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Bayesian inference

® Goal : compute / sample from posterior density of the latent variables y
given the data &

»(2,y)

poi2) =T
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Bayesian inference

® Goal : compute / sample from posterior density of the latent variables y
given the data &

»(2,y)

poi2) =T

® Problem : for many important models, we can only evaluate p(y|2) up
to the normalisation constant constant p(2)

— Variational Inference : inference is seen as an optimisation problem

Variational Inference methodology

@ Posit a variational family O, where ¢ € Q.

@ Fit ¢ to obtain the best approximation to the posterior density :
inf D(Q||P 1
i (Q[|P15) (1)

Here, D is a measure of dissimilarity between the variational
distribution Q and the posterior distribution P4
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Bayesian inference

® Goal : compute / sample from posterior density of the latent variables y
given the data &

»(2,y)

poi2) =T

® Problem : for many important models, we can only evaluate p(y|2) up
to the normalisation constant constant p(2)

— Variational Inference : inference is seen as an optimisation problem

Variational Inference methodology

@ Posit a variational family O, where ¢ € Q.

@ Fit ¢ to obtain the best approximation to the posterior density :
inf D(Q||P 1
i (Q[|P15) (1)

Here, D is a measure of dissimilarity between the variational
distribution Q and the posterior distribution P4

D and Q are key elements in the optimisation problem (1) !
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Challenges in Variational Inference
— Typically, D is the exclusive Kullback-Leibler (KL) divergence

Dis(@IP) = [ tog (%) a()(dy)
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Challenges in Variational Inference
— Typically, D is the exclusive Kullback-Leibler (KL) divergence

Dis(@IP) = [ tog (%) a()(dy)

Q={y—=N(ypo?):pneR,o>0}

—P()
1.4 +-- Q= 1)
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Challenges in Variational Inference
— Typically, D is the exclusive Kullback-Leibler (KL) divergence
q(y))
D P)= /1 e d
a@IP) = [ 0w (29 atywian)

Q={y—~ N@imo?):peRo>0} Q={q:y— N(yi;p1,07) N(y2; p2,03) : p1, p2 € R, 01,02 > 0}
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@ The exclusive Kullback-Leibler tends to underestimate the posterior variance
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@ The exclusive Kullback-Leibler tends to underestimate the posterior variance

® The approximative family Q can be too restrictive

© Lack of theoretical guarantees
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Challenges in Variational Inference
— Typically, D is the exclusive Kullback-Leibler (KL) divergence
q(y))
D P)= /1 e d
a@IP) = [ 0w (29 atywian)
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@ The exclusive Kullback-Leibler tends to underestimate the posterior variance

— Can we select alternative/more general D?

® The approximative family Q can be too restrictive

© Lack of theoretical guarantees
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@ The exclusive Kullback-Leibler tends to underestimate the posterior variance
— Can we select alternative/more general D?

® The approximative family Q can be too restrictive

— How to make Q more expressive?

© Lack of theoretical guarantees
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Challenges in Variational Inference
— Typically, D is the exclusive Kullback-Leibler (KL) divergence
q(y))
D P)= /1 e d
a@IP) = [ 0w (29 atywian)
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@ The exclusive Kullback-Leibler tends to underestimate the posterior variance
— Can we select alternative/more general D?

® The approximative family Q can be too restrictive

— How to make Q more expressive?

© Lack of theoretical guarantees

— Can we derive algorithms with theoretical guarantees?
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Choice of D: the alpha-divergence family

(Y,),v) : measured space, v is a o-finite measure on (Y,)).
Qand Py : Q=v, Py 2 v with (é% =gq, d[:ljg =p(-|2)

Alpha-divergence between Q and P

Da(@lPia) = [ 1o (G905) pisi 2wt

where

fa(u) =

1 @ o
s eeR\(01)
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Choice of D: the alpha-divergence family

(Y,Y,v) : measured space, v is a o-finite measure on (Y,)).
Qand Py : Q2 v, Py <X v with Q:q dﬂ)‘” =p(-|2)

Alpha-divergence between Q and P4

Do(@lPia) = [ 1o (GA) iyl 9wt

where
s =1, ifaeR\{0,1},
fa(u) = < ulog(u), if @ =1 (Exclusive KL),
—log(u), if @ =0 (Inclusive KL).
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Choice of D: the alpha-divergence family

(Y,Y,v) : measured space, v is a o-finite measure on (Y,)).

Qand Py : Q= v, Py v with §€ =g, d]f{l,@ =p(-|7)

Alpha-divergence between Q and Py

Da(@lIPis) = | fa( 1) )p<y|.@>u<dy>7

p(yl2)
where
sy =1, ifaeR\{0,1},
fa(u) = S ulog(u), if « =1 (Exclusive KL),

—log(u), if & = 0 (Inclusive KL).

@ A flexible family of divergences...

a= 3 a=0 a=05 a=1 a=4

Adapted from V. Cevher's lecture notes (2008) https://www.ece.rice.edu/~vc3/elec633/AlphaDivergence.pdf
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https://www.ece.rice.edu/~vc3/elec633/AlphaDivergence.pdf

Choice of D: the alpha-divergence family

(Y,Y,v) : measured space, v is a o-finite measure on (Y,)).
Qand Py : Q X v, Plg X v with Q:q, dﬂ)‘} =p(-|2)

Alpha-divergence between Q and P4

Do(@lPia) = [ 1o (GA) iyl 9wt

where
s =1, ifaeR\{0,1},
fa(u) = < ulog(u), if @ =1 (Exclusive KL),
—log(u), if @ =0 (Inclusive KL).

