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Introduction

® Bayesian statistics : compute / sample from the posterior density of the
latent variables y given the data &

_p(Z.y)

® Problem : for many complex models, we can only evaluate p(y|2) up to
the constant p(2).

— Variational Inference (VI) : inference is seen as an optimisation problem.

@ Posit a variational family Q, where ¢ € Q.
@® Fit ¢ to obtain the best approximation to the posterior density

q" = arginf,eo D(Q|[P|2) ,
where D is a measure of dissimilarity between the variational distribution
Q and the posterior distribution P (typically the KL divergence)
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The a-divergence family

(Y,Y,v) : measured space, v is a o-finite measure on (Y,)).
QandP: Q=<v, P<v with %:q, %:p.

a-divergence between Q and P

D@ = [ fo (%) P (dy)

ﬁ[ua—l—a(u—l)], if « € R\ {0,1},
fa =S ulog(u) +1—u, if « =1 (Forward KL),
—log(u) +u—1, if & =0 (Reverse KL).

where
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The a-divergence family

(Y,Y,v) : measured space, v is a o-finite measure on (Y,)).
QandP: Q=<v, P<v with %:q, %:p.

a-divergence between Q and P

Da(@IP) = | fa( (y)>p<y>u<dy>

(v)
where
m[u —1—a(u-1)], ifaeR\{0,1},
fa =S ulog(u) +1—u, if « =1 (Forward KL),
—log(u) +u—1, if & =0 (Reverse KL).

@ A flexible family of divergences...

Figure: In red, the Gaussian which minimises the a-divergence to a mixture of two
Gaussian for a varying «

YN NN N N

a = —00 @ ->00

Adapted from Divergence Measures and Message Passing. T. Minka (2005). Technical Report MSR-TR-2005-173
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The a-divergence family (2)

a-divergence between Q and P

Da(@IP) = [ a(q(y))p@)u(dy)

()
where
m[u —1—au—-1)], faeR\{0,1},
fo = ulog(u) + 1 — u, if @ =1 (Forward KL),
—log(u) +u—1, if & =0 (Reverse KL).

@ A flexible family of divergences...
@ ...suitable for Variational Inference purposes...

q = arginf e o Do (Q||P|5)
= arginf coWa(g;p)

with o) =y o (221} b)) and = (..
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The a-divergence family (2)

a-divergence between Q and P

D@ = [ fo (q§y§> Pu)(dy)

where
m[u —1—au—-1)], faeR\{0,1},
fo = ulog(u) + 1 — u, if @ =1 (Forward KL),
—log(u) +u—1, if & =0 (Reverse KL).

@ A flexible family of divergences...
@ ...suitable for Variational Inference purposes...
q = arginf e o Do (Q||P|5)
= arginf coWa(g;p)
)

with o (g;p) = [y fa (%) p(y)v(dy) and p = p(-, 7)

Black-box alpha divergence minimization. J. Hernandez-Lobato et al. (2016). ICML
Rényi divergence variational inference. Y. Li and R. E Turner (2016). NeurlPS

Variational inference via y-upper bound minimization A. Dieng et al. (2017). NeurlPS
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Our approach

Monotonic Alpha-divergence Minimisation.
K. Daudel, R. Douc and F. Roueff (2021). https://arxiv.org/abs/2103.05684

Idea :
the typical variational parametric family

Q={y—k(b,y) : 6T}

by considering the variational family
J
Q=1<q:y— uxek(y) = Z)\jk(Oj,y) :Ae8;,0eT/
j=1

and propose an update formula for (A, ©) that ensures a systematic decrease in
the at each step.
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Conditions for a monotonic decrease

Optimisation problem

)\eSiJ{l(—geTJ Uo(paok;p) with Wo(uxek;p) :/Yfa <u)\%§)(y)) p(y)v(dy)
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Conditions for a monotonic decrease

Optimisation problem

)\eSiJ{l(—geTJ Uo(paok;p) with Wo(uxek;p) :/Yfa <u)\%§)(y)) p(y)v(dy)

(A1) Forall (8,y) € T x Y, k(6,y) >0, p(y) >0 and [, p(y)r(dy) < co.
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Conditions for a monotonic decrease

Optimisation problem

)\esiJ{l(—‘f)‘eTJ Uo(paok;p) with Wo(uxek;p) :/Yfa </1)\%le)(@/)) p(y)v(dy)

(A1) Forall (8,y) € T x Y, k(6,y) >0, p(y) >0 and [, p(y)r(dy) < co.

