Monotonic Alpha-Divergence Variational
Inference

Kamélia Daudel

UNIVERSITY OF

0),430)23D

2022 IMS Annual Meeting: Bayesian Computation

Joint work with Randal Douc and Francois Roueff

Kamélia Daudel (University of Oxford) - Monotonic Alpha-Divergence Variational Inference



Introduction

® Bayesian Inference : complex posterior density p(y|Z) only known up
to a constant
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Introduction

® Bayesian Inference : complex posterior density p(y|Z) only known up
to a constant

® Variational Inference :

@ Posit a simpler variational family @
@® Find the best approximation to the posterior density belonging to Q :
solve an optimisation problem involving a measure of dissimilarity D

Inf D(q || p(12))
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Introduction

® Bayesian Inference : complex posterior density p(y|Z) only known up
to a constant

® Variational Inference :
@ Posit a simpler variational family @
@® Find the best approximation to the posterior density belonging to Q :
solve an optimisation problem involving a measure of dissimilarity D

Inf D(q || p(12))

e Typically, D is the exclusive Kullback-Leibler (KL) divergence and Q is
parametric

Q={q:y—k(b,y) : 6T}

with @ for example being optimised via stochastic gradient descent.
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Introduction

® Bayesian Inference : complex posterior density p(y|Z) only known up
to a constant

® Variational Inference :

@ Posit a simpler variational family @
@® Find the best approximation to the posterior density belonging to Q :
solve an optimisation problem involving a measure of dissimilarity D

Inf D(q || p(12))

e Typically, D is the exclusive Kullback-Leibler (KL) divergence and Q is
parametric
Q={q:y—k(b,y) : 6T}
with @ for example being optimised via stochastic gradient descent.
® VYet, the exclusive KL has some known limitations (e.g. posterior

variance underestimation, cannot capture multimodality) and Q might
also be too restrictive
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An idea

Instead of the exclusive KL divergence and Q of the form

Q={q:y—k(@O,y) : 0T},

consider the a-divergence and choose Q of the form

J
Q=Sq:y preky) :=> Nk,y) : AcS,0eT’
j=1
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Instead of the exclusive KL divergence and Q of the form

Q={q:y—k(@O,y) : 0T},

consider the a-divergence and choose Q of the form
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Q=Sq:y preky) :=> Nk,y) : AcS,0eT’
j=1

— Why is that a good idea?
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An idea

Instead of the exclusive KL divergence and Q of the form

Q={q:y—k(@O,y) : 0T},

consider the a-divergence and choose Q of the form
J
Q=1qq:y— urok(y) = Zx\_,k(ﬁj,y) AeS,0eT
j=1

— Why is that a good idea?

@ The a-divergence family is more general and permits to bypass some issues
of the exclusive KL divergence when o < 1
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An idea

Instead of the exclusive KL divergence and Q of the form

Q={q:y—k(@O,y) : 0T},

consider the a-divergence and choose Q of the form

J
Q=Sq:y preky) :=> Nk,y) : AcS,0eT’
j=1

— Why is that a good idea?

@ The a-divergence family is more general and permits to bypass some issues
of the exclusive KL divergence when o < 1

@ Optimising w.r.t. A and © expands the traditional parametric variational
family — Optimising w.r.t. A enables to select the mixture components
according to their overall importance in the set of component parameters ©
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An idea - cont'd

Instead of the exclusive KL divergence and Q of the form

Q={q:y—k(0,y) : 0T},
consider the a-divergence and choose Q of the form
J
Q=1q:y— urok(y) = Z/\_,-k(ﬁj,y) cAeS,,0eT!

j=1

— What are the challenges?
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Instead of the exclusive KL divergence and Q of the form

Q={q:y—k(0,y) : 0T},
consider the a-divergence and choose Q of the form
J
Q=1q:y— urok(y) = Z/\_,-k(ﬁj,y) cAeS,,0eT!

j=1

— What are the challenges?