@ A flexible family of divergences...

-15 -1.0 -05 00 05 1.0 15

Adapted from Rényi divergence variational inference. Y. Li and R. E Turner. (2016). NeurlPS
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Choice of D: the alpha-divergence family

(Y,Y,v) : measured space, v is a o-finite measure on (Y,)).

Qand Py : Q= v, Py v with §€ =g, d]f{l,@ =p(-|7)

Alpha-divergence between Q and Py

Da(QIP) = [ fa( () )p<y|_@>u<dy>7

p(yl2)
where
ﬁ[ua—u, if o e R\ {0,1},
fa(u) = { ulog(u), if « =1 (Exclusive KL),
—log(u), if & = 0 (Inclusive KL).

@ A flexible family of divergences...
@® ...suitable for Variational Inference purposes...

inf Do(Q|P,) < inf o (g;
inf «(Q[|P)2) inf alg;p)

with Wo(g;p) = [y fa (%) p(y)v(dy) and p = p(-, 7)
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Choice of D: the alpha-divergence family

(Y,Y,v) : measured space, v is a o-finite measure on (Y,)).
. dp|g
Qand Py : Q= v, Py v with § = ¢, {2 =p(-|2)

Alpha-divergence between Q and Py

Da(QIP) = [ fa( () )p<y|_@>u<dy>7

p(yl2)
where
ﬁ[ua—u, if o e R\ {0,1},
fa(u) = { ulog(u), if « =1 (Exclusive KL),
—log(u), if & = 0 (Inclusive KL).

@ A flexible family of divergences...
@® ...suitable for Variational Inference purposes...

inf D P 4) < inf U,(q;
Inf (a()QH |2) inf alg;p)
with Wy (g;p) = [y fa (}%) p(y)v(dy) and p = p(-, 7)

NB : One may also use the VR bound £, (g;p) as an objective function.

Lo(g;p) = log (/Y q(y)“p(y)1*“V(dy))

11—«
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Choice of D: the alpha-divergence family

(Y,Y,v) : measured space, v is a o-finite measure on (Y,)).
. dp|g
Qand Py : Q= v, Py v with § = ¢, {2 =p(-|2)

Alpha-divergence between Q and Py

Da(QIP) = [ fa( () )p<y|_@>u<dy>7

p(yl2)
where
ﬁ[ua—u, if o e R\ {0,1},
fa(u) = { ulog(u), if « =1 (Exclusive KL),
—log(u), if & = 0 (Inclusive KL).

@ A flexible family of divergences...
@® ...suitable for Variational Inference purposes...

inf D P 4) < inf U,(q;
Inf (a()QH |2) inf alg;p)
with Wy (g;p) = [y fa (}%) p(y)v(dy) and p = p(-, 7)

NB : One may also use the VR bound £, (g;p) as an objective function.

—o Lolgp) = ﬁ log (/Y q(y)“p(y)l’%(dy))
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Choice of O

— Typically, @={q:y— k(0,y) : 0 €T}
Gradient Descent w.r.t 6 on ¥, (q;p) (resp. —a~'La(q;p))
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Choice of O

— Typically, @={q:y— k(0,y) : 0 €T}
Gradient Descent w.r.t 6 on ¥, (q;p) (resp. —a~'La(q;p))
Rényi divergence variational inference. Y. Li and R. E Turner. (2016). NeurlPS

Variational inference via y-upper bound minimization A. Dieng et al. (2017). NeurlPS
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Choice of O

— Typically, @={q:y— k(0,y) : 0 €T}
Gradient Descent w.r.t 6 on ¥, (q;p) (resp. —a~'La(q;p))
Rényi divergence variational inference. Y. Li and R. E Turner. (2016). NeurlPS

Variational inference via y-upper bound minimization A. Dieng et al. (2017). NeurlPS

Question :

Can we enlarge the variational family Q and with what theoretical guarantees?
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Outline

@® Monotonic Alpha-Divergence Minimisation
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Monotonic Alpha-Divergence Minimisation

Monotonic Alpha-divergence Minimisation.
K. Daudel, R. Douc and F. Roueff (2021). https://arxiv.org/abs/2103.05684

Idea : Extend the typical variational parametric family
Q={y—k(b,y) : 6T}
by considering the mixture model variational family

J
Q=1q:yr mrek(y): Z 05,9) : A€S,0€T’

and propose iterative update formulas for (A, ©) that ensures a systematic
decrease in the a-divergence (i.e. in ¥,) at each step, with « € [0,1).
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Monotonic Alpha-Divergence Minimisation

Monotonic Alpha-divergence Minimisation.
K. Daudel, R. Douc and F. Roueff (2021). https://arxiv.org/abs/2103.05684

Idea : Extend the typical variational parametric family
Q={y—k(b,y) : 6T}
by considering the mixture model variational family

J
Q=1q:yr mrek(y): Z 05,9) : A€S,0€T’

and propose iterative update formulas for (A, ©) that ensures a systematic
decrease in the a-divergence (i.e. in ¥,) at each step, with « € [0,1).