Assume (A1) and let @ € [0,1). Then, choosing (A, ©y)n>1 so that:
Vo (pn,,0,k;p) < oo and Vn > 1,

dJf
/Y Z Ajn Yo (y) log <f\7“> v(dy) >0 (Weights)

/Z)\Jn%,a(y)log< (6(’]n+712;))> v(dy) > (Components)

where V2 (y) = k(0jn,y) (%&f(y)) , yields a systematic decrease in ¥4,

at each step.
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Conditions for a monotonic decrease (2)

Assume (A1) and let « € [0,1). Then, choosing (A, ©)n>1 so that:
o (pta,,0,k;p) < 00 and Vn > 1,

J
Aim .
/Y > Ajim¥a(y) log (;\7“) v(dy) >0 (Weights)
=1 Jim

/ Z Njn Vs () log ( ((] nH;J))) v(dy) > (Components)

where 77, (y) = k(0jn, y) (’“"pei;)k(y)) , yields a systematic decrease in ¥,

at each step.
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Conditions for a monotonic decrease (2)

Assume (A1) and let @ € [0,1). Then, choosing (A, ©y)n>1 so that:
\I!a(;t,\h@lk'p) <ooand Vn > 1,

/ Z AjnVfa(y) log (

/ mem(ynog( (( “Z’l))) v(dy) > (Components)

) v(dy) = (Weights)

where 77, (y) = k(0jn, y) (’“"pei;)k(y)) , yields a systematic decrease in ¥,

at each step.
@ (Weights) and (Components) permit simultaneous updates
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Conditions for a monotonic decrease (2)

Assume (A1) and let « € [0,1). Then, choosing (A, ©)n>1 so that:
o (pta,,0,k;p) < 00 and Vn > 1,

J
/ Z Aj,n'ygr'fa(y) log (
Y =1

/Z/\ija(y)log( (( y))>l/(dy) (Components)

5 ) v(dy) =0 (Weights)
7,M

where 77, (y) = k(0jn, y) (’“";’75;6(7")) , yields a systematic decrease in ¥,
at each step.

@ (Weights) and (Components) permit updates
@® The dependency is simpler in (Weights)
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Conditions for a monotonic decrease (2)

Assume (A1) and let « € [0,1). Then, choosing (A, ©)n>1 so that:
o (pta,,0,k;p) < 00 and Vn > 1,

J
/ > Ajim¥a(y) log (
Y =1

/Z/\ija(y)log( (( y))>l/(dy) (Components)

5 ) v(dy) =0 (Weights)
7,M

where 77, (y) = k(0jn, y) (’“";’75;6(7")) , yields a systematic decrease in ¥,

at each step.
@ (Weights) and (Components) permit updates

@® The dependency is simpler in (Weights)
— (Weights) holds for A,+1 such that

Mo [y Vo) (dy) + (@ = D] ™
S N [ a9 (dy) + (@ — D]

where n,, € (0,1] and & is such that (a — 1)k > 0

)\j,n+1 ]:1J
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Understanding the mixture weights update

(Weights) and (Components) hold for A, +1 and ©,,; such that

N [ 2@ (y) + (= 1)s] "

Mn 7
SE1 Ao [fy TEa @) (dy) + (@ = 1]
®n+1 = @n

Njmt1 = j=1...J

where 7, € (0,1] and & is such that (¢« — 1)k > 0
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Understanding the mixture weights update

(Weights) and (Components) hold for A, +1 and ©,,; such that

Nim [ a®)v(dy) + (@ — 1)x] "

Mn 7
SE1 Ao [fy TEa @) (dy) + (@ = 1]
@n+1 = @n

Njmt1 = j=1...J

where 7, € (0,1] and & is such that (¢« — 1)k > 0

— We recover the Power Descent algorithm from

Infinite-dimensional gradient-based descent for alpha-divergence minimisation.
K. Daudel, R. Douc and F. Portier (2021). To appear in the Annals of Statistics.
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Understanding the mixture weights update

(Weights) and (Components) hold for A, +1 and ©,,; such that

Nim [ a®)v(dy) + (@ — 1)x] "

Mn 7
SE1 Ao [fy TEa @) (dy) + (@ = 1]
@n+1 = @n

Njmt1 = j=1...J

where 7, € (0,1] and & is such that (¢« — 1)k > 0

— We recover the Power Descent algorithm from
Infinite-dimensional gradient-based descent for alpha-divergence minimisation.