@ The optimisation w.r.t A is over a constrained space (the simplex)
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An idea - cont'd

Instead of the exclusive KL divergence and Q of the form

Q={q:y—k(0,y) : 0T},
consider the a-divergence and choose Q of the form
J
Q=1q:y— urok(y) = Z/\_,-k(ﬁj,y) cAeS,,0eT!

j=1

— What are the challenges?
@ The optimisation w.r.t A is over a constrained space (the simplex)

® How do we establish theoretical guarantees?
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An idea - cont'd

Instead of the exclusive KL divergence and Q of the form

Q={q:y—k(@,y) : 0T},

consider the a-divergence and choose Q of the form

Jf
Q=1q:y— urok(y) = Z/\_,-k(ﬁj,y) cAeS,,0eT!
j=1

— What are the challenges?
@ The optimisation w.r.t A is over a constrained space (the simplex)

® How do we establish theoretical guarantees?

Monotonic Alpha-divergence Minimisation for Variational Inference.
K. Daudel, R. Douc and F. Roueff (2021). https://arxiv.org/abs/2103.05684

Goal : Propose valid update formulas for (A, ©) that ensures a systematic de-
crease in the a-divergence D, (1) ok || p(:|2)) at each step, with a € [0, 1).
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Monotonic Alpha-Divergence Minimisation

® Goal : Given (An, ©5) find (Ap41,On41) such that

Do(pinn 10041k |l P(12)) < Dalpan.0.k || p(-12))
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Monotonic Alpha-Divergence Minimisation

® Goal : Given (An, ©5) find (Ap41,On41) such that

Do(pinn 10041k |l P(12)) < Dalpan.0.k || p(-12))

® Core step : simplify the problem by writing conditions enabling
(and simultaneous!) updates for A,41 and ©,,41

J
[ Nnelilton (51 ) vtan) > 0 (Weights)
j=1 o

J
(@) k( ,y)>
Ain Qs log [ ————= dy) >0 Components
/YE () g( W Oymy) v(dy) (Comp )

where go;n) (y) = k(Ojn,y) (M;(Z)inf)(y))
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Updating the mixture weights A, 1

J
L3Nl o (5 ) vtan) = 0 (Weights)
Y j=1 J,m
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Updating the mixture weights A, 1

J
/ Z)‘j,n‘Pﬁl) (y) log ()\7) v(dy) 20 (Weights)
Y j=1 J,n

— (Weights) holds for A, +1 such that

J
Ant1 = argmax /YZ /\jm(pﬁg (y) log (/\
j=1

) v(dy)

YR
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Updating the mixture weights A, 1

. J
/ Z)\j,nwﬁ(y)log< i
Y j=1 Jsm

> v(dy) >0 (Weights)

— (Weights) holds for A,+1 such that

Ajin fY (pg n y)v(dy)
Ajnt1 = S
Ze:l A Jy ‘Pe,n (y)v(dy)
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Updating the mixture weights A, 1

J
/ Z)\j,n‘Pﬁl) (y) log (T) v(dy) =0 (Weights)
Y j=1 J,m
— (Weights) holds for A, +1 such that

Tin
N | fy ¢ @) (dy) + (@ = D
@ . Mn )
S Aen| fy 0l @)¥(Ay) + (o = Vs

Ajmt1 = j=1...J

where 7, € (0,1] and &y, is such that (o — 1)k, >0
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Updating the mixture components parameters ©,, 1

k(ejn+1>y)
—_— T/ >
/E A]ncpjn <k(9j,n,y) v(dy) =0 (Components)
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Updating the mixture components parameters ©,, 1

k(ejn+1>y)
—_— T/ >
/E A]ncp]n <k(9j,n,y) v(dy) =0 (Components)

® Maximisation approach : forall j=1...J,

Oy = argmaryer [ o40)0) 10g (%) v(dy)
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Updating the mixture components parameters ©,, 1

k(ej n+1, y)
E 2odntli o) >
/ Aj, ncpjn < 5O ) v(dy) >0 (Components)

® Maximisation approach : forall j=1...J, b;,, >0 and

(6,
Ojnt1 = argmax%-,—/ {(pg n)(y) + bjnk(8n, '1/)} log <ﬁ> v(dy)
jomo
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Updating the mixture components parameters ©,, 1

k(ej n+1, y)
E 2odntli o) >
/ Aj, ncpjn < 5O ) v(dy) >0 (Components)