— What are the challenges?
@ The optimisation w.r.t. X is over a constrained space (the simplex)

® How do we establish theoretical guarantees?
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Conditions for a monotonic decrease

® Goal : Given (A, 0,,) find (Ay+1,On41) such that

Uo(tians1,0051%:0) < Yalpin, 0,k;p)
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Conditions for a monotonic decrease

® Goal : Given (A, 0,,) find (Ay+1,On41) such that
Uo(rn 11,0011 K50) < Palpin, 0,k p)

® Key idea : simplify the problem by writing conditions enabling
(and simultaneous!) updates for A1 and ©,,41

) v(dy) >0 (Weights)

J
A CY 1
/YZ/\J,WM () 0g< v

/Z)\] n%n y) log <%) v(dy) > (Components)

o, k @=1
where <p( )( ) =k(0jn,y) (%W)
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Conditions for a monotonic decrease

® Goal : Given (A, 0,,) find (Ay+1,On41) such that
Uo(rn 11,0011 K50) < Palpin, 0,k p)

® Key idea : simplify the problem by writing conditions enabling
(and simultaneous!) updates for A1 and ©,,41

) v(dy) >0 (Weights)

J
A CY 1
/YZ/\J,WM () 0g< v

/Z)\] n%n y) log <%) v(dy) > (Components)

o, k @=1
where <p( )( ) =k(0jn,y) (%W)

® NB : The dependency is simpler in (Weights)
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Updating the mixture weights A, 1

J
L3Nl o (5 ) vtan) = 0 (Weights)
Y j=1 J,m
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Updating the mixture weights A, 1

J
/ Z)‘j,n‘Pﬁl) (y) log ()\7) v(dy) 20 (Weights)
Y j=1 J,n

— (Weights) holds for A, +1 such that

J
Ant1 = argmax /YZ /\jm(pﬁg (y) log (/\
j=1

) v(dy)

YR
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Updating the mixture weights A, 1

J
/ Z)‘j,n‘Pﬁl) (y) log ()\7) v(dy) 20 (Weights)
Y j=1 J,n

— (Weights) holds for A, +1 such that

J
Ant1 = argmax /YZ /\jm(pﬁg (y) log (/\
j=1

) v(dy)

YR
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Updating the mixture weights A, 1

J
S nimeialton (S ) vtan) 0 (Weights)
j=1 s

— (Weights) holds for A,+1 such that

J
An+1 = argmax /Y > Aj,nsoﬁf (y) log (T) v(dy)
],n

J
«a Aj
= argmaxy¢g, E {)\j,n/\( gogn)(y)l/(dy)} log ()\‘J )
j,n

Jj=1
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Updating the mixture weights A, 1

J
/\(Z)\j,napﬁl) (y) log <)\7> v(dy) 20 (Weights)
j=1 Jn

— (Weights) holds for A,+1 such that

J
Ant1 = argmax /Y > Al () log (T) v(dy)
i=1 o

J

« Aj
= argmaxycs, E {)\j,n/\( go}rl)(y)l/(dy)} log ()\‘J )
gin

=1

7 -
, < by

= argminycg; Z Ajnlog ( )J\n>
J

=1

with

L dinky el m)(dy)
Jn = o )
S A fy 040 (y)v(dy)
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Updating the mixture weights A, 1

. J
/ Z)\j,nwﬁ(y)log< i
Y j=1 Jsm

> v(dy) >0 (Weights)

— (Weights) holds for A,+1 such that

Ajin fY (pg n y)v(dy)
Ajnt1 = S
Ze:l A Jy ‘Pe,n (y)v(dy)
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Updating the mixture weights A, 1

J
/ Z)\j,n‘Pﬁl) (y) log (T) v(dy) =0 (Weights)
Y j=1 J,m
— (Weights) holds for A, +1 such that

Tin
N | fy ¢ @) (dy) + (@ = D
@ . Mn )
S Aen| fy 0l @)¥(Ay) + (o = Vs

Ajmt1 = j=1...J

where 7, € (0,1] and &y, is such that (o — 1)k, >0
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Updating the mixture components parameters ©,, 1

k(ejn+1>y)
—_— T/ >
/E A]ncpjn <k(9j,n,y) v(dy) =0 (Components)
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Updating the mixture components parameters ©,, 1

k(ejn+1>y)
—_— T/ >
/E A]ncp]n <k(9j,n,y) v(dy) =0 (Components)

® Maximisation approach : forall j=1...J,

Oy = argmaryer [ o40)0) 10g (%) v(dy)
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Updating the mixture components parameters ©,, 1

k(ej n+1, y)
E 2odntli o) >
/ Aj, ncpjn < 5O ) v(dy) >0 (Components)

® Maximisation approach : forall j=1...J, b;,, >0 and

(6,
Ojnt1 = argmax%-,—/ {(pg n)(y) + bjnk(8n, '1/)} log <ﬁ> v(dy)
jomo
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Updating the mixture components parameters ©,, 1

k(ej n+1, y)
E 2odntli o) >
/ Aj, ncpjn < 5O ) v(dy) >0 (Components)

® Maximisation approach : forall j=1...J, b;,, >0 and

0j,n+1 = argma‘XOET/ {‘P; n>(y) + b’/‘.nk({")&/‘m ,I/)} lOg (ﬁ) V(dy)
3ym

® Gradient-based approach : forall j =1...J, v, € (0,1]