K. Daudel, R. Douc and F. Portier (2021). To appear in the Annals of Statistics.

Core insight :
The mixture weights update is gradient-based, 7, plays the role of a learning rate
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Towards simultaneous updates

/ Z AjnVja(y) log < ((] nH’))) v(dy) = (Components)
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Towards simultaneous updates

/ Z NjnVja(y) log < ((] nH;))) v(dy) > (Components)

® Maximisation approach

Oyt = argmasyer | 27a() 0BG D)D) . G=1...T
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Towards simultaneous updates

/ ZAJ w1y log ( Al) "“;}))) v(dy) > (Components)

® Maximisation approach
Ojn+1 = argmaijeT/Yvﬁa(y) log(k(0;,y))v(dy), j=1...J

® Gradient-based approach

Yin
Bj,n

9j,n+1 = Qjm - ng,n(é’)\gzgm 5 ] =1...J

where v;, € (0,1], ¢jn >0,

1= 02

and gj,, is assumed to be B;,-smooth on T = R?
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Towards simultaneous updates

/ ZAJ w1y log ( Al) "“;}))) v(dy) > (Components)

® Maximisation approach
Ojn+1 = argmaijeT/Yvﬁa(y) log(k(0;,y))v(dy), j=1...J

® Gradient-based approach

Yin
Bj,n

9j,n+1 = Qjm - ng,n(é’)\gzgm 5 ] =1...J

where v;, € (0,1], ¢jn >0,

1= 02

and gj,, is assumed to be B;,-smooth on T = R?

— Question : How do this relate to / improve on the existing literature?
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Maximisation approach
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The M-PMC algorithm a.k.a ‘Integrated EM’
(Weights) and (Components) hold for A, +1 and ©,,1; such that

Nim [ a®)(dy) + (@ = 1r] "
S e [ alp)v(@y) + (= D]

Al = j=1...J

Oymr = angmaxper [ V(o) log(kOp)(dy) . G=1...
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The M-PMC algorithm a.k.a ‘Integrated EM’

(Weights) and (Components) hold for A, +1 and ©,,1; such that

Nin [ 7al)v(dy) + (a = 1s] ™
s At [y AR )v(@y) + (= ]

Oymr = angmaxper [ V(o) log(kOp)(dy) . G=1...

)\j,n+l: ]:1J

Adaptive importance sampling in general mixture classes. O. Cappé, R. Douc, A. Guillin,
J-M Marin and C. P Robert (2008). Statistics and Computing, 18(4):447-459
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The M-PMC algorithm a.k.a ‘Integrated EM’

(Weights) and (Components) hold for A, +1 and ©,,1; such that

Nin [ 7al)v(dy) + (a = 1s] ™
s At [y AR )v(@y) + (= ]

Oymr = angmaxper [ V(o) log(kOp)(dy) . G=1...

)\j,n+l: ]:1J

Adaptive importance sampling in general mixture classes. O. Cappé, R. Douc, A. Guillin,
J-M Marin and C. P Robert (2008). Statistics and Computing, 18(4):447-459

— We recover the M-PMC algorithm when o =0, 5, =1 and Kk =0
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The M-PMC algorithm a.k.a ‘Integrated EM’

(Weights) and (Components) hold for A, +1 and ©,,1; such that

Nin [ 7al)v(dy) + (a = 1s] ™
s At [y AR )v(@y) + (= ]
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— We recover the M-PMC algorithm when o =0, 5, =1 and Kk =0

We have generalised an integrated EM algorithm for mixture models optimisation
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The M-PMC algorithm a.k.a ‘Integrated EM’

(Weights) and (Components) hold for A, +1 and ©,,1; such that

Nin [ al(dy) + (@ = Ds]™
e J=1ocad
St Aen [y v @) (dy) + (@ — 1]

Oymr = angmaxper [ V(o) log(kOp)(dy) . G=1...