® Maximisation approach : forall j=1...J, b;,, >0 and

0j,n+1 = argma‘XOET/ {‘P; n>(y) + b’/‘.nk({")&/‘m ,I/)} lOg (ﬁ) V(dy)
3ym

® Gradient-based approach : forall j =1...J, v, € (0,1]

Vs
0j,n+1 = 9j,n - ﬂj nvg] n( )‘6’:9],72
AL

where g, , is assumed to be 3;,-smooth on T = R? with

()
_ [ #in®) k(9,y)
o) = | 2 s () o
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An example : GMMs, k(0;,y) = N (y; m;, ;)

® Maximisation approach with 6; = (m;,%;) : forall j=1...J,

Mjnt1 = (1 = V)M + Vinitjn
Zjnr1 = 1= %n)Zjn + VinZjn
+ %1 = Yin) (Fojn = Mjm) (Fjm — mjn)"
where
_ fvysom y)v(dy) o Kvy” som( Jvdy)
Jn = (a) ’ jn = 7,m5n
Sy 50 (w) v(dy) Jy 65 (y) v(dy)

7jn depends on b; ,,: considering all possible values of b;,,, we have 7;,, € (0,1]
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An example : GMMs, k(0;,vy) = N (y; m;,%;)
® Maximisation approach with 6; = (m;,%;) : forall j=1...J,
Mjnt1 = (1= Yjn)Mjn +YjnMjn

Djmt1 = (1= Y%n)Zjm + Vi Sim

+ %1 = Yin) (Fojn = Mjm) (Fjm — mjn)"

where
RSy o few” so]nmu(dy) .,
My = ? y Yjn = — MMy,

I 5 (v) v(dy) Jy 65 (y) v(dy)

7jn depends on b; ,,: considering all possible values of b;,,, we have 7;,, € (0,1]

® Gradient-based approach with §; =m; : forall j=1...J
M1 = (1= Yjn)Mjn + VjnMjn

where 7, € (0, 1], and ; = 0% with o; > 0 fixed
(here g;., is Bjn-smooth with 3, = o5 (1 — a) f<p]nd1/
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At this stage...

Goal : Given (An,©y) find (A1, ©p41) such that

Datirn 1,005 || P(-12)) < Daltin,0.% || p(-12))
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At this stage...

Goal : Given (An,©y) find (A1, ©p41) such that
Da(pirni1.004:% |l P(12)) < Dalpir, 0.k || p(-12))

We found:
@ Updates for the mixture weights A1

N [y 3 @) (dy) + (o= Dsa] ™
i1 e [ fy el )v(dy) + (o = 1)

Ajmtl = =, j=1...J

where 7, € (0,1] and £, is such that (o — 1)k, >0
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At this stage...

Goal : Given (An,©y) find (A1, ©p41) such that
Da(pirni1.004:% |l P(12)) < Dalpir, 0.k || p(-12))

We found:
@ Updates for the mixture weights A1

N [y 3 @) (dy) + (o= Dsa] ™
Zz 1A [fv %"én Jv(dy) + (o — 1)’%] "

Ajnt1 = j=1...J

where 7, € (0,1] and £y, is such that (o — 1)ky,

® Updates for the mixture components parameters O,,11

® Maximisation approach
® Gradient-based approach
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At this stage...

Goal : Given (An,©y) find (A1, ©p41) such that
Da(pirni1.004:% |l P(12)) < Dalpir, 0.k || p(-12))

We found:
@ Updates for the mixture weights A1

Mn

Njn [fy soﬁfff(y)V(dy) + (o — 1)%]
i1 e [ fy el )v(dy) + (o = 1)

Ajmi1 = =, j=1...J

where 7, € (0,1] and £, is such that (o — 1)k, >0

® Updates for the mixture components parameters O,,11
® Maximisation approach

® Gradient-based approach

that are applicable to GMMs [maximisation approach providing covariance
matrices updates] ...
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At this stage...
Goal : Given (An,©y) find (A1, ©p41) such that
Da(pixi1.000:k |l (12)) < Dalpan.0.k || p(-12))
We found:
@ Updates for the mixture weights A1