Vs
0j,n+1 = 9j,n - ﬂj nvg] n( )‘6’:9],72
AL

where g, , is assumed to be 3;,-smooth on T = R? with

()
_ [ #in®) k(9,y)
o) = | 2 s () o
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An example : GMMs, k(0;,y) = N (y; m;, ;)

® Maximisation approach with 6; = (m;,3;) : forall j=1...J,

Jy % n ) y v(dy)
N 90(“) (y)v(dy)
R @8 @) @ = myn) (y = mjns1)T(dy)
Jy 82 (y)w(dy)

M1 = (L = Vjn)Mjn + Vi

] n+l = (1 7]\71)2]}” + Yin

ST T -
where ¥, = X + (M1 — Mjn) (Mjnr1 —Mjn)" and v, depends on bj,,
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An example : GMMs, k(0;,y) = N (y; m;, ;)

® Maximisation approach with 6; = (m;,3;) : forall j=1...J,

Jy % n ) y v(dy)
N 90(“) (y)v(dy)
R @8 @) @ = myn) (y = mjns1)T(dy)
Jy 82 (y)w(dy)

M1 = (L = Vjn)Mjn + Vi

Sjnt1 = (1— ’Yj,n)ijyn + Yin

ST T -
where ¥, = X + (M1 — Mjn) (Mjnr1 —Mjn)" and v, depends on bj,,

Considering all possible values of b;,,, we have ;,, € (0, 1]
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An example : GMMs, k(0;,y) = N (y; m;, ;)

® Maximisation approach with 0; = (m;,%;) : forall j=1...J,

Ry 82 @) y v(dy)

fysa““) (y)v(dy)

Fo o)y — mm+1)(y mjn1) v(dy)
Sy €\ (wyv(dy)

M1 = (L = Vjn)Mjn + Vi

Sjnt1 = (1— ’Yj,n)ijyn + Yin

where ij,n =Yjn+ (Mjnt1 —Mjn)(Mjng1 — mjyn)T and 7;,, depends on b;,
Considering all possible values of b;,,, we have ;,, € (0, 1]

® Gradient-based approach with §; =m; : forall j=1...J

Fy ¢ (y) y v(dy)

Mjnt1 = (1 = Yjn)Mjn + Yin
e so(a) v(dy)

where ~,,, € (0,1], and &; = ¢2I; with ¢; > 0 fixed
J J J J

(here gjn is Bjn-smooth with 3;, = 0372(1 —a)! fap;o;l)du)
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At this stage...

Goal : Given (X, 0,) find (Ap41,O5,41) such that

Da(pixn 1,050k |l P(12)) < Dalpa,.0.k || p(12))
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At this stage...
Goal : Given (X, 0,) find (Ap41,O5,41) such that
Da(pixn 1,050k |l P(12)) < Dalpa,.0.k || p(12))
@ Possible updates for the mixture weights A, 41

N [ £55@)(aw) + (@ = Do ™
Ze 1A [fv @én) Jv(dy) + (@ — 1)skn

)‘jJH'l Tn ° _]ZlJ

where 7, € (0,1] and &, is such that (o — 1)k, > 0
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At this stage...

Goal : Given (X, 0,) find (Ap41,O5,41) such that

Da(pixn 1,050k |l P(12)) < Dalpa,.0.k || p(12))
@ Possible updates for the mixture weights A, 41

in [ #E20() + o= Dra] "
Ze 1 \en [fyso v(dy) + (a — 1)k,

where 7, € (0,1] and £, is such that (& — 1)k, >0

)‘jJH'l Tn ° _]ZlJ

@ Possible updates for the mixture components parameters 0,11

® Maximisation approach
® Gradient-based approach
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At this stage...

Goal : Given (X, 0,) find (Ap41,O5,41) such that

Da(pixn 1,050k |l P(12)) < Dalpa,.0.k || p(12))
@ Possible updates for the mixture weights A, 41

in [ #E20() + o= Dra] "
Ze 1 \en [fyso v(dy) + (a — 1)k,

where 7, € (0,1] and £, is such that (& — 1)k, >0

)‘jJH'l Tn ° _]ZlJ

@ Possible updates for the mixture components parameters 0,11
® Maximisation approach

® Gradient-based approach

© Applicable to GMMs with the maximisation approach providing covariance
matrices updates.
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© Related work
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1) GD for (Rényi's) a-divergence minimisation
Rényi divergence variational inference. Y. Li and R. E Turner (2016). NeurlPS

Variational inference via y-upper bound minimization. A. Dieng, D. Tran, R.
Ranganath, J. Paisley, and D. Blei (2017). NeurlPS

— Main focus on mixture component parameters optimisation (via GD)
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1) GD for (Rényi's) a-divergence minimisation
Rényi divergence variational inference. Y. Li and R. E Turner (2016). NeurlPS

Variational inference via y-upper bound minimization. A. Dieng, D. Tran, R.
Ranganath, J. Paisley, and D. Blei (2017). NeurlPS

— Main focus on mixture component parameters optimisation (via GD)

® by a-divergence minimisation

(@)
Pin (y) dlogk(6,y
Ojnt1 =0jn = TjnAjn / ; —1 80( ) v(dy)
Y (0.9)=(0j,n,y)
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1) GD for (Rényi's) a-divergence minimisation
Rényi divergence variational inference. Y. Li and R. E Turner (2016). NeurlPS