)‘j,n+l =

Adaptive importance sampling in general mixture classes. O. Cappé, R. Douc, A. Guillin,
J-M Marin and C. P Robert (2008). Statistics and Computing, 18(4):447-459

— We recover the M-PMC algorithm when o =0, 5, =1 and Kk =0

We have generalised an integrated EM algorithm for mixture models optimisation

@® We introduce 7,, and k, where n,, acts as a
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The M-PMC algorithm a.k.a ‘Integrated EM’

(Weights) and (Components) hold for A, +1 and ©,,1; such that

Nin [ al(dy) + (@ = Ds]™
e J=1ocad
St Aen [y v @) (dy) + (@ — 1]

Oymr = angmaxper [ V(o) log(kOp)(dy) . G=1...

)‘j,n+l =

Adaptive importance sampling in general mixture classes. O. Cappé, R. Douc, A. Guillin,
J-M Marin and C. P Robert (2008). Statistics and Computing, 18(4):447-459

— We recover the M-PMC algorithm when o =0, 5, =1 and Kk =0

We have generalised an integrated EM algorithm for mixture models optimisation
@® We introduce 7,, and k, where n,, acts as a

® We extend the decrease property to « € [0,1)
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Application to GMMs

— Gaussian kernels : k(0;,y) = N (y;m;, 5;) with 6; = (m;,5;) € T
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Application to GMMs

— Gaussian kernels : k(0;,y) = N (y;m;, 5;) with 6; = (m;,5;) € T

Algorithm 1: a-divergence minimisation for GMMs

At iteration n,
Forall j=1...J, set

N [ 1 r(dy) + (@ = D]
ST e [ fy al(dy) + (0= 1]
o Ny v(dy)

T A ()
N e @)y = mjn) (y — mjn) " v(dy)
N (w)v(dy)

)‘J}n+1 =

Z]}TH—I
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Application to GMMs

— Gaussian kernels : k(0;,y) = N (y;m;, 5;) with 6; = (m;,5;) € T

Algorithm 1: a-divergence minimisation for GMMs

At iteration n,
Forall j=1...J, set

N [ 1 r(dy) + (@ = D]
ST e [ fy al(dy) + (0= 1]
o Ny v(dy)

T A ()
N e @)y = mjn) (y — mjn) " v(dy)
N (w)v(dy)

)‘J}n+1 =

Z]}TH—I

— In practice : M i.i.d samples generated from g, at iteration n

_ Kk(Ojny) (#An,(—)nk(y))a*l
an(y) p(y)
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Improving on the M-PMC algorithm

Target : p(y) = 2 x [0.5N (y; —2ug, Iq) + 0.5N (y; 2ug, I4)] ,d =16

Parameters

a=0,1n,=n7

M =200, J =100

an(y) = Z;‘I:I Ajnk (0j,n,y)
— varying n and K
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Improving on the M-PMC algorithm

Target : p(y) = 2 x [0.5N (y; —2ug, Iq) + 0.5N (y; 2ug, I4)] ,d =16

Dimension 16, a = 0.0, M = 200 and —x = 0.0

Parameters

a=0,1n,=n7

M =200, J =100

W (y) = X1 Nk (00, )
— varying n and K

log(@)

0 2500 5000 7500 10000 12500 15000 17500 20000
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Improving on the M-PMC algorithm

Target : p(y) = 2 x [0.5N (y; —2ug, Iq) + 0.5N (y; 2ug, I4)] ,d =16

Dimension 16, a = 0.0, M = 200 and —x = 0.0

Parameters

a=0,1n,=n7

M =200, J =100

W (y) = X1 Nk (00, )
— varying n and K

log(@)

0 2500 5000 7500 10000 12500 15000 17500 20000

Dimension 16, a = 0.0, M = 200 and —x = 0.1

log(é)

0 2500 5000 7500 10000 12500 15000 17500 20000
Sample size
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Improving on the M-PMC algorithm

Target : p(y) = 2 x [0.5N (y; —2ug, Iq) + 0.5N (y; 2ug, I4)] ,d =16

Dimension 16, a = 0.0, M = 200 and —x = 0.0

— = True value

Parameters
a=0,1n,=n7

M =200, J =100

W (y) = X1 Nk (00, )