Mn

Ni [ fy £ v(dy) + (@ = 1)y
> M [fy %"(a) v(dy) + (@ = 1)k,

Ajnt1 = =, j=1...J

where 7, € (0,1] and &, is such that (o — 1)k, >0

® Updates for the mixture components parameters O,,11
® Maximisation approach
® Gradient-based approach

that are applicable to GMMs [maximisation approach providing covariance
matrices updates] ... suitable for Mean-field + Student’s ¢ distributions too.
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At this stage...
Goal : Given (An,©y) find (A1, ©p41) such that
Da(pixi1.000:k |l (12)) < Dalpan.0.k || p(-12))
We found:
@ Updates for the mixture weights A1

Mn

Ni [ fy £ v(dy) + (@ = 1)y
> M [fy %"(a) v(dy) + (@ = 1)k,

Ajnt1 = =, j=1...J

where 7, € (0,1] and &, is such that (o — 1)k, >0

® Updates for the mixture components parameters O,,11

® Maximisation approach
® Gradient-based approach

that are applicable to GMMs [maximisation approach providing covariance
matrices updates] ... suitable for Mean-field + Student’s ¢ distributions too.

Question : Related work?
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1) GD for Rényi's a-divergence minimisation

Rényi divergence variational inference. Y. Li and R. E Turner (2016). NeurlPS

— Main focus on mixture component parameters optimisation (via GD)
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1) GD for Rényi's a-divergence minimisation

Rényi divergence variational inference. Y. Li and R. E Turner (2016). NeurlPS

— Main focus on mixture component parameters optimisation (via GD)
Recall that in the GMM case, we obtained: forall j =1....J,

Mjn+1 = (1 = Vjn)Mjm + VinMjn

where ~y; , € (0,1]
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1) GD for Rényi's a-divergence minimisation

Rényi divergence variational inference. Y. Li and R. E Turner (2016). NeurlPS

— Main focus on mixture component parameters optimisation (via GD)
Recall that in the GMM case, we obtained: forall j =1....J,

Mjn+1 = (1 = Vjn)Mjm + VinMjn

where ~y; , € (0,1]

Core insights :
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1) GD for Rényi's a-divergence minimisation

Rényi divergence variational inference. Y. Li and R. E Turner (2016). NeurlPS

— Main focus on mixture component parameters optimisation (via GD)
Recall that in the GMM case, we obtained: forall j =1....J,

Mjn+1 = (1 = Vjn)Mjm + VinMjn

where ~y; , € (0,1]
Core insights :

@ We recover GD steps for mixture components optimisation by Rényi's
a-divergence minimisation for a well-chosen ;..

— Compatibility between GD steps and mixture weights updates
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1) GD for Rényi's a-divergence minimisation

Rényi divergence variational inference. Y. Li and R. E Turner (2016). NeurlPS

— Main focus on mixture component parameters optimisation (via GD)
Recall that in the GMM case, we obtained: forall j =1....J,

Mjn+1 = (1 = Vjn)Mjm + VinMjn

where ~y; , € (0,1]
Core insights :

@ We recover GD steps for mixture components optimisation by Rényi's
a-divergence minimisation for a well-chosen ;..

— Compatibility between GD steps and mixture weights updates

® Same update on the means for maximisation and gradient-based
approaches
— Compatibility between GD steps, mixture weights updates and
covariance matrices updates
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2) The Power Descent algorithm

Infinite-dimensional gradient-based descent for alpha-divergence minimisation.
K. Daudel, R. Douc and F. Portier. Ann. Statist. 49 (4) 2250 - 2270, August 2021.
https://doi.org/10.1214/20-A0S2035.
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2) The Power Descent algorithm

Infinite-dimensional gradient-based descent for alpha-divergence minimisation.
K. Daudel, R. Douc and F. Portier. Ann. Statist. 49 (4) 2250 - 2270, August 2021.
https://doi.org/10.1214/20-A0S2035.

— Main focus on mixture weights optimisation
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2) The Power Descent algorithm

Infinite-dimensional gradient-based descent for alpha-divergence minimisation.
K. Daudel, R. Douc and F. Portier. Ann. Statist. 49 (4) 2250 - 2270, August 2021.
https://doi.org/10.1214/20-A0S2035.