Variational inference via y-upper bound minimization. A. Dieng, D. Tran, R.
Ranganath, J. Paisley, and D. Blei (2017). NeurlPS

— Main focus on mixture component parameters optimisation (via GD)

® by a-divergence minimisation

(@)
Pin (y) dlogk(6,y
Ojnt1 =0jn = TjnAjn / ; —1 80( ) v(dy)
Y (0.9)=(0j,n,y)

® by Rényi's a-divergence minimisation

()
Ajn ©in(Yy) dlogk(8,y
Ojnt1 = Ojn = Tjn =3 > - ©.v)

S i fy 2 (v (dy) /Y a—1 90

J,m

v(dy)
(0,9)=(05,n,y)

where r; , > 0 is the learning rate.
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1) GD for (Rényi's) a-divergence minimisation
Rényi divergence variational inference. Y. Li and R. E Turner (2016). NeurlPS

Variational inference via y-upper bound minimization. A. Dieng, D. Tran, R.
Ranganath, J. Paisley, and D. Blei (2017). NeurlPS

— Main focus on mixture component parameters optimisation (via GD)

® by a-divergence minimisation

(@)
Pin (y) dlogk(6,y
Ojnt1 =0jn = TjnAjn / ; —1 89( ) v(dy)
Y (0.9)=(0j,n,y)

® by Rényi's a-divergence minimisation

()
Ajn ©in(Yy) dlogk(8,y
Ojnt1 = Ojn = Tjn =3 > - ©.v)

ST A fy 955 (w)(dy) /Y a—1 0

J,m

v(dy)
(0,9)=(05,n,y)

where r; , > 0 is the learning rate.

— In our case, (and under our smoothness assumption)

Vi / ©\(y) dlog k(0, y)
Y

Ojn+1 =05, — Bin ly a—1 50 v(dy)

(0,9)=(05,n-y)
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1) GD for (Rényi's) a-divergence minimisation
Rényi divergence variational inference. Y. Li and R. E Turner (2016). NeurlPS

Variational inference via y-upper bound minimization. A. Dieng, D. Tran, R.
Ranganath, J. Paisley, and D. Blei (2017). NeurlPS

— Main focus on mixture component parameters optimisation (via GD)

® by a-divergence minimisation

()
©in(y) Ologk(h,
0j,n+1 - 0]',71 - Ty ///\,/.u/ i 8 0( y) V(dy)
vy a-1 9 (0,9)=(95,n:%)
® by Rényi's a-divergence minimisation
(@)
Ajm Pin(y) dlogk(0,y
Oiatt = Oim =10 ey | / P aa( ) v(dy)
2aj=1"\jn v’y ¥in (y)v(ay) JY (ovy):(ej,nay)

where r; , > 0 is the learning rate.

— In our case, (and under our smoothness assumption)

Vi / () 9logk(6,y)
Yy & — 1 89

v(dy)
(0,9)=(05,n-y)

6j,n+l = 9‘,71 -

)jmn
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1) GD for (Rényi's) a-divergence minimisation - cont'd

In the GMM case, forall j=1...J,

Fy 652 (y) y v(dy)

Mjnt1 = (L = Yjn)Mjn + 7,
J,m J,n J,n .7 ngpgan) Z/(dy)

where v;, € (0,1]
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1) GD for (Rényi's) a-divergence minimisation - cont'd

In the GMM case, forall j=1...J,

Fy 652 (y) y v(dy)

Mjnt1 = (L = Yjn)Mjn + 7,
J,m J,n J,n .7 ngpgan) Z/(dy)

where v;, € (0,1]
Core insights :
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1) GD for (Rényi's) a-divergence minimisation - cont'd

In the GMM case, forall j=1...J,

Fy 652 (y) y v(dy)

Mjnt1 = (L = Yjn)Mjn + 7,
J,m J,n J,n .7 fYQO;O;L) Z/(dy)

where v;, € (0,1]
Core insights :

@ We recover GD steps for mixture components optimisation by Rényi's
a-divergence minimisation for a well-chosen ~; ,,.

— Compatibility between GD steps and mixture weights updates
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1) GD for (Rényi's) a-divergence minimisation - cont'd

In the GMM case, forall j=1...J,

Fy 652 (y) y v(dy)

Mjnt1 = (L = Yjn)Mjn + 7,
J,m J,n J,n .7 fYQO;O;L) Z/(dy)

where v;, € (0,1]
Core insights :

@ We recover GD steps for mixture components optimisation by Rényi's
a-divergence minimisation for a well-chosen ~; ,,.

— Compatibility between GD steps and mixture weights updates

® Same update on the means for maximisation and gradient-based approaches

— Compatibility between GD steps, mixture weights updates and covariance
matrices updates
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2) The Power Descent algorithm

Infinite-dimensional gradient-based descent for alpha-divergence minimisation.
K. Daudel, R. Douc and F. Portier. Ann. Statist. 49 (4) 2250 - 2270, August 2021.
https://doi.org/10.1214/20-A0S2035.
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2) The Power Descent algorithm

Infinite-dimensional gradient-based descent for alpha-divergence minimisation.
K. Daudel, R. Douc and F. Portier. Ann. Statist. 49 (4) 2250 - 2270, August 2021.
https://doi.org/10.1214/20-A0S2035.