— varying n and K

o . . . . . T T |
0 2500 5000 7500 10000 12500 15000 17500 20000
Sample size

Dimension 16, a = 0.0, M = 200 and —x = 0.1 Dimension 16, a = 0.0, M = 200 and —x = 1.0

log(é)

LUl L T |
7 0 2500 5000 7500 10000 12500 15000 17500 20000
Sample size

- 2500 5000 7500 10000 12500 15000 17500 20000
Sample size
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Gradient-based approach
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Gradient-based approach and Gradient Descent

N [y Faw) () + (o= )]

)\j7n+1: M ) ]:1‘]

S Aen [y @) (dy) + (@ — 1]
Daparil = Oy = %Jngyn(e)\gzgm , j=1...J

ﬂj,n
where v;, € (0,1], ¢jn >0,
Vja(y) k(0,y)
in 0) = “j,m - 1 : :
50) = s [ 2 108 (P ) via)

and g;, is assumed to be 3;,-smooth on T = R?
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Gradient-based approach and Gradient Descent

N [y Faw) () + (o= )]

)\j7n+1: M ) ]:1‘]

S Aen [y @) (dy) + (@ — 1]
Daparil = Oy = Jgn ngyn(e)‘gzgjm , j=1...J

ﬂj,n
where v;, € (0,1], ¢jn >0,
Vja(y) k(0,y)
in 0) = “j,m - 1 : :
50) = s [ 2 108 (P ) via)

and g;, is assumed to be 3;,-smooth on T = R?

Set p=p(-,2), Vj;n = Tn € (0,1]. Usual gradient descent steps on © for
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Gradient-based approach and Gradient Descent

N [y Faw) () + (o= )]

)\j7n+1: 7 M ) ]:1‘]
S Aen [y @) (dy) + (@ — 1]
Yin .
Daparil = Oy = ﬂj ng,n(())\gzgm , j=1...J
J.n

where v;, € (0,1], ¢jn >0,
Vraly) k(0,y)
in(0) =cjn I It : dy) .
50) = s [ 2 108 (P ) via)
and g;, is assumed to be 3;,-smooth on T = R?

Set p=p(-,2), Vj;n = Tn € (0,1]. Usual gradient descent steps on © for
e o-divergence minimisation : ¢j, = Ajn

e Rényi's a-divergence minimisation :
Sjm = Ajin(Jy #rn.0, k() p(y)' v (dy))
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Gradient-based approach and Gradient Descent

Nim [y 2@ (dy) + (@ = 1s] ™
S M [y T @rdy) + (@ — 1] "

Ojmr1 = Ojm — Z;j" Vgin(Oozt » G=1...J
J.n

Ajnt1 = j=1...J

where v;, € (0,1], ¢jn >0,
VoY) k(6,y)
n(0) = cin . I .
g], (6) ('.7-, /Y a—1 og <k(0],n7y) V(dy)

and g;, is assumed to be 3;,-smooth on T = R?

Set p=p(-,2), Vj;n = Tn € (0,1]. Usual gradient descent steps on © for
e o-divergence minimisation : ¢j, = Ajn

e Rényi's a-divergence minimisation :
Sjm = Ajin(Jy #rn.0, k() p(y)' v (dy))

— Problem : A;,, appears as a multiplicative factor, which could prevent learning!
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Gradient-based approach and Gradient Descent

Nim [y 2@ (dy) + (@ = 1s] ™
S M [y T @rdy) + (@ — 1] "

Oimt1 = 05 — 22V 0 (Olomsy, » J=1...7
ﬂj,n

Ajnt1 = j=1...J

where v;, € (0,1], ¢jn >0,
V() k(0,y)
j,n =Cin - 1 .
gin(0) = ¢; /Y 2 log <k(0j,n,y) v(dy)

and g;, is assumed to be 3;,-smooth on T = R?