— Main focus on mixture weights optimisation

N [y @) (dy) + (@ = Dca| "

@ M >
i den [y 23 )v(dy) + (@ = D)
@n+1 = en

)\j,n+1— ]:1J

where 7, € (0,1] and £, is such that (o — 1)k, > 0
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2) The Power Descent algorithm

Infinite-dimensional gradient-based descent for alpha-divergence minimisation.
K. Daudel, R. Douc and F. Portier. Ann. Statist. 49 (4) 2250 - 2270, August 2021.
https://doi.org/10.1214/20-A0S2035.

— Main focus on mixture weights optimisation

N [y @) (dy) + (@ = Dca| "

@ M >
i den [y 23 )v(dy) + (@ = D)
@n+1 = en

)\j,n+1— ]:1J

where 7, € (0,1] and £, is such that (o — 1)k, > 0

Core insights :
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2) The Power Descent algorithm

Infinite-dimensional gradient-based descent for alpha-divergence minimisation.
K. Daudel, R. Douc and F. Portier. Ann. Statist. 49 (4) 2250 - 2270, August 2021.
https://doi.org/10.1214/20-A0S2035.

— Main focus on mixture weights optimisation

N [y @) (dy) + (@ = Dca| "

@ M >
i den [y 23 )v(dy) + (@ = D)
@n+1 = G)n

)\j,n+1— ]:1J

where 7, € (0,1] and £, is such that (o — 1)k, > 0

Core insights :
@ Same update on the mixture weights as the Power Descent

— Compatibility between mixture weights updates and mixture components
parameters updates
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2) The Power Descent algorithm

Infinite-dimensional gradient-based descent for alpha-divergence minimisation.
K. Daudel, R. Douc and F. Portier. Ann. Statist. 49 (4) 2250 - 2270, August 2021.
https://doi.org/10.1214/20-A0S2035.

— Main focus on mixture weights optimisation

N [y @) (dy) + (@ = Dca| "

@ M >
i den [y 23 )v(dy) + (@ = D)
@n+1 = G)n

)\j,n+1— ]:1J

where 7, € (0,1] and £, is such that (o — 1)k, > 0

Core insights :
@ Same update on the mixture weights as the Power Descent

— Compatibility between mixture weights updates and mixture components
parameters updates

® The mixture weights update is gradient-based, n,, plays the role of a
learning rate
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3) The M-PMC algorithm a.k.a ‘Integrated EM’

Adaptive importance sampling in general mixture classes. O. Cappé, R. Douc, A. Guillin,
J-M Marin and C. P Robert (2008). Statistics and Computing, 18(4):447-459
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3) The M-PMC algorithm a.k.a ‘Integrated EM’

Adaptive importance sampling in general mixture classes. O. Cappé, R. Douc, A. Guillin,
J-M Marin and C. P Robert (2008). Statistics and Computing, 18(4):447-459

We recover this algorithm by setting :

-a=0

- Mp = 1, K, = 0 in the mixture weights update
- bjn = 0 in the maximisation approach
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We recover this algorithm by setting :

-a=0

- Mp = 1, K, = 0 in the mixture weights update
- bjn = 0 in the maximisation approach

Core insights :
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3) The M-PMC algorithm a.k.a ‘Integrated EM’

Adaptive importance sampling in general mixture classes. O. Cappé, R. Douc, A. Guillin,
J-M Marin and C. P Robert (2008). Statistics and Computing, 18(4):447-459

We recover this algorithm by setting :

-a=0

- p =1, K, = 0 in the mixture weights update

- bjn = 0 in the maximisation approach

Core insights :
We have generalised an integrated EM algorithm for mixture models optimisation
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3) The M-PMC algorithm a.k.a ‘Integrated EM’

Adaptive importance sampling in general mixture classes. O. Cappé, R. Douc, A. Guillin,
J-M Marin and C. P Robert (2008). Statistics and Computing, 18(4):447-459

We recover this algorithm by setting :