— Main focus on mixture weights optimisation
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2) The Power Descent algorithm

Infinite-dimensional gradient-based descent for alpha-divergence minimisation.
K. Daudel, R. Douc and F. Portier. Ann. Statist. 49 (4) 2250 - 2270, August 2021.
https://doi.org/10.1214/20-A0S2035.

— Main focus on mixture weights optimisation

N [y @) (dy) + (@ = Dca| "

@ M >
i den [y 23 )v(dy) + (@ = D)
@n+1 = en

)\j,n+1— ]:1J

where 7, € (0,1] and £, is such that (o — 1)k, > 0
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2) The Power Descent algorithm

Infinite-dimensional gradient-based descent for alpha-divergence minimisation.
K. Daudel, R. Douc and F. Portier. Ann. Statist. 49 (4) 2250 - 2270, August 2021.
https://doi.org/10.1214/20-A0S2035.

— Main focus on mixture weights optimisation

N [y @) (dy) + (@ = Dca| "

@ M >
i den [y 23 )v(dy) + (@ = D)
@n+1 = en

)\j,n+1— ]:1J

where 7, € (0,1] and £, is such that (o — 1)k, > 0

Core insights :
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2) The Power Descent algorithm

Infinite-dimensional gradient-based descent for alpha-divergence minimisation.
K. Daudel, R. Douc and F. Portier. Ann. Statist. 49 (4) 2250 - 2270, August 2021.
https://doi.org/10.1214/20-A0S2035.

— Main focus on mixture weights optimisation

N [y @) (dy) + (@ = Dca| "

@ M >
i den [y 23 )v(dy) + (@ = D)
@n+1 = en

)\j,n+1— ]:1J

where 7, € (0,1] and £, is such that (o — 1)k, > 0

Core insights :

@ The mixture weights update is gradient-based, n,, plays the role of a
learning rate
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2) The Power Descent algorithm

Infinite-dimensional gradient-based descent for alpha-divergence minimisation.
K. Daudel, R. Douc and F. Portier. Ann. Statist. 49 (4) 2250 - 2270, August 2021.
https://doi.org/10.1214/20-A0S2035.

— Main focus on mixture weights optimisation

N [y @) (dy) + (@ = Dca| "

@ M >
i den [y 23 )v(dy) + (@ = D)
@n+1 = G)n

)\j,n+1— ]:1J

where 7, € (0,1] and £, is such that (o — 1)k, > 0

Core insights :

@ The mixture weights update is gradient-based, n,, plays the role of a
learning rate

® We improve on the Power Descent by proposing simultaneous updates for ©

— Compatibility between mixture weights updates and mixture components
parameters updates
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3) The M-PMC algorithm a.k.a ‘Integrated EM’

Adaptive importance sampling in general mixture classes. O. Cappé, R. Douc, A. Guillin,
J-M Marin and C. P Robert (2008). Statistics and Computing, 18(4):447-459
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3) The M-PMC algorithm a.k.a ‘Integrated EM’

Adaptive importance sampling in general mixture classes. O. Cappé, R. Douc, A. Guillin,
J-M Marin and C. P Robert (2008). Statistics and Computing, 18(4):447-459

We recover this algorithm by setting :

-a=0

- Mp = 1, K, = 0 in the mixture weights update
- bjn = 0 in the maximisation approach
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3) The M-PMC algorithm a.k.a ‘Integrated EM’

Adaptive importance sampling in general mixture classes. O. Cappé, R. Douc, A. Guillin,
J-M Marin and C. P Robert (2008). Statistics and Computing, 18(4):447-459

We recover this algorithm by setting :

-a=0

- p =1, K, = 0 in the mixture weights update

- bjn = 0 in the maximisation approach

Core insights :
We have generalised an integrated EM algorithm for mixture models optimisation
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3) The M-PMC algorithm a.k.a ‘Integrated EM’

Adaptive importance sampling in general mixture classes. O. Cappé, R. Douc, A. Guillin,
J-M Marin and C. P Robert (2008). Statistics and Computing, 18(4):447-459

We recover this algorithm by setting :

-a=0

- p =1, K, = 0 in the mixture weights update

- bjn = 0 in the maximisation approach

Core insights :
We have generalised an integrated EM algorithm for mixture models optimisation
@ We extend the decrease property to « € [0, 1)
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We recover this algorithm by setting :

-a=0

- p =1, K, = 0 in the mixture weights update

- bjn = 0 in the maximisation approach

Core insights :
We have generalised an integrated EM algorithm for mixture models optimisation
@ We extend the decrease property to « € [0, 1)

® We introduce 1, and k,, where 7, acts as a
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3) The M-PMC algorithm a.k.a ‘Integrated EM’

Adaptive importance sampling in general mixture classes. O. Cappé, R. Douc, A. Guillin,
J-M Marin and C. P Robert (2008). Statistics and Computing, 18(4):447-459

We recover this algorithm by setting :

-a=0

- p =1, K, = 0 in the mixture weights update

- bjn = 0 in the maximisation approach

Core insights :

We have generalised an integrated EM algorithm for mixture models optimisation
@ We extend the decrease property to « € [0, 1)
® We introduce 1, and k,, where 7, acts as a

© In the GMM case, we introduce v, via b;,, which acts as a
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3) The M-PMC algorithm a.k.a ‘Integrated EM’