Set p=p(-,2), Vj;n = Tn € (0,1]. Usual gradient descent steps on © for
e a-divergence minimisation : ¢j, = \j,

e Rényi's a-divergence minimisation :
Sjm = Ain(Jy #an.0, k(W) py)' v (dy))

— Problem : )\ ,, appears as a multiplicative factor, which could prevent learning!
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Gradient-based approach and Gradient Descent

N [y Faw) () + (o= )]

)\j7n+1: J T > j=1...J

S Aen [y @) (dy) + (@ — 1]
Oimt1 = 05 — 22V 0 (Olomsy, » J=1...7

ﬂj,n
where v;, € (0,1], ¢jn >0,
Viay) k(6,y)
j,n =Cin - 1 .
i) = 5 [ 2 o (et )

and g;, is assumed to be 3;,-smooth on T = R?
Set p=p(-,2), Vj;n = Tn € (0,1]. Usual gradient descent steps on © for
e a-divergence minimisation : ¢j, = \j,

e Rényi's a-divergence minimisation :
Sjm = Ain(Jy #an.0, k(W) py)' v (dy))

— Problem : )\ ,, appears as a multiplicative factor, which could prevent learning!

— Solution enabled by our framework : ¢;, = ([ fyj’-fa(y)u(dy))*l
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Application to GMMs (2)

— Gaussian kernels k(6;,y) = N (y; 0;,0%I4) with © € T/, T=R% and 02 > 0
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Application to GMMs (2)

— Gaussian kernels k(6;,y) = N (y; 0;,0%I4) with © € T/, T=R% and 02 > 0

e Casel: c]n =, n(fy B0, k() 2p(y) v (dy)) "t with
Bin=02(1-a)!
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Application to GMMs (2)

— Gaussian kernels k(6;,y) = N (y; 0;,0%I4) with © € T/, T=R% and 02 > 0

o Cose 11y = Nyl i, 0, H0)p(0)! () with
Bjm=0" (1 —a)!
® Case 2: ¢cjn = ([ Vo (y)r(dy)) " with B =0 (1 — )"
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Application to GMMs (2)

— Gaussian kernels k(6;,y) = N (y; 0j,0%I4) with © € T/, T=R% and 02 > 0

o Cose 11y = Nyl i, 0, H0)p(0)! () with
Bjn =0 2(1 —a)t
® Case 2: ¢cjn = ([ Vo (y)r(dy)) " with B =0 (1 — )"

Algorithm 2: a-divergence minimisation for GMMs (2)

At iteration n,
Forall j=1...J, set

N [ alutd) + (a — 1)a]

. Mn
S M [ fy Vo w)r(dy) + (@ = 1]
. fY 5,0V o (W) (Y=05,n)v(dy)
o )OS ke (Case 1)
Jn+1 —

) N jaW) v v(dy)
(1 — ’yn) 0]771 + 'Ynm (Case 2)

)‘J}n+1 =
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Application to GMMs (2)

— Gaussian kernels k(6;,y) = N (y; 0j,0%I4) with © € T/, T=R% and 02 > 0

o Cose 11y = Nyl i, 0, H0)p(0)! () with
Bjn =0 2(1 —a)t
® Case 2: ¢cjn = ([ Vo (y)r(dy)) " with B =0 (1 — )"

Algorithm 2: a-divergence minimisation for GMMs (2)

At iteration n,
Forall j=1...J, set

N [ alutd) + (a — 1)a]

S M [y T rdy) + (@ = D]

yv(d
) v Adn Y5 o () (y—05,0)v(dy)
0] - _ 9]771 + ’Y’n fY g, Ojnjg ) (( ))1 a,/((ddy))

" Y6, 4y V) ¥ ()
(L= 0) Oy + 0o gy (Case 2)

)‘J}n+1 =

(Case 1)

— In practice : M i.i.d samples generated from ¢, at iteration n
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Improving on Gradient Descent updates

Target :  p(y) = 2 x [0.5N (y; —2ug, Ig) + 0.5N (y; 2ug, I4)] , d =16
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Improving on Gradient Descent updates

Target :  p(y) = 2 x [0.5N (y; —2ug, Ig) + 0.5N (y; 2ug, I4)] , d =16

Dimension 16, o* = 1.0, M = 200 and —x = 0.1

— UMAMC(0.1,0.1).0 = 0.0
2

log MSE

0 250 5000 7500 10000 12500 15000 17500 20000
Sample size
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Improving on Gradient Descent updates

Target :  p(y) = 2 x [0.5N (y; —2ug, Ig) + 0.5N (y; 2ug, I4)] , d =16

Dimension 16, o* = 1.0, M = 200 and —x = 0.1 Dimension 16, o> = 1.0, M = 500 and — = 0.1
— umpMC(., 0.,
— umMpMC(.1, 0.1),