-a=0

- p =1, K, = 0 in the mixture weights update

- bjn = 0 in the maximisation approach

Core insights :
We have generalised an integrated EM algorithm for mixture models optimisation
@ We extend the decrease property to « € [0, 1)
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3) The M-PMC algorithm a.k.a ‘Integrated EM’

Adaptive importance sampling in general mixture classes. O. Cappé, R. Douc, A. Guillin,
J-M Marin and C. P Robert (2008). Statistics and Computing, 18(4):447-459

We recover this algorithm by setting :

-a=0

- p =1, K, = 0 in the mixture weights update

- bjn = 0 in the maximisation approach

Core insights :
We have generalised an integrated EM algorithm for mixture models optimisation
@ We extend the decrease property to « € [0, 1)

® We introduce 1, and k,, where 7, acts as a
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3) The M-PMC algorithm a.k.a ‘Integrated EM’

Adaptive importance sampling in general mixture classes. O. Cappé, R. Douc, A. Guillin,
J-M Marin and C. P Robert (2008). Statistics and Computing, 18(4):447-459

We recover this algorithm by setting :

-a=0

- p =1, K, = 0 in the mixture weights update

- bjn = 0 in the maximisation approach

Core insights :

We have generalised an integrated EM algorithm for mixture models optimisation
@ We extend the decrease property to « € [0, 1)
® We introduce 1, and k,, where 7, acts as a

© In the GMM case, we introduce v, via b;,, which acts as a
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3) The M-PMC algorithm a.k.a ‘Integrated EM’

Adaptive importance sampling in general mixture classes. O. Cappé, R. Douc, A. Guillin,
J-M Marin and C. P Robert (2008). Statistics and Computing, 18(4):447-459

We recover this algorithm by setting :

-a=0

- Mp = 1, K, = 0 in the mixture weights update
- bjn = 0 in the maximisation approach

Core insights :

We have generalised an integrated EM algorithm for mixture models optimisation
@ We extend the decrease property to « € [0, 1)
® We introduce 1, and k,, where 7, acts as a

© In the GMM case, we introduce v, via b;,, which acts as a

NB : Why do the learning rate aspects matter? In pratice, Monte Carlo approxi-
mations!
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Monte Carlo approximations

Algorithm 1: Gaussian Mixture Models optimisation

At iteration n,
@ Draw independently M samples (Y;,.n)1<m<nm from the proposal gp,.
@ Forall j=1...J, set:

I (o M
/\j-ﬂ [Zﬁf:l Wgn)(yrnﬂ +(a— 1)’%]
Tn
St A [0 40 V) + (= D]

Ajntl =

S ) Vi) Y
S ) Vi)
/\71 Zm 19%(:3( mn) (Ym,n - 9]',”)

(MG) mjpg1 =1 =) Mjn+7m

(RGD) Mjnt+1 = Mjn + Tn
_{:1 Zﬂm:1 )\j.,n,@;n) (Ymn>

w] n )
‘In

— Here <p] (y) » Yin = Tn € (0,1] (simultaneity matters!)
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Monte Carlo approximations

Algorithm 1: Gaussian Mixture Models optimisation

At iteration n,
@ Draw independently M samples (Y;,.n)1<m<nm from the proposal gp,.
@ Forall j=1...J, set:

I (o n
/\j-ﬂ [Zﬁf:l Wgn)(YMH +(a— 1)’%]
Tn
s At [ St 85 (V) + (@ = D

Ajntl =

S e Vi) Yoo
S ) Vi)
N S ) V) - (Vi — )
.{:1 ZQ’L’ 1, 71505 n)(Ym‘n>

(MG) mjpt1=(1—v)Mjn+Mm

(RGD) mjpt1 =mjn+

w] n )
‘In

— Here <p] (y) » Yin = Tn € (0,1] (simultaneity matters!)