Adaptive importance sampling in general mixture classes. O. Cappé, R. Douc, A. Guillin,
J-M Marin and C. P Robert (2008). Statistics and Computing, 18(4):447-459

We recover this algorithm by setting :

-a=0

- Mp = 1, K, = 0 in the mixture weights update
- bjn = 0 in the maximisation approach

Core insights :

We have generalised an integrated EM algorithm for mixture models optimisation
@ We extend the decrease property to « € [0, 1)
® We introduce 1, and k,, where 7, acts as a

© In the GMM case, we introduce v, via b;,, which acts as a

NB : Why do the learning rate aspects matter? In pratice, Monte Carlo approxi-
mations!
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Outline

O Numerical Experiments
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Monte Carlo approximations

Algorithm 1: Gaussian Mixture Models optimisation

At iteration n,
@ Draw independently M samples (Y;,.n)1<m<nm from the proposal gp,.
@ Forall j=1...J, set:

I (o M
/\j-ﬂ [Zﬁf:l Wgn)(yrnﬂ +(a— 1)’%]
Tn
St A [0 40 V) + (= D]

Ajntl =

S ) Vi) Y
S ) Vi)
/\71 Zm 19%(:3( mn) (Ym,n - 9]',”)

(MG) mjpg1 =1 =) Mjn+7m

(RGD) Mjnt+1 = Mjn + Tn
_{:1 Zﬂm:1 )\j.,n,@;n) (Ymn>

w] n )
‘In

— Here <p] (y) » Yin = Tn € (0,1] (simultaneity matters!)
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Monte Carlo approximations

Algorithm 1: Gaussian Mixture Models optimisation

At iteration n,
@ Draw independently M samples (Y;,.n)1<m<nm from the proposal gp,.
@ Forall j=1...J, set:

I (o n
/\j-ﬂ [Zﬁf:l Wgn)(YMH +(a— 1)’%]
Tn
s At [ St 85 (V) + (@ = D

Ajntl =

S e Vi) Yoo
S ) Vi)
N S ) V) - (Vi — )
.{:1 ZQ’L’ 1, 71505 n)(Ym‘n>

(MG) mjpt1=(1—v)Mjn+Mm

(RGD) mjpt1 =mjn+

— Here <p] (y) so;nn v)

— RGD : updates derived from GD steps w.r.t. © applied to the VR bound

» Yin = Tn € (0,1] (simultaneity matters!)
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Monte Carlo approximations

Algorithm 1: Gaussian Mixture Models optimisation

At iteration n,
@ Draw independently M samples (Y;,.n)1<m<nm from the proposal gp,.
@ Forall j=1...J, set:

I (o n
/\j-ﬂ [Zﬁf:l Wgn)(YMH +(a— 1)’%]
Tn
s At [ St 85 (V) + (@ = D

Ajntl =

S e Vi) Yoo
S ) Vi)
N S ) V) - (Vi — )
.{:1 ZQ’L’ 1, 71505 n)(Ym‘n>

(MG) mjpt1=(1—v)Mjn+Mm

(RGD) mjpt1 =mjn+

— Here <p] (y) so;nn v)

— RGD : updates derived from GD steps w.r.t. © applied to the VR bound

» Yin = Tn € (0,1] (simultaneity matters!)

— 2 possible samplers : g, = uix,.0, (IS-n) and ¢, = J ! 2;21 E(8jn,-) (IS-unif).
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Comparing RGD to MG (fixed A)

Target : p(y) =2 x [0.5N (y; —2ua, Ia) + 0.5N (y; 2ua, I4)]

e MC estimate of the VR Bound averaged over 30 trials for RGD and MG.
[Here, « = 0.2, d = 16, M = 200, £, =0, n, = 0. and ¢, = ppk.]
J =10 J =50

oF T2z -~ True value -~ True value
st RGD-I5 () RGD-I5 (1)
RGD-I5-(0.1) RGD-I5-(0.1)
10 —— RGD51(0.5) — RGD51(0.5)
— RGDISN(L0) — RGDISN(L0)
BT MG-I5n(1) K MG-I5-n(r)
2 MG-150(0.1) 3 MG-150(0.1)
x MG15n(0.5) < MG-15n(0.5)
> — MG5n(10) > — MGI5n(10)
]
30
35 35

-4 o 2500 5000 7500 10000 12500 15000 17500 20000

40 o 2500 5000 7500 10000 12500 15000 17500 20000
sample size

Sample size
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Comparing RGD to MG (fixed A)

Target : p(y) =2 x [0.5N (y; —2ua, Ia) + 0.5N (y; 2ua, I4)]

e MC estimate of the VR Bound averaged over 30 trials for RGD and MG.
[Here, « = 0.2, d = 16, M = 200, £, =0, n, = 0. and ¢, = ppk.]

oF T -~ True value 225 -~ True value

st RGD-I5 () 5 RGD-I5 (1)
RGD-15(0.1) RGD-15(0.1)
10} —— RGD51(0.5) 10 — RGD5n(0.5)
— RGDASN(L0) — RGDASN(L0)

BT MG-I5-n(r) B MG-I5-n(r)
2 MG1Sn(0.1) g MG1Sn(0.1)
x MG-I5-n(0.5) «< MG-I5-n(0.5)
> — M5 (1.0} > — MGsn(1.0)

0 2500 5000 7500 10000 12500 15000 17500 20000

0 2500 5000 7500 10000 12500 15000 17500 20000
sample size

Sample size

o LogMSE averaged over 30 trials for RGD and MG.