— UMPMC(0.L,01), 0 = 00
—— UMPMC(0.L,01). 0 = 05
— RGDI0.1,0.1), 4= 0.0

ok
af At
2= g -
Rl Rl
i ol
e |
o o
770 2500 5000 7500 10000 12500 15000 17500 20000 770 2500 5000 7500 10000 12500 15000 17500 20000
Sample size

Sample size
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Improving on Gradient Descent updates

Target :  p(y) = 2 x [0.5N (y; —2ug, Ig) + 0.5N (y; 2ug, I4)] , d =16

Dimension 16, o* = 1.0, M = 500 and — = 0.1

Dimension 16, o° = 1.0, M = 200 and

UM-PMC(01, 01), 0 = 0.0

il of -
-1+ -ir —— PIMAIS, o}y, = 1.0

ot
70 2500 5000 7500 10000 12500 15000 17500 20000 0 2500 5000 7500 10000 12500 15000 17500 20000
Sample size Sample size
Dimension 16, o* = 4.0, M = 200 and — = 0.1
— N1, 01). 0 = 00
150 — UMAUC(0.1, 01,0 =05
— RGD0101).a=00
10-
RGD01.0.1).a =05
sl — MPHC(L0,0.0)
— P, o3, -10
8 oot — PMAS, o3, =250
g oo
¥ 05
Zof
15
—20-
230 2500 5000 7500 10000 12500 15000 17500 20000
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Improving on Gradient Descent updates

Target :  p(y) =2 x [0.5N (y; —2ug, Ia) + 0.5N (y; 2uq, 1a)] , d

Dimension 16, o

— UMPMC(0.L,01), 0 = 00
—— UMPMC(0.L,01). 0 = 05
— RGDI0.1,0.1), 4= 0.0

o o-
b af
— Pass, o3, - 10 — PMAIS o8y =10
P — Pwas, o, - 250 2 — PMAs o, =250
e e
s st
70 2500 5000 7500 10000 12500 15000 17500 20000 0 2500 5000 7500 10000 12500 15000 17500 20000
ample size ample siz
Dimension 16, o = 4.0, M = 200 and —x Dimension 16, o” = 4.0, A
— umemcioa, o)
28} 150 — UMPMC0.1, 01,0
— AGD0L01)a =00
or —— RGDO1.01).a =05 or — RGDOLOD. 4 =05
sl — MPHC(L0,0.0) ash — MAUC(LO,00)
— P, o3, -10 — PAS, 5,10
g oo — PMAS, o3, =250 2 oo — PMAS. 3,250
¥ 05
Lo+ 10
5+ 15+
—20- —20-
230 2500 5000 7500 10000 12500 15000 17500 20000 2570 2300 5000 7500 10000 12500 15000 17500 20000

Sample size Sample size
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Conclusion

Novel framework for monotonic a-divergence minimisation
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Conclusion

Novel framework for monotonic a-divergence minimisation
® applicable to optimisation,

® mixture weights and mixture components parameters can be updated

. of our general framework compared to gradient-based
approaches and to the M-PMC algorithm

Perspectives
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Conclusion

Novel framework for monotonic a-divergence minimisation
® applicable to optimisation,

® mixture weights and mixture components parameters can be updated

. of our general framework compared to gradient-based
approaches and to the M-PMC algorithm

Perspectives

® Additionnal convergence results
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Conclusion

Novel framework for monotonic a-divergence minimisation
® applicable to mixture models optimisation,

® mixture weights and mixture components parameters can be updated
simultaneously,

® cmpirical benefits of our general framework compared to gradient-based
approaches and to the M-PMC algorithm

Perspectives
® Additionnal convergence results

® ML applications (suggestions?)
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Thank you for your attention!

kamelia.daudel@gmail.com

Monotonic Alpha-divergence Minimisation
K. Daudel, R. Douc and F. Roueff (2021). https://arxiv.org/abs/2103.05684

Infinite-dimensional gradient-based descent for alpha-divergence minimisation.
K. Daudel, R. Douc and F. Portier (2020). To appear in the Annals of Statistics.
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Practical algorithm for GMMs optimisation

— Gaussian kernels : k(0;,y) =N(y;6j,o21d) with 0; € T = R? and 62 > 0
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Practical algorithm for GMMs optimisation

— Gaussian kernels : k(0;,y) = N(y;0;,0%I,) with §; € T = R? and 02 > 0

Algorithm 3: a-divergence minimisation for GMMs (constant o2)

At iteration n,
® Draw independently M samples (Y, »)1<m<m from the proposal gy,.