— RGD : updates denved from GD steps w.r.t. © applied to Rényi's a-divergence
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Monte Carlo approximations

Algorithm 1: Gaussian Mixture Models optimisation

At iteration n,
@ Draw independently M samples (Y;,.n)1<m<nm from the proposal gp,.
@ Forall j=1...J, set:

I (o n
/\j-ﬂ [Zﬁf:l Wgn)(YMH +(a— 1)’%]
Tn
s At [ St 85 (V) + (@ = D

Ajntl =

S e Vi) Yoo
S ) Vi)
N S ) V) - (Vi — )
.{:1 ZQ’L’ 1, 71505 n)(Ym‘n>

(MG) mjpt1=(1—v)Mjn+Mm

(RGD) mjpt1 =mjn+

w] n )
‘In

— Here <p] (y) » Yin = Tn € (0,1] (simultaneity matters!)
— RGD : updates denved from GD steps w.r.t. © applied to Rényi's a-divergence

— 2 possible samplers : g, = pia, 0,k (IS-n) and g, = J ! 25:1 E(8jn,-) (IS-unif).
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Comparing RGD to MG (fixed A)

Target : p(y) =2 x [0.5N (y; —2ua, Ia) + 0.5N (y; 2ua, I4)]

e MC estimate of the VR Bound averaged over 30 trials for RGD and MG.
[Here, « = 0.2, d = 16, M = 200, £, =0, n, = 0. and ¢, = ppk.]
J =10 J =50

oF T2z -~ True value -~ True value
st RGD-I5 () RGD-I5 (1)
RGD-I5-(0.1) RGD-I5-(0.1)
10 —— RGD51(0.5) — RGD51(0.5)
— RGDISN(L0) — RGDISN(L0)
BT MG-I5n(1) K MG-I5-n(r)
2 MG-150(0.1) 3 MG-150(0.1)
x MG15n(0.5) < MG-15n(0.5)
> — MG5n(10) > — MGI5n(10)
]
30
35 35

-4 o 2500 5000 7500 10000 12500 15000 17500 20000

40 o 2500 5000 7500 10000 12500 15000 17500 20000
sample size

Sample size
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Comparing RGD to MG (fixed A)

Target : p(y) =2 x [0.5N (y; —2ua, Ia) + 0.5N (y; 2ua, I4)]

e MC estimate of the VR Bound averaged over 30 trials for RGD and MG.
[Here, « = 0.2, d = 16, M = 200, £, =0, n, = 0. and ¢, = ppk.]

oF T -~ True value 225 -~ True value

st RGD-I5 () 5 RGD-I5 (1)
RGD-15(0.1) RGD-15(0.1)
10} —— RGD51(0.5) 10 — RGD5n(0.5)
— RGDASN(L0) — RGDASN(L0)

BT MG-I5-n(r) B MG-I5-n(r)
2 MG1Sn(0.1) g MG1Sn(0.1)
x MG-I5-n(0.5) «< MG-I5-n(0.5)
> — M5 (1.0} > — MGsn(1.0)

0 2500 5000 7500 10000 12500 15000 17500 20000

0 2500 5000 7500 10000 12500 15000 17500 20000
sample size

Sample size

o LogMSE averaged over 30 trials for RGD and MG.

J =10 J =50
vy=01 =05 =10 =01 =05 ~r=1.0
RGD-IS-n(y) -0.081 -0.076 -0.218 -1.640 -1.673 -1.560
MG-I1S-n(y)  -3.702 -1.875 -2.711 -2.760 -2.771 -2.788
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Comparing RGD to MG (varying )

Target : p(y) = 2 x [0.5N (y; —2ug, Iq) + 0.5N (y; 2ug, 14)]

o MC estimate of the VR Bound averaged over 30 trials for RGD and MG.
[Here, & = 0.2, d = 16, M = 200, n = 0.1, k, = 0.]
J =10 J =

—= True value

o == Tuevaiue o
= o — howsnos)
—— RGD-ISn(0.5) = RGD-I5-n(0.5)
sr | — meisunifos) sr — MGIS-unf(0.5)
[ — ropisuniio:s) — RGD-IS-UNif(0.5)
-10 - ! -10 -
T { T
g st g st
H . i H
H Erezcmezaa—a H
: [ :
£ £
s = s
- 0
354 s sobo 70 toboo 12400 13000 17500 20800 354 s sobo 70 Toboo 12400 13000 17500 20800
Sample size Sample size
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Comparing RGD to MG (varying )
Target : p(y) = 2 x [0.5N (y; —2ug, Iq) + 0.5N (y; 2ug, 14)]

o MC estimate of the VR Bound averaged over 30 trials for RGD and MG.
[Here, « = 0.2, d = 16, M =200, n = 0.1, k,, = 0.]