J =10 J =50
vy=01 =05 =10 =01 =05 ~r=1.0
RGD-IS-n(y) -0.081 -0.076 -0.218 -1.640 -1.673 -1.560
MG-I1S-n(y)  -3.702 -1.875 -2.711 -2.760 -2.771 -2.788
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Comparing RGD to MG (varying )

Target : p(y) = 2 x [0.5N (y; —2ug, Iq) + 0.5N (y; 2ug, 14)]

o MC estimate of the VR Bound averaged over 30 trials for RGD and MG.
[Here, & = 0.2, d = 16, M = 200, n = 0.1, k, = 0.]
J =10 J =

—= True value

o == Tuevaiue o
= o — howsnos)
—— RGD-ISn(0.5) = RGD-I5-n(0.5)
sr | — meisunifos) sr — MGIS-unf(0.5)
[ — ropisuniio:s) — RGD-IS-UNif(0.5)
-10 - ! -10 -
T { T
g st g st
H . i H
H Erezcmezaa—a H
: [ :
£ £
s = s
- 0
354 s sobo 70 toboo 12400 13000 17500 20800 354 s sobo 70 Toboo 12400 13000 17500 20800
Sample size Sample size
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Comparing RGD to MG (varying )
Target : p(y) = 2 x [0.5N (y; —2ug, Iq) + 0.5N (y; 2ug, 14)]

o MC estimate of the VR Bound averaged over 30 trials for RGD and MG.
[Here, « = 0.2, d = 16, M =200, n = 0.1, k,, = 0.]

oFF 3 (- Tuevaie e
= | — mcisn(0s) — MGI5n(0.5)
P | | — Ropisn(3) — RGDAS(0.5)
sr / | — meisunifos) — MGIS-unf(0.5)
i = RGD-IS-unif(0.5) ~ RGD-IS-unif(0.5)
0l |
T £ ‘ T
L L
3 . 3
E 3
< <
€ ol £
- S
50 b s 70 1oden 1aboo wsbo0 7kc0 20600 55 b s 70 1oden oo wsbo0 7kc0 a0boo
Sample size Sample size
e LogMSE averaged over 30 trials for RGD and MG.

J=10 J =50
vy=01 =05 v=10 =01 =05 ~=1.0

RGD-IS-n(7) 0.372 0.510 0.384 -0.616 -0.713  -0.778
MG-IS-n(~) 1.104 1.074 0.387 1.135  -0.077  -0.060
RGD-IS-unif(y)  0.359 0.469 0.458  -0.688 -0.670  -0.583
MG-IS-unif(y)  -0.200 -0.229 -0.515 -1.500 -1.462 -1.246
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Comparing RGD to MG (varying A) - 2
Target : p(y) = 2 x [0.5N (y; —2ug, Iq) + 0.5N (y; 2ug, 14)]

o LogMSE averaged over 30 trials for RGD and MG.
[Here, @« = 0.2, d = 16, M = 200, v = 0.5, Kk, = 0.]

J=10 J =50
n=005 n=01 n=05 n=005 n=01 n=05>
RGD-IS-n(7) 0.045 0.510 1.299 -1.355 -0.713 0.924
MG-1S-n(~) 0.087 1.074 1.343 -1.205 -0.077 1.329

RGD-IS-unif(y)  -0.018 0.469 1.328 -1.385 -0.670  0.928
MG-IS-unif(y) -1.244 -0.229 1.100 -2.524 -1.462 0.309
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Outline

@ Conclusion
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Conclusion

Novel framework for monotonic alpha-divergence minimisation
® applicable to mixture models optimisation with theoretical guarantees

® mixture weights and mixture components parameters can be updated
simultaneously

® |inks with gradient-based approaches and with an Integrated EM algorithm

® Encouraging empirical benefits of our general framework
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Conclusion

Novel framework for monotonic alpha-divergence minimisation
® applicable to optimisation with

® mixture weights and mixture components parameters can be updated

. with gradient-based approaches and with an Integrated EM algorithm

® Encouraging of our general framework

Some perspectives
e Additional convergence results

® Hyperparameters tuning...
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Conclusion

Novel framework for monotonic alpha-divergence minimisation
® applicable to optimisation with

® mixture weights and mixture components parameters can be updated

° with gradient-based approaches and with an Integrated EM algorithm

® Encouraging of our general framework

Some perspectives
® Additional convergence results
® Hyperparameters tuning...

Thank you for your attention!
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Summary

Improvements of our framework

Gradient Descent ~ Simultaneous optimisation w.r.t (A, ©)
(prev. mixture weights optimisation A not considered)
For GMMs : maximisation approach encompasses Rényi
Gradient Descent and provides covariance matrices updates

Power Descent Simultaneous optimisation w.r.t (X, ©)
(prev. (©p)n>1 constant)

M-PMC algorithm  Extension of an Integrated EM algorithm to:
a€l0,1), n, € (0,1] and (v — 1)k, > 0 and bj,, >0
(prev. a =0, n, =1, k, =0 and bj, =0)

This is done while maintaining theoretical guarantees!
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