@ Forallj=1...J, set

n

. [ZM 1 e (Yimn) + (a — 1)/@}

)‘jmﬂ Mn
ZZ 1/\5” [Zm I'YZQ(Y )+(a_ 1)"£:|
A2 (Ymn) Yo S
% (Maximisation)
9.7',n+1 = !

WM A Vi) Vi —0)
in 2?’27 Ay (GD-based)
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Practical algorithm for GMMs optimisation

— Gaussian kernels : k(0;,y) = N(y;0;,0%I,) with §; € T = R? and 02 > 0

Algorithm 3: a-divergence minimisation for GMMs (constant o2)

At iteration n,
® Draw independently M samples (Y, »)1<m<m from the proposal gy,.

@ Forallj=1...J, set

R Mn
Ajn [Zi\nl 1 'Y]na(ym,n) + (= 1)“}
)‘jmﬂ Mn
ZZ 1/\5” [Zm I'YZQ(Y )+(O‘_1)"£:|
St 2o (Ymn)-Yinn L
cm=l 1yt R T M t
b= o Dol (Maximisation)

WM A Vi) Vi —0)
in 2?’27 Ay (GD-based)

Here,

k(jn,y) (Nxmenk(y) ) a-1

Vialb) = an(y) p(y)
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Additionnal Numerical Experiments

Target :  p(y) = 2 x [0.5N (y; —2ug, Ig) + 0.5N (y; 2ug, I4)] , d =16

Parameters

a=0,n,=n M=200
0(y) = 251 Ak (Om, v)
Vs

(In —] Z/ 1 /nl>

— varying 1 and &
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Additionnal Numerical Experiments

Target : p(y) =2 x [0.5N (y; —2uqg, Ig) + 0.5N (y; 2ugq, I4)] , d =16

Parameters Dimension 16, a = 0.0 M = 200 and —x = 0.0

(In(y) = Z]J:l /\j,rzk'(ej,7z~ll/) ° \\ —~—

VS
(In —] Z/ 1 /n l)

— varying 1 and &

UM-PMC(y, )

— 05
ni W\W — 02
M 201

0 2500 5000 7500 10000 12500 15000 17500 20000
Sample size

log MSE
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Additionnal Numerical Experiments

Target : p(y) =2 x [0.5N (y; —2uqg, Ig) + 0.5N (y; 2ugq, I4)] , d =16

Dimension 16, a = 0.0 M = 200 and —x = 0.0

Parameters

a=0,1, =n, M =200 i m s
W(y) = X1 Ajnk(Om,y) [\

VS g—sr

an(y) = T i1 k(B ) et
— varying n and K -

0 2500 5000 7500 10000 12500 15000 17500 20000
Sample size

Dimension 16, a = 0.0 M = 200 and —x = 0.1

MPMC(y, )
=
o —es
\ — 02
o
g
=
I om0

peabote e
3- WWAW G — 4=05
— 402

WSO et o1
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Additionnal Numerical Experiments

Target : p(y) =2 x [0.5N (y; —2uqg, Ig) + 0.5N (y; 2ugq, I4)] , d =16

Dimension 16, a = 0.0 M = 200 and —x = 0.0

Parameters

a=0,n,=mn M =200 1T =
(In(y) = Z]J:l /\jmk'(ejnby) °r \\ :5223
Vs

qu(y) =J! Z/]:I k(g.i,my)
— varying 1 and &

log MSE

UM-PMC(y, )
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Sample size
Dimension 16, a = 0.0 M = 200 and — = 0.1 Dimension 16, a = 0.0 M = 200 and — = 1.0
L 1-
1 MEPMC(y, ) MPMC ()
— =10
o- o — =05
\ : — =02
w w \
@ ]
2 2,
= Ll ] | UM-PMC(, 1)
¥ ¥ g
l M—\.,\‘;_WMV"\'A’ Sl
=T A ~r
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Sample size Sample size
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