oFF 3 (- Tuevaie e
= | — mcisn(0s) — MGI5n(0.5)
P | | — Ropisn(3) — RGDAS(0.5)
sr / | — meisunifos) — MGIS-unf(0.5)
i = RGD-IS-unif(0.5) ~ RGD-IS-unif(0.5)
0l |
T £ ‘ T
L L
3 . 3
E 3
< <
€ ol £
- S
50 b s 70 1oden 1aboo wsbo0 7kc0 20600 55 b s 70 1oden oo wsbo0 7kc0 a0boo
Sample size Sample size
e LogMSE averaged over 30 trials for RGD and MG.

J=10 J =50
vy=01 =05 v=10 =01 =05 ~=1.0

RGD-IS-n(7) 0.372 0.510 0.384 -0.616 -0.713  -0.778
MG-IS-n(~) 1.104 1.074 0.387 1.135  -0.077  -0.060
RGD-IS-unif(y)  0.359 0.469 0.458  -0.688 -0.670  -0.583
MG-IS-unif(y)  -0.200 -0.229 -0.515 -1.500 -1.462 -1.246
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Comparing RGD to MG (varying A) - 2
Target : p(y) = 2 x [0.5N (y; —2ug, Iq) + 0.5N (y; 2ug, 14)]

o LogMSE averaged over 30 trials for RGD and MG.
[Here, @« = 0.2, d = 16, M = 200, v = 0.5, Kk, = 0.]

J=10 J =50
n=005 n=01 n=05 n=005 n=01 n=05>
RGD-IS-n(7) 0.045 0.510 1.299 -1.355 -0.713 0.924
MG-1S-n(~) 0.087 1.074 1.343 -1.205 -0.077 1.329

RGD-IS-unif(y)  -0.018 0.469 1.328 -1.385 -0.670  0.928
MG-IS-unif(y) -1.244 -0.229 1.100 -2.524 -1.462 0.309
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Comparing RGD to MG (varying A) - 2
Target : p(y) = 2 x [0.5N (y; —2ug, Iq) + 0.5N (y; 2ug, 14)]

o LogMSE averaged over 30 trials for RGD and MG.
[Here, @« = 0.2, d = 16, M = 200, v = 0.5, Kk, = 0.]

J=10 J =50
n=005 n=01 n=05 n=005 n=01 n=05>
RGD-IS-n(7) 0.045 0.510 1.299 -1.355 -0.713 0.924
MG-1S-n(~) 0.087 1.074 1.343 -1.205 -0.077 1.329

RGD-IS-unif(y)  -0.018 0.469 1.328 -1.385 -0.670  0.928
MG-IS-unif(y) -1.244 -0.229 1.100 -2.524 -1.462 0.309

J =10 J

2=00
2=005
n=01

50

=05 05t
s s
€ oor E o4r
& g
Iy @ 03~
£ o04r =
= =]
g 2 oat

o1k it
[ 1l ot i

oo Sbsttssatstabeitisaninist nesnictisisinientong
B % % g3 % 5

Number of weights
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Conclusion

Novel framework for monotonic alpha-divergence minimisation
® applicable to mixture models optimisation with theoretical guarantees

® mixture weights and mixture components parameters can be updated
simultaneously

® |inks with gradient-based approaches and with an Integrated EM algorithm

® Encouraging empirical benefits of our general framework
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Conclusion

Novel framework for monotonic alpha-divergence minimisation
® applicable to optimisation with

® mixture weights and mixture components parameters can be updated

. with gradient-based approaches and with an Integrated EM algorithm

® Encouraging of our general framework

Some perspectives
e Additional convergence results

® Hyperparameters tuning...
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Conclusion

Novel framework for monotonic alpha-divergence minimisation
® applicable to optimisation with

® mixture weights and mixture components parameters can be updated

° with gradient-based approaches and with an Integrated EM algorithm

® Encouraging of our general framework

Some perspectives
® Additional convergence results
® Hyperparameters tuning...

Thank you for your attention!
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