finite. furthermore, assume that there exists some N € N* for which
E((1/ZNa)*) < co. Lastly, assume that

V(i) /dpe >0, ifa=0

OE(@1~*)/0¢e # 0, if a€(0,1)

and that OR(wi =) /80y # 0. Then,

SNR[8\ (é0)] = {Z%T) ::Z:?O 1)

SNR[BL (60)] = O(VN).
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SNR analysis in the reparameterized case

Let a € [0,1). Define w; = wg 4(f(€j,d;%)) and Zyq = N~ Z;VII ID;_O‘.
Assume that the eighth moments of w; %, 9w, “/d¢, and Oy * /00y are
finite. Furthermore, assume that there exists some N € N* for which
E((1/ZNa)*) < co. Lastly, assume that

V(i) /dpe >0, ifa=0
OE(1=%) /B¢ # 0, if a € (0,1)

and that OR(wi =) /80y # 0. Then,

SNR[8\ (é0)] = {Z%T) ::Z:?O 1)

SNR[BL (60)] = O(VN).

— The IWAE case was already known from Rainforth et al. (ICML 2018)
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SNR analysis in the reparameterized case

Let a € [0,1). Define w; = wg 4(f(€j,d;%)) and Zyq = N~ Z;VII ID;_O‘.
Assume that the eighth moments of w; %, 9w, “/d¢, and Oy * /00y are
finite. furthermore, assume that there exists some N € N* for which
E((1/ZNa)*) < co. Lastly, assume that

V(i) /dpe >0, ifa=0

OE(@1~*)/0¢e # 0, if a€(0,1)

and that OR(wi =) /80y # 0. Then,

SNR[8\ (é0)] = {Z%T) ::Z:?O 1)

SNR[BL (60)] = O(VN).

— The IWAE case was already known from Rainforth et al. (ICML 2018)
— Motivates a € (0,1)
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Doubly-reparameterized gradients

— Introduced in Tucker (ICLR 2019) for the IWAE bound
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Doubly-reparameterized gradients

— Introduced in Tucker (ICLR 2019) for the IWAE bound

For all « € [0, 1],
N

o 0,05) = / Hq@ (Zh] 3 o (£ >>|¢/—¢) dern
j=1

with z; = f(gj,¢;2) forall j=1...J and )
Nl—a Nl—«
hofe) = o W0 ( wealz)' > .

N _ N _
> ey Wo,p(2k) 17 > b1 Wo,6(2k)

An unbiased estimator of Oé(a) (0, ;) /D¢ is then given by
Z hi( 10g wo, ¢ (f(€5,0))|r=o

where €1,...,en are i.i.d. samples generated from ¢ and z; = f(g;, ¢; x) for all
j=1...J.
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At this stage

e Setting « > 0 instead of o = 0 (IWAE bound) can improve on the SNR for
the reparameterized estimated gradients of the VR-IWAE bound

©(y/1/N) if & =0 (Rainforth et al., ICML 2018),
SNRy, = _

©(VN) if a €(0,1)
SNRg, = O(VN)
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At this stage

e Setting « > 0 instead of o = 0 (IWAE bound) can improve on the SNR for
the reparameterized estimated gradients of the VR-IWAE bound

©(y/1/N) if & =0 (Rainforth et al., ICML 2018),
SNRy, = _

©(VN) if a €(0,1)
SNRg, = O(VN)

® The doubly-reparameterized gradient estimators of the IWAE (Tucker et al.
ICLR 2019) generalize to the VR-IWAE bound
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SNR analysis for the Linear Gaussian example : ¢

Reparameterized

0

SNR: ¢ gradient (d =20, 0., =0.01) SNR: ¢ gradient (d =100, 0. =0.01) SNR: & gradient (d=1000, 7y, =0.01)

Kamélia Daudel (University of Oxford) - Variational bounds in Variational Inference: how to choose them?



SNR analysis for the Linear Gaussian example : ¢

Reparameterized

0

SNR: ¢ gradient (d =20, oy =0.01) SNR: ¢ gradient (d=100, i, =0.01) SNR: & gradient (d=1000, oy, =0.01)

Doubly-reparameterized

SNR: 6 gradient (d = 20, s, = 0.01)
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SNR analysis for the Linear Gaussian example : ¢ (cont'd)

Reparameterized

SNR: ¢ gradient (d =20, Gy, =0.5) . SNR: ¢ gradient (d =100, oyauu =0.5) . SNR: ¢ gradient (d =100, oyuuu =0.5)

Kamélia Daudel (University of Oxford) - Variational bounds in Variational Inference: how to choose them?



SNR analysis for the Linear Gaussian example : ¢ (cont'd)

Reparameterized

SNR: ¢ gradient (d =20, Gy, =0.5) . SNR: ¢ gradient (d =100, oyauu =0.5) . SNR: ¢ gradient (d =100, oyuuu =0.5)

Doubly-reparameterized

SNR:  gradient (d = 20, oy, = 0.5)
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SNR analysis for the Linear Gaussian example : ¢

SNR: 6 gradient (4= 20, 0,.r.s, ~ 0.01) SNR: & gradient (4= 100, 7., ~0.01) SNR: 6 gradient (4= 1000, ...s, = 0.01)

SNR: 6 gradient (d =20, oy = 0.5)

x10°

ax100

SNR

3x10t

20100
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SNR analysis for VAE with MNIST : ¢

Reparameterized

SNR: ¢ gradient (d=100) SNR: ¢ gradient (d=1000) SNR: ¢ gradient (d=5000)
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SNR analysis for VAE with MNIST : ¢

Reparameterized

SNR: ¢ gradient (d=100) SNR: ¢ gradient (d=1000) SNR: ¢ gradient (d=5000)

Doubly-reparameterized

SNR: ¢ gradient (d = 100) SNR: & gradient (d—1000) SNR: & gradient (d=5000)
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SNR analysis for VAE with MNIST : 6

SNR: 4 gradient (d=100) SNR:  gradient (4= 1000) SNR:  gradient (4=5000)
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Final plots

NLL after training (d =50, 10, epoch=1000) NLL after training (d =50, N=100, epoch =1000)
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Daudel, Benton, Shi and Doucet (2022). Alpha-divergence Variational Inference Meets
Importance Weighted Auto-Encoders: Methodology and Asymptotics.

® We formalized and motivated the VR-IWAE bound

® Theoretically-sound extension of the IWAE bound (a = 0)
® Provides theoretical guarantees behind various VR bound-based schemes
proposed in the literature

® We provided two complementary analyses of the VR-IWAE bound
® Shed light on the conditions behind the success or failure of the VR-IWAE
bound methodology
® [ncompass the case of the IWAE bound

© We looked into the gradient(s) of the VR-IWAE bound and found desirable
properties (SNR, doubly-reparameterized)

@ Empirical verification of our theoretical results
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Perspectives

Some open questions:
® Does the weight collapse behavior apply beyond the cases highlighted here?

® How does the weight collapse affect the gradient descent procedures?
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(e.g. to build better gradient estimators / to enrich the variational family Q)
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Perspectives

Some open questions:
® Does the weight collapse behavior apply beyond the cases highlighted here?
® How does the weight collapse affect the gradient descent procedures?

® Can we use the fact that the VR-IWAE bound extends the IWAE bound?
(e.g. to build better gradient estimators / to enrich the variational family Q)

Thank you for your attention !